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TO THE STUDENT 
 
Statistics is a mathematical science. 
 
Although this is a very short sentence, perhaps a self-evident one, and certainly one of the shortest that 
you will find in this book, we want to draw your attention to several things about it: 

¶ ²Ŝ ǳǎŜ ǘƘŜ ǎƛƴƎǳƭŀǊ άƛǎέ ŀƴŘ ƴƻǘ ǘƘŜ ǇƭǳǊŀƭ άŀǊŜΦέ It is certainly grammatically correct and more 
ŎƻƳƳƻƴ ǳǎŀƎŜ ǘƻ ǎŀȅ άǎǘŀǘƛǎǘƛŎǎ ŀǊŜΦΦΦέΣ ōǳǘ ǘƘŀǘ ǳǎŜ ƻŦ ǘƘŜ ǘŜǊƳ ǊŜŦŜǊǎ ǘƻ ǎǘŀǘƛǎǘƛŎǎ ŀǎ ƴǳƳŜǊƛŎŀƭ ǾŀƭǳŜǎ. 
In this sentence we mean statistics as a field of study, one that has its own concepts and techniques, 
and one that can be exciting to study and practice. 

¶ ²Ŝ ǳǎŜ άƳŀǘƘŜƳŀǘƛŎŀƭέ ŀǎ ŀƴ ŀŘƧŜŎǘƛǾŜ. Statistics certainly makes use of much mathematics, but it is a 
separate discipline and not a branch of mathematics. Many, perhaps most, of the concepts and 
methods in statistics are mathematical in nature, but there are also many that do not involve 
mathematics. You will see an example of this early in the book as you study the difference between 
observational studies and controlled experiments. You will find that even in cases where the 
ƳŀǘƘŜƳŀǘƛŎŀƭ ŀǎǇŜŎǘǎ ƻŦ ǘǿƻ ǎƛǘǳŀǘƛƻƴǎ Ƴŀȅ ōŜ ƛŘŜƴǘƛŎŀƭΣ ǘƘŜ ǎŎƻǇŜ ƻŦ ƻƴŜΩǎ ŎƻƴŎƭǳǎƛƻƴǎ ŘŜǇŜƴŘǎ 
crucially on how the data were collected, a statistical rather than a mathematical consideration. 

¶ ²Ŝ ǳǎŜ ǘƘŜ ƴƻǳƴ άǎŎƛŜƴŎŜΦέ Statistics is the science of gaining insight from data. Data are (notice the 
plural here) pieces of information (often but not always numerical) gathered on people or objects or 
processes. The science of statistics involves all aspects of inquiry about data. Well-designed studies 
begin with a research question or hypothesis, devise a plan for collecting data to address that issue, 
proceed to gather the data and analyze them, and then often make inferences about how the findings 
generalize beyond the particular group being studied. Statistics concerns itself with all phases of this 
process and therefore encompasses the scientific method. 

 
In these materials, our goal is to introduce you to this practice of statistics, to help you think about the 
applications of statistics and to study the mathematical underpinnings of the statistical methods. Most of 
all, we hope you will find fun and engaging examples. Statistics is a vitally important subject, and also fun to 
study and practice, largely because it brings you into contact with all kinds of interesting questions. You will 
analyze data from medical studies, legal cases, psychology experiments, sociological studies, and many 
other contexts. ¢ƻ ǇŀǊŀǇƘǊŀǎŜ ǘƘŜ ƭŀǘŜ ǎǘŀǘƛǎǘƛŎƛŀƴ WƻƘƴ ¢ǳƪŜȅΣ άǘƘŜ ōŜǎǘ ǘƘƛƴƎ ŀōƻǳǘ ǎǘŀǘƛǎǘƛŎǎ ƛǎ ǘƘŀǘ ƛǘ 
ŀƭƭƻǿǎ ȅƻǳ ǘƻ Ǉƭŀȅ ƛƴ ŜǾŜǊȅƻƴŜ ŜƭǎŜΩǎ ōŀŎƪȅŀǊŘΦέ You never know what you might learn in a statistics class! 
 
One of the first features you will notice about these materials is that you will play the active role of 
investigator. You will read about an actual study and consider the research question, and then we will lead 
you to discover and apply the appropriate tools for carrying out the analysis. A primary reason for the 
investigative nature of these materials is that we strongly believe that you will better understand and retain 
the concepts if you build your own knowledge and are engaged in the context. Be sure to also pay attention 
to the Study Conclusions to see how to effectively convey statistical information and to the Practice 
Problems for testing your understanding. Key terms are also hyperlinked (though some pdf viewers change 
the # to %23, so you need to change back or just go to the main glossary link). 
 
Though you will only scratch the surface of the statistical methods used in practice, you will learn 
fundamental concepts (such as variability, randomness, confidence, and significance) that are an integral 
part of many statistical analyses. A distinct emphasis will be the focus on how the data are collected and 
how this determines the scope of conclusions that you can draw from the data.  

https://www.rossmanchance.com/iscam3/glossary.html
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These first three investigations give you a very brief introduction to some big ideas for the course. Some of you 
will have seen some of these ideas before and can use the investigations to refresh your memory. Some of the 
ideas may be new and you will see them again in later chapters. For now, try to focus on the bigger picture of 
analyzing data, evaluating models, and drawing appropriate conclusions.  

 

Investigation A: Hurricanes and Climate Change 

 

One of the concerns with climate change is an increased number of tropical storms (including hurricanes 

and major hurricanes). In particular, in the ñAtlantic Basin,ò scientists have tracked the number of 

ñnamed stormsò since 1851. According to the National Hurricane Center: 

¶ Tropical Storm: A tropical cyclone with 

maximum sustained winds of 39 to 73 mph 

(34 to 63 knots). 

¶ Hurricane: A tropical cyclone with maximum 

sustained winds of 74 mph (64 knots) or 

higher. In the western North Pacific, 

hurricanes are called typhoons; similar storms 

in the Indian Ocean and South Pacific Ocean 

are called cyclones. 

¶ Major Hurricane: A tropical cyclone with 

max sustained winds of 111 mph (96 knots) 

or higher. 

Here is a snippet from data table from NOAA 

 

 

In 2020, scientists were alarmed because there were 14 recorded hurricanes, compared to 6 in 2019. 

 
 (a) Calculate the percentage change in the number of tropical hurricanes between these two years. 

 

 

 

 

(b) Does this convince you that climate change is leading to an increase in the number of hurricanes (in 

the Atlantic)?  If so, explain why. If not, explain what additional information you would want to know. 

 

 

https://www.nhc.noaa.gov/climo/
https://www.nhc.noaa.gov/climo/images/AtlanticStormTotalsTable.pdf
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Below is a dotplot of the annual number of hurricanes from 1851 to 2024 (n = 174) .   

 

Source: https://www.stormfax.com/huryear.htm 

(c) What does one dot in the above graph represent? 

 

A year with 14 hurricanes is certainly close to record setting, but we expect there to be some variation 

from year to year.   

Below is a timeplot of the number of hurricanes each year. 

 

(d) What additional information is provided by this graph and why is that helpful? 

 

 

(e) The stormfax website reports the mean number of hurricanes between 1991-2020 to be 7.  Does that 

appear consistent with the graph? Why do you think they chose that subset of years? 
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Oftentimes a mean or average is reported, but with no measure of spread or variability. If all the years 

between 1991-2020 had between 6 and 8 hurricanes, we would react very differently to 14 hurricanes in 

one year than if all the years between 1991-2020 had between 2 and 15 hurricanes. 

 

Terminology Detour: The most common measure of the variability in a distribution of data is the 

standard deviation. 

ί  ώ  ώ Ⱦὲ ρ 

We can roughly interpret the standard deviation as the average ñdeviationò of the data values in the 

distribution from the mean of the distribution.  Another interpretation: If we were to predict 7 as the 

number of hurricanes in a year between 1991-2020, the standard deviation would approximate the 

average ñprediction errorò for those years. 

 

Below is a dotplot of the data from 1991-2020 (n = 31).  

 

(f) Conjecture: The mean of these 31 observations is 7.2 hurricanes. Do you think 7.2 is larger or 

smaller or quite similar to the mean for the full dataset?  Explain your reasoning. 

 

 

(g) Conjecture: Provide a guess of the value of the standard deviation of these 31 values. 

 

 

(h) Conjecture: How do you think the standard deviation from (g) compares to the standard deviation of 

the full dataset?  Explain your reasoning. 

 

 

 

We will often use the standard deviation as a ñrulerò to help us measure distances of observations from 

the mean of the distribution.  

(i) If we use a mean of 7.2 and a standard deviation of 3.3 hurricanes.  How many standard deviations 

away from the mean is a value of 14 hurricanes?  Above or below the mean? 

 

http://www.rossmanchance.com/iscam3/glossary.html#StandardDeviation
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Terminology Detour: The general formula for standardizing an observationôs position in the 

distribution is (observation value ï mean of distribution)/(standard deviation of distribution). 

We will often consider a value far from the mean of a distribution if it is more than two standard 

deviations away. 

 

In this investigation, you have just touched on one piece of information related to climate change. In 

fact, scientists are less concerned about the number of storms but in the intensity of the storms and 

how warming of the surface ocean may be leading to more destructive storms.  Looking at a single 

year in isolation or even a pair of years creates a very incomplete picture of trends over time, and 

while we expect some natural variation from year-to-year, the question to scientists is whether the 

overall trend being observed is larger than what we can reasonably attributed to natural variation. 

 

Points to keep in mind 

¶ Itôs important to determine which variables are most relevant to the research question and whether 

you can collect the data you need to answer the question. 

¶ Simple graphs can be very informative, but you should also take care in considering the most 

meaningful variable representation of what you are studying even before you begin graphing. 

¶ It is imperative to consider variability and to think about possible sources of variation. Sometimes 

you may be able to explain and ñcontrol forò a source of variation. Often you will have to dig deeper 

into reasons for unusual observations and whether it is appropriate to remove them from the analysis. 

¶ The quality of your inferences will depend A LOT on the quality of the data that are collected. Not 

much can be learned from poorly or improperly collected data or data from a completely different 

time period. 

 

Discussion: When exploring a research question, one of the first steps is to define the variable involved, 

e.g., the number of hurricanes.  This is an example of quantitative variables, as opposed to a categorical 

variable like whether the storm has winds over 74 mph. Dotplots are good choices for visualizing a 

quantitative variable for a small dataset. When looking at a distribution of a single quantitative variable 

like this, we are often interested in four key features: 

¶ Center: What would you consider a ñtypicalò value in the distribution? 

¶ Variability: How clustered together or consistent are the observations? Or are they far apart?   

¶ Shape: Are some values more common than others? Are the values symmetric about the center?  

¶ Are there any unusual observations that donôt follow the overall pattern? Are there any 

explanations for these values? 

To summarize the center of the distribution, we often report the mean (the arithmetic average of all the 

numerical values in the data set) and/or the median (a middle value such that 50% of the data values are 

smaller and 50% are larger).  
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With most investigations we will also provide a follow-up practice problem or two for you to try on your 
own to assess your understanding of the material. 

 
Practice Problem A.A 
From the ISCAM data files and applets page (Chapter 0), you can view the data in AtlanticStorms.txt. 

Use your mouse (or ctrl-A) to highlight all four columns and then copy and paste these data to your 

clipboard. Now open the Descriptive Statistics applet. Clear the existing data (press Clear), click in the 

Paste data box and paste the data from your clipboard. Press the Use Data button. [Alternatively, this 

dataset is listed in the Select data pull-down menu as Atlantic Storms.] Use the Quantitative Variable 

pull-down menu to select the Number of Hurricanes variable (Hurricanes). 

 

Definitions: The shape of a distribution is often classified as symmetric (mirror image on each side of 

the center) or skewed.   

¶ Distributions with a longer right tail are labeled skewed to the right 

¶ Distributions with a longer left tail are labeled skewed to the left 

The skewness statistic measures the lack of symmetry in a distribution (do values above the mean 

extend further than values below the mean on average) using a ώ ώ term.  Positive values 

indicate a skewed right distribution, negative values indicate skewed left, and values near 0 indicate a 

symmetric distribution. 

(a) Based on the graph, would you consider the ñnumber of hurricanesò distribution to be symmetric, 

skewed to the right or skewed to the left? Check the Skewness statistic box, does the value agree with 

your judgement from the graph? 

 

Definitions: If there are n numerical values and we refer to them as y1, y2, é, yn, 

¶ The mean, ώ, is the average of all numerical 

values in the data set: ώ  В ώȾὲ  

¶ The median is a value such that 50% of the data 

lies below and 50% of the data lies above that 

value:  median position: (n+1)/2 

 

 
 

 

(b) Explore the mean and median: 

¶ Check the box next to Guess for the Mean.  Move the red line to where you think the mean of the 

distribution is. 

¶ Check the box next to Guess for the Median. Move the blue line to where you think the median of 

the distribution is. 

¶ Now check Actual for both. Which is larger, the mean or the median?   

(c) Check the box for Guess for the standard deviation.  Use your mouse to move one of the edges of the 

red rectangle to a distance that you think is representative of a ñtypical distance from the meanò (some 

values are closer, some are further). Then check the Actual box. How did you do? 

(d) How does the standard deviation of the full dataset compare to the 3.3 value for the years 1991-

2020? Summarize what this tells us about the behavior of hurricanes. 

 

 

http://www.rossmanchance.com/iscam3/files.html
https://www.rossmanchance.com/iscam4/data/AtlanticStorms.txt
http://www.rossmanchance.com/applets/Dotplot.html
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In the previous investigation, you looked at historical data for the number of hurricanes that had 
occurred per year.  As long as the ñdata generating processò doesnôt change, these data can give 
insight as to what will happen in the future. In this investigation, the goal is to explore a random 
process. We apologize in advance for the absurd but memorable process below.  
 

Investigation B: Random Babies 

Suppose that on one night at a certain hospital, four mothers give birth to four babies. As a very sick 

joke, the hospital staff decides to return babies to their mothers completely at random. Our goal is to 

look for the pattern of outcomes from this process, with regard to the issue of how many mothers get the 

correct baby. This enables us to investigate the underlying properties of this child-returning process, 

such as the probability that at least one mother receives their own baby.  

(a) Prediction: If we were to repeat this process over many, many nights, predict how often (what 

percentage of the nights) at least one mother will receive their own baby. Predict how often all four 

mothers will receive their own baby. 

 At least one:       All four:  

Because it is clearly not feasible to actually carry out this horrible child-returning process over and over 

again, we will instead simulate the random process to investigate what would happen in the long run. 

Suppose the four babies were named Murphy Miller, Wallis Williams, Bari Brown, and Shea Smith. 

Take four index cards and write the first name of each baby on a different card. Now take a sheet of 

paper and divide it into four regions, one for each mom. Next shuffle the index cards, face down, and 

randomly deal the babies back to the mothers. Flip the cards over and count the number of moms who 

received the correct baby. 

 

(b) How many mothers received the correct baby: 0 1 2 3 4 

 

(c) Did everyone in class obtain the same number of matches? If not, why not? 

 

 

(d) Repeat your shuffling process 4 more times (for a total of 5 trials):  

Trials  1 2 3 4 5 

Number of matches      

 

Then pool your results with those of your classmates. Tally how many outcomes resulted in each value, 

and also compute the proportion of the trials that resulted in each value. 

Number of matches 0 1 2 3 4 

Count      

Proportion   

 

    

 

(e) One outcome is actually impossible to occur. Which outcome is this? Explain why it is impossible. 
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(f) Calculate the proportion of trials for which at least one mother received their own baby [Hint: Note, 

there are two ways you can find this value: Sum up all the proportions corresponding to 1, 2, 3, or 4 

matches or consider the ñcomplementò = no matches, and take one minus that proportion.] 

 

 

 

(g) The proportion you have calculated is an estimate of how often this ñeventò happens in the long run. 

How does this proportion compare to your prediction in (a)?  

 

 

(h) How could we improve our estimate of how often this event happens? 

 

 

 

 

Simulation Analysis 
Open the Random Babies applet and press Randomize. Notice 

that the applet randomly returns babies to mothers and 

determines how many babies are returned to the correct home 

(by matching diaper colors). The applet also counts and graphs 

the resulting number of matches.  

¶ Uncheck the Animate box and press Randomize a few 

more times. You should see the results accumulate in the 

table and the histogram.  

¶ Click on the histogram bar representing the outcome of 

zero mothers receiving the correct baby. This shows you a 

ñtime plotò of the proportion of trials with 0 matches vs. 

the number of trials.  

¶ Set the Number of trials to 100 and press Randomize a 

few times, noticing how the behavior of this graph 

changes.  

 

 

 

 
 

 

(i) Describe what you learn about how the (cumulative) proportion of trials that result in zero matches 

changes as you simulate more and more trials of this process. 

 

 

 

Definition: A random process generates observations according to a random mechanism, like a coin 

toss. Whereas we canôt predict each individual outcome with certainty, we do expect to see a long-run 

pattern to the results. The probability of a random event occurring is the long-run proportion (or 

relative frequency) of times that the event would occur if the random process were repeated over and 

over under identical conditions. You can approximate a probability by simulating (i.e., artificially 

recreating) the process many times. Simulation leads to an empirical estimate of the probability, 

which is the proportion of times that the event occurs in the simulated repetitions of the random 

process. Increasing the number of repetitions generally results in more accurate estimates of the long-

run probabilities. Typically we assume observations from the process are ñindependentò (not 

impacting each other) and ñidentically distributedò (not changing over time). 

https://www.rossmanchance.com/applets/randomBabies/RandomBabies.html
http://www.rossmanchance.com/iscam3/glossary.html#randomprocess
http://www.rossmanchance.com/iscam3/glossary.html#probabillity
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(j) After at least 1000 trials, complete the table below. 

Number of matches 0 1 2 3 4 

Proportion 
 

 

    

 

(k) Based on your answer to (j), what is your empirical estimate for the probability that at least one 

mother receives their own baby? Do all of your classmates obtain the same estimate? 

 

 

 

(l) Calculate the average number of matches for your 1000 (or however many you performed) trials. 

[Hint: Use a weighted average Вὼ ὪȾὔ where xi is the number of matches, fi is the corresponding 

frequency, and N is the number of repetitions you simulated.] 

 

 

 

 

(m) Select the Average radio button above the time plot. Describe the behavior of this graph and 

comment on what it reveals about the behavior of the average number of matches over many trials. 

 

 

 

 

 

 

Exact Mathematical Analysis 
One disadvantage to using simulation to estimate a probability like this is that everyone will potentially 

obtain a different estimate. Even with a very large number of trials, your result will still only be an 

estimate of the actual long-run probability. For this particular scenario however, we can determine exact 

theoretical probabilities. 

 

First, letôs list all possible outcomes for returning four babies to their mothers at random. We can 

organize our work by letting 1234 represent the outcome where the first baby went to the first mother, 

the second baby to the second mother, the third baby to the third mother, and the fourth baby to the 

fourth mother. In this scenario, all four mothers get the correct baby. As another example, 1243 means 

that the first two mothers get the right baby, but the third and fourth mothers have their babies switched.  

 

Definition:  A sample space is a list of all possible outcomes of a random process.  

 

All of the possible outcomes are listed below: 

Sample Space: 

1234   1243   1324   1342   1423   1432 

2134   2143   2314   2341   2413   2431 

3124   3142   3214   3241   3412   3421 

4123   4132   4213   4231   4312   4321 

 

http://www.rossmanchance.com/iscam3/glossary.html#SampleSpace
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In this case, returning the babies to the mothers completely at random implies that the outcomes in our 

sample space are equally likely to occur (outcome probability = 1 / number of possible outcomes). 

 

(n) How many different outcomes are there for returning four babies to their mothers? What is each 

outcomeôs probability of occurring for any trial? 

 

 

 

You could have determined the number of possible outcomes without having to list them first. For the 

first mother to receive a baby, she could receive any one of the four babies. Then there are three babies 

to choose from in giving a baby to the second mother. The third mother receives one of the two 

remaining babies and then the last baby goes to the fourth mother. Because the number of possibilities at 

one stage of this process does not depend on the outcome (which baby) of earlier stages, the total 

number of possibilities is the product 1234 ÖÖÖ  = 24. This is also known as!4 , read ñ4 factorial.ò 

Because the above outcomes are equally likely, the probability of any one of the above outcomes 

occurring is 1/24. Although these 24 outcomes are equally likely, we were more interested above in the 

probability of 0 matches, 1 match, etc.  

 

Definition:  A random variable maps each possible outcome of the random process (the sample space) 

to a numerical value. We can then talk about the probability distribution of the random variable. 

These random variables are usually denoted by capital roman letters, e.g., X, Y. A random variable is 

discrete if you can list each individual value that can be observed for the random variable. 

  

(o) For each of the above outcomes, indicate (next to the outcome above) how many mothers get the 

correct baby. [Hint: For outcome 1243, mothers one and two receive their own babies so the value of the 

number of correct matches is 2.] 

 

 

 

(p) In how many of the outcomes did zero mothers receive the correct baby? 

 

 

Probability Rule: When the outcomes in the sample space are equally likely, the probability of any 

one of a set of outcomes (an event) occurring is the number of outcomes in that set divided by the 

total number of outcomes in the sample space.  

 

(q) To calculate the exact probability of 0 matches, divide the number of outcomes with 0 matches by 

the total number of possible outcomes. How does this result compare to your estimate from the 

simulation? 

 

 P(X = 0) =      Comparison: 

 

(r) Use this method to determine the exact probabilities for each possible value for the number of 

matches. Express these probabilities as fractions and as decimals in the table below. 

 

  

http://www.rossmanchance.com/iscam3/glossary.html#RandomVariable
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Probability Distribution for # of correct matches: 

# matches 0 1 2 3 4 

Probability  

(fraction)  

     

Probability 

(decimal) 

     

 

(s) How do these theoretical probabilities compare to the empirical estimates you found in the 

simulation (question (j))? 

 

 

(t) What is the sum of these five probabilities? Why does this make sense? 

 

 

 

(u) What is the probability that at least one mother receives the correct baby? [Hint: Determine this two 

different ways: first by adding the probabilities of the corresponding values, and then by taking one 

minus the probability that this event does not happen.] How does this compare to the simulation results? 

 

 

 

 

Probability rules: 

¶ The sum of the probabilities for all possible outcomes equals one.  

¶ Complement rule: The probability of an event happening is one minus the probability of the event 

not happening. 

¶ Addition rule for disjoint events: The probability of at least one of several events is the sum of the 

probabilities of those events as long as there are no outcomes in common across the events (i.e., 

the events are mutually exclusive or disjoint). 

 

We can also consider the expected value of the number of matches, which is interpreted as the long-run 

average value of the random variable. For a discrete random variable, X, we can calculate the expected 

value of the random variable X, denoted E(X), by again employing the idea of a weighted average of the 

different possible values of the random variable, but now the ñweightsò will be given by the 

probabilities of those values: 

E(X) = ä ³

values
possibleall

valueofyprobabilitvalue )()(  

(v) Calculate the expected value of the number of matches. Comment on how it compares to the average 

value you obtained in the simulation (part (l)). 

 

 

 

(w) Is the expected value for the number of matches equal to the most probable outcome? If not, explain 

what is meant by an ñexpectedò value.  

 

http://www.rossmanchance.com/iscam3/glossary.html#complement
http://www.rossmanchance.com/iscam3/glossary.html#AdditionRule
http://www.rossmanchance.com/iscam3/glossary.html#ExpectedValue
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Notice that if we wanted to compute the average number of matches, say after 1000 trials, we would 

look at a weighted average: 

 

ä ä
³+³+³+³

=
+++++

=
1000

4)4(#2)2(#1)1(#0)0(#
...

1000

02101 sofsofsofsof
x  

But from the results we saw above, each term (# of)/1000 terms converges to the probability of that 

outcome as we increase the number of repetitions, giving us the above formula for E(X). So we will 

interpret the expected value as the long-run mean of the outcomes. 

 

Another property of a random variable is its variance. This measures how variable the values of the 

random variable will be. For a discrete random variable, X, we can again use a type of weighted 

average, based on the probabilities of each value and the squared distances between the possible values 

of the random variable and the expected value. 

Var(X) = ä ³-

values
possibleall

valueofyprobabilitXEvalue )())(( 2
 

(x) Calculate the variance of the number of matches. Also take the square root to calculate the standard 

deviation SD(X).  

 

      Var(X) =           SD(X) =  

 

We will interpret this standard deviation similarly to how we did in Investigation A: how far the 

outcomes tend to be from the expected value. Here we are talking in terms of the probability model; in 

Investigation A we were talking in terms of the historical data. 

 

(y) Confirm that the value of the standard deviation you calculated makes sense considering the possible 

outcomes for the random variable.  

 

 

 

 

Discussion: Notice that we have used two methods to answer questions about this random process:  

¶ Simulation ï repeating the process under identical conditions a large number of times and seeing 

how often different outcomes occur. 

¶ Exact mathematical calculations using basic rules of probability and counting. 

This approach of looking at the analysis using both simulation and exact approaches will be a theme in 

this course. We will also consider some approximate mathematical models as well. You should consider 

these multiple approaches as a way to assess the appropriateness of each method. You should also be 

aware of situations where one method may be preferable to another and why. 

 

  

http://www.rossmanchance.com/iscam3/glossary.html#Variance
http://www.rossmanchance.com/iscam3/glossary.html#StandardDeviation
http://www.rossmanchance.com/iscam3/glossary.html#StandardDeviation
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Practice Problem B.A 
Suppose three executives (Ari , Brooklyn, and Carson) drop their cell phones in an elevator and blindly 

pick them back up at random. 

(a) Write out the sample space using ABC notation for the outcomes. 

(b) Carry out the exact analysis to determine the probability of at least one executive receiving their own 

phone. 

(c) Calculate the expected number of matches for 3 executives. How does this compare to the case with 

4 mothers? 

(d) Use the Random Babies applet to check your results. 

 

Practice Problem B.B 
Reconsider the Random Babies. Now suppose there were 8 mothers involved in this random process.  

(a) Calculate the (exact) probability that all 8 mothers receive the correct baby. [Hint: First determine 

how many possible outcomes there are for returning 8 babies to their mothers.] 

(b) Calculate the probability that exactly 7 mothers receive the correct baby. 

(c) Using the Random Babies applet, approximate the probability that at least one of the 8 mothers 

receives the correct baby. How does your approximation compare to the probability of this event with 4 

mothers? 

(d) Using the Random Babies applet, approximate the expected value for the number of the eight 

mothers receiving the correct baby. How does your approximation compare to the situation with 4 

mothers?

 

Practice Problem B.C 
An American Roulette wheel consists of 18 black slots, 18 red slots, and 2 green slots.  A ball is rolled 

while the wheel is spun and players can bet on which slot or type of slot the ball will end up in.  

(a) A common bet is color. If someone bets $1 on red, and the ball lands in any of the 18 red slots, the 

player wins $2 (a net profit of $1). What is the probability they will win their bet on red? 

(b) Include a one-sentence interpretation of the probability you calculated in (a). 

(c) Another common bet is a number.  If the ball lands on the chosen number, the player makes a profit 

of $35. What is the probability someone wins if they bet on a number? 

(d) Below are two graphs showing the average net winnings over 1000 simulated plays of a color bet 

and of a number bet. [Hint: What happened on the first 50 or so number bets?] Explain how you think 

the expected value (long-run average winnings) of each bet compares. Do they have the same sign? 

(e) Explain which bet displays a larger standard deviation. 
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Investigation C: Modelling Hurricanes 

 

A model is an artificial representation or a simplification of something more complicated, like a toy 

airplane. Models can be useful in making predictions (e.g., weather models) or to help us better 

understand the phenomena under study. For example, what factors impact the severity of a hurricane? 

 

Visit https://scied.ucar.edu/interactive/make-hurricane 

¶ Move the red hurricane symbol to a circle on the map and read what happens. 

¶ Switch between the Sea Surface Temperature, Moisture, and Wind maps to see the data for each 

circle. 

¶ Which circles create the strongest hurricanes? Why? 

(a) In your own words, explain how sea surface temperature, moisture, and wind interact to create strong 

hurricanes - or weaken them. 

 

 

 

 

(b) Explain how you could evaluate the accuracy of this model of hurricane strength. What would you 

do next if you decided the model was not appropriate? 

 

 

 

 

In this course, you will encounter two main types of models: statistical models and probability/ 

simulation models.  For example, the Random Babies simulation in Investigation B, allowed you to 

simulate hypothetical data to estimate probabilities of different events. As long as the model is valid, we 

can predict that all four mothers receiving the correct babies would not happen very often in the long 

run. Most models rely on simplifying assumptions, like babies being returned ñcompletely at random.ò 

 

The graphs below show histograms of the hurricane data with different probability models (red curves). 

 
 

(c) Describe the difference between a histogram and a dotplot. When might histograms be more useful? 

 

 

 

(d) Which model (red curve) do you consider a better match to the observed data?   
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(e) What does the term ñmodelò mean in this situation? Why would such a model be useful?  What 

assumptions would you need to make? [Hint: Which do you consider more likely, a year with 13 

hurricanes or with 14?] 

 

 

 

 

To get an idea of a statistical model, you will collect some data: 

¶ Using a measurement tool provided by your instructor, measure the circumference of a tennis 

ball. 

¶ Record your measurement here:     cm (to the nearest hundredths place) 

 

(f) Did everyone in class find the same value? What are some possible explanations for different 

measurements? 

 

 

 

 

We can think of these measurements as observations from a random process, which we can summarize 

with a statistical model. If we consider 28.5cm the ñtrue value,ò then we can write our statistical model 

as  

 

 Measurement recorded = 28.5 + random error 

 

(g) How could we estimate the likely amount of random error in your classôs measurement process? 

 

 

 

 

Much of what scientists do is try to measure, explain, and minimize the amount of random variation. 

(h) Suggest a way to reduce the measurement error in your classôs process. 

 

 

 

 

(i) What does the term ñmodelò mean here? Why would such a model be useful? What assumptions 

need to be made?
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Practice Problem C.A 
Researchers often compare data generated from a model to observed data to help validate the model. If 

the modelôs data reasonably matches the observed data, that helps confirm that they (the model builders) 

understand the underlying data generating process. 

Open this app to model the tennis ball measurement random process: 

https://iambethchance.shinyapps.io/Modeling8/  

(a) Suggest and label four possible sources of variation in the tennis ball measurements.  Enter them as 

the four pie charts and conjecture sizes and probabilities for those sources (e.g., right now, Spinner 1 

assumes a perfect measurement with 0.50 probability, a -.1 cm error with 0.25 probability and a +.1 cm 

error with 0.25 probability).  Include a screen capture of your random process. 

(b) Simulate one measurement by pressing the Simulate data button. What did you find for the total 

random error across your four sources? Will this be the same every time? 

(c) Generate the same number of measurements as we took in class.  Compare the simulated data to the 

actual data from class (e.g., shape, center, spread).  What looks similar and what looks different? 

(d) Suggest a way to adjust the model that you think will lead to simulated data that better matches the 

observed data.  Briefly justify your choice. 

 

Practice Problem C.B 
Suppose human body temperatures can be modelled with a normal distribution with mean 98.6 0F. 

Suppose you take repeated measures of your temperature over several days.  

(a) Which distribution below do you think is more likely? Briefly justify your choice. 

  
(b) Explain why you might be suspicious if someone told you Distribution D was their results.  

(c) Suggest four possible sources of variation in your body temperature measurements. 

(d) Distributions A-C have the same mean (98.6) but different spread or variability. Which of the graphs 

above has the largest standard deviation? Approximate the value of each standard deviation by 

interpreting the standard deviation as a ñtypicalò deviation from the mean. 

(e) The 4 distributions are all ñbell-shaped and symmetric.ò  Do you think actual repeated body 

measurements on the same individual will behave this way? Briefly explain your reasoning. 

(f) Suppose I randomly select one of the temperatures from Distribution C. Approximate the probability 

that the temperature is larger than 99 0F.  Interpret your probability in context. 

 

 

  

D 
D 

https://iambethchance.shinyapps.io/Modeling8/
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CHAPTER 1: ANALYZING ONE CATEGORICAL VARIABLE  

 

In this chapter, you will begin to analyze results from statistical studies and focus on the process of 

statistical inference. In particular, you will learn how to assess evidence against a particular claim about 

a random process. 

 

Section 1: Analyzing a process probability  

 Investigation 1.1: Friend or foe - Inference for a proportion 

 Investigation 1.2: Can wolves understand human cues? ï Binomial random variables 

Probability Detour: Binomial Random Variables 

Investigation 1.3: Are you clairvoyant? ï Standardizing 

 Investigation 1.4: Heart transplant mortality - Factors affecting p-value 

 Investigation 1.5: Buttered side down again? - Two-sided p-values 

 Investigation 1.6: Kissing the right way - Interval of plausible values  

 

Section 2: Normal approximations for sample proportions 

 Investigation 1.7: Reeseôs Pieces ï Sampling distribution of sample proportions (Optional) 

Investigation 1.8: Halloween treat choices - One sample z-test, continuity correction 

Probability Detour: Normal Random Variables 

 Investigation 1.9: Kissing the right way (cont.) - One sample z-interval 

 Investigation 1.10: Heart transplant mortality (cont.) - Confidence level, Plus Four/Adjusted Wald 

 Investigation 1.11: Ganzfeld experiments - Power calculations 

 

Section 3: Sampling from a finite population 

 Investigation 1.12: Sampling words - Biased and random sampling 

 Investigation 1.13: Sampling words (cont.) - Finite population correction 

 Investigation 1.14: Teen hearing loss - One sample z-procedures 

 Investigation 1.15: Counting concussions ï Nonsampling errors, hypergeometric distribution 

 Probability Detour: Binomial approximation to Hypergeometric distribution 

Investigation 1.16: Literary Digest - Issues in sampling 

 Investigation 1.17: Cat households - Practical significance 

 Investigation 1.18: Women senators - Cautions in inference 

 

Example 1.1: Predicting Elections from Faces 

Example 1.2: Cola Discrimination  

Example 1.3: Seat Belt Usage 

 

Chapter 1 Summary 

Chapter 1 Appendix: Stratified random sampling 
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SECTION 1: ANALYZING A PROCESS PROBABILITY  

 
In this investigation you will be introduced to a basic statistical investigation as well as some ideas and 
terminology that you will utilize throughout the course. You will combine ideas from the preliminary 
investigations: examining distributions of data and simulating models of random processes to help 
judge how unusual an observation would be for a particular probability model. 

 

Investigation 1.1: Friend or Foe? 

 

In a study reported in the November 2007 issue of Nature, researchers investigated whether infants take 

into account an individualôs actions towards others in evaluating that individual as appealing or aversive, 

perhaps laying the foundation for social interaction (Hamlin, Wynn, and Bloom, 2007). In other words, 

do children who arenôt even yet talking still form impressions as to someoneôs friendliness based on 

their actions? In one component of the study, sixteen 10-month-old infants were shown a ñclimberò 

character (a piece of wood with ñgooglyò eyes glued onto it) that could not make it up a hill in two tries. 

Then the infants were shown two scenarios for the climberôs next try, one where the climber was pushed 

to the top of the hill by another character (the ñhelperò toy) and one where the climber was pushed back 

down the hill by another character (the ñhindererò toy). The infant was alternately shown these two 

scenarios several times. Then the child was presented with both pieces of wood (the helper and the 

hinderer characters) and asked to pick one to play with. Videos demonstrating this component of the 

study can be found at http://campuspress.yale.edu/infantlab/media/.  

 

Collecting the Data 
 

Definitions: A sample is a collection of observed outcomes generated by repeated realizations of a 

random process. The set of observations should reflect the typical behavior, and the variability 

inherent in that process. A studyôs sample size is the number of outcomes observed. 

 

(a) Identify the sample in this study. 

 

(b) Do you think it is reasonable to model these observations as independent realizations of the random 

process under ñidentical conditionsò? Explain. 

 

 

(c) Why is it important that the researchers varied the colors and shapes of the wooden characters and 

even on which side the toys were presented to the infants? 

 

 

  

Definitions: The measurements we are taking define the variable. We classify the type of variable as 

categorical (assigning each observation to a category) or quantitative (assigning each observation a 

numerical measurement). A special type of categorical variable is a binary variable, which has just 

two possible outcomes (often labeled ñsuccessò and ñfailureò). 

 

(d) What is the variable we are measuring about each observation? Is it a quantitative variable or a 

categorical variable?  

https://pubmed.ncbi.nlm.nih.gov/18033298/
http://campuspress.yale.edu/infantlab/media/
http://www.rossmanchance.com/iscam3/glossary.html#sample
http://www.rossmanchance.com/iscam3/glossary.html#randomprocess
http://www.rossmanchance.com/iscam3/glossary.html#samplesize
http://www.rossmanchance.com/iscam3/glossary.html#variable
http://www.rossmanchance.com/iscam3/glossary.html#categorical
http://www.rossmanchance.com/iscam3/glossary.html#quantitative
http://www.rossmanchance.com/iscam3/glossary.html#binary
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Definitions: A research question often looks for patterns in a variable or compares a variable across 

different groups or looks for a relationship between variables. 

  

(e) What research question is of interest here? 

 
 
Summarizing the Observed Data 

To summarize the distribution of a categorical variable, we can simply count how many are in each 

category and make a bar graph to display the results, one bar for each outcome, with heights 

representing the number of observations in each category, separating the bars to indicate distinct 

categories.  

 

(f) The ñraw dataò can be found on the course webpage as a txt file (InfantData.txt). How many do you 

see of each possible outcome? Sketch the bar graph (Optional: See Technology Detour.) Give your 

graph an ñactive title,ò a concise sentence stating the main message/key takeaways from the graph. 

 

 

 

 

 

 

 

 

 

Technology Detour ς Loading in a Data File 
  

¶ For JMP, choose File > New > Data table. Open the InfantData.txt (raw data) link from the data 

files page and select all the observations and the variable name and copy the data into the 

clipboard. Return to the data table in JMP and select Edit > Paste with Column Names.  
Or if the .txt file is saved on your computer, you can choose File > Open and use the pull-down 

menu to change the file type.  
 

 

Technology Detour ς Tallying the Outcomes 
¶ In JMP: Choose Analyze > Tabulate. In the new window, drag the choice column to either the 

Drop Zone for columns or for rows. Press Done. 
 

 

Technology Detour ς Bar Graphs 
  

Creating a bar graph in JMP (summary data) 

¶ In the Tabulate window (from above), use the 

red down arrow in the upper left corner (ñhot 

spotò) and select Show Chart. Best when 

using the Drop zone for rows. 

OR 
 

 

http://www.rossmanchance.com/iscam3/glossary.html#categorical
http://www.rossmanchance.com/iscam3/glossary.html#bargraph
http://www.rossmanchance.com/iscam2/data/InfantData.txt
http://www.rossmanchance.com/iscam2/data/InfantData.txt
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¶ If you have the categories and counts in a data 

window, choose Graph > Graph Builder . 

Drag the variable names to the x-axis and the 

counts to the y-axis. Press the 7th icon to 

convert the chart to a bar graph. 

 

Creating a bar graph in JMP (raw data) 

¶ From the Data Table window 

¶ Select Graph > Graph Builder . Drag the 

Choice variable to the X-axis. Hover until the 

X-region shows the group labels and then let 

go. Press the 7th (ñBarò) icon to convert the 

chart to a bar graph. 

OR 

¶ Choose Analyze > Distribution. With the 

choice column highlighted, press the Y, 

Columns button (or drag to the white box). 

Press OK . You have lots of options here 

(using the hot spots), like turning the graph 

horizontal, adding an axis (putting it on the 

left), adding labels, separating bars, etc. 

  
 

 

  
 

 

   

 

  
 

 

Handy Reminders 
¶ In JMP: Your options change under different windows. Always check the hot spots for more 

options. You can also save preferences (e.g., File > Preferences > Platforms > Distribution). 

You can also press Set Preferences in the ISCAM Journal file. (This file contains some short cuts) 

 
Drawing Conclusions Beyond the Sample 
Clearly a majority/more than half of the infants chose the helper toy in this sample of 16 infants. But 

does that convince us that infants in general are more likely to pick the helper toy in the long run? In 

other words, what is the probability that an infant will choose the helper toy?  

 

Model assumption: Note we are assuming each infant has the same probability of picking the helper 

toy, we just donôt know the value of that probability. 

 

(g) What do the researchers think is true about the value of this probability (e.g., do they think it is larger 

or smaller than 0.50)? 

 

 

 

(h) Is it possible that in the long run infants just choose equally between the two toys (e.g., the 

probability an infant will choose the helper toy is 0.5) and we just happened to see more than half 

choose the helper toy in our sample? 

 

 

http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
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(i) Is it plausible that the observed majority occurred because infants just prefer the color blue? 

 

 

 

So that leaves us with two explanations for the majority we observed: 

(1) There is something to the theory that infants are genuinely more likely to pick the helper toy (for 

some reason).  

(2) Infants choose equally between the two toys in the long run and we happened to get ñluckyò and 

had an unusual sample where most of the infants in our sample picked the helper toy. 

 

(j) So for the two possibilities we are still considering, how might you choose between them? In 

particular, how might you convince someone whether or not option (2) is plausible based on this study?  

 

 

 

 

Our analysis approach is going to be to assume the second explanation is true (similar to how in a legal 

trial we assume a defendant is innocent), and then see whether our data are consistent or inconsistent 

with that assumption. To do this, we need to investigate the values we expect to see for the number 

choosing the helper toy when 16 infants are equally choosing between the two toys. As you saw with the 

Random Babies (Investigation B), we can simulate the outcomes of a random process to help us 

determine which outcomes are more or less likely to occur. 

 

(k) Suggest a method for carrying out a simulation of 16 infants picking equally between the two toys. 

 

 

 

 
Simulation 
For a 50-50 simulation model, we can flip a fair coin. We can arbitrarily define ñheadsò to be choosing 

the helper toy and ñtailsò to be choosing the hinderer toy. We will repeat the random process 16 times to 

represent the 16 infants, and we will count how many times we flip heads, representing an infant 

choosing the helper toy. The chart below shows this mapping of the real world, which we saw one 

instance of, and the simulation model, which we can easily repeat many times. Keep in mind that in the 

simulation model, we know the probability of heads is 0.50.  

 

 Real world  Simulation model 

One observation Infant choice Coin toss 

Sample  16 infants 16 coin tosses 

Success Picks helper toy Lands heads 

Probability of ñsuccessò Unknown 0.50 

 
 
(l) Flip a coin 16 times, representing the 16 infants in the study (one repetition of this random process). 

Tally the results below and count how many of the 16 chose the helper toy: 
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ñCould have beenò outcomes 

Heads (helper toy) Tails (hinderer toy) 

 

 

 

Total number of heads in 16 tosses: 

(m) Combine your simulation results for each repetition with your classmatesô on the scale below. 

Create a dotplot by placing a dot above the numerical result found by each personôs set of 16 tosses.  

 

 

 

 

 

 

 
(n) Did everyone get the same number of heads every time? What is an average or typical number of 

heads in a set of 16 tosses? Is this what you expected? Explain. 

 

 

 

 

(o) Does 14 heads appear to be an unusual outcome for 16 observations from a process where heads 

should appear 50% of the time in the long run? 

 

 

 

 

We really need to simulate this hypothetical random selection process hundreds, preferably thousands of 

times. This would be very tedious and time-consuming with coins, so letôs turn to technology.  

 

(p) Use the One Proportion Inference applet to simulate these 16 infants making this helper/hinderer 

choice, still assuming that infants have no real preference and so are equally likely to choose either toy.  

¶ Keep the Probability of heads set to 0.5. 

¶ Set the Number of Tosses to 16. 

¶ Keep the Number of repetitions at 1 for now. 

¶ Press Draw Samples. 

 

Report the number of heads (i.e., the number of infants who 

choose the helper toy) for this ñcould have beenò (under the 

assumption of no preference) outcome. 

 

     Number of heads: 

 

  

 

http://www.rossmanchance.com/applets/OneProp/OneProp.htm
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(q) Uncheck the Show animation box and press Draw Samples four more times, each time recording 

the number of the 16 infants who choose the helper toy. Did you get the same number of heads all five 

times? 

 

 

 

 

(r) Now change the Number of repetitions to 1995 and press Draw Samples, to produce a total of 

2,000 repetitions of this random process of tossing a coin 16 times. For the dotplot you have created, 

what does each dot represent (i.e., what would you need to do to add another dot to the graph)? Is the 

graph variable quantitative or categorical? 

 

 

 

(s) Now that we have a better picture of the long-run behavior of this process, discuss whether you 

would consider option 2 before (j): ñInfants choose equally between the two toys in the long run and we 

happened to get óluckyô and find most of the infants in our sample picking the helper toyò to be a 

plausible conclusion for this study. Explain your reasoning as if to a skeptic. 

 

 

 

 

 

 

Discussion: Returning to our legal trial analogy, if you decide that the observed ñdataò is unlikely to 

occur by chance alone, you are going to ñrejectò the assumption of ñinnocenceò (and say we have 

evidence the defendant is guilty). If you decide the data/evidence is not unusual by chance alone, then 

you ñfail to rejectò that assumption (and we say we donôt have evidence the defendant is guilty ï we 

arenôt proving the defendant innocent, just that the evidence is not inconsistent with that assumption, 

ñnot guiltyò). 

So based on these simulation results, we would say the data (14 helper choices out of 16 trials) is 

unusual under the assumption that infants genuinely have no preference and are choosing blindly when 

presented the toys. This evidence convinces us that ñThere is something to the theory that infants are 

genuinely more likely to pick the helper toy (for some reason)ò is the more believable explanation for 

why so many of the infants in this study picked the helper toy over the hinderer toy. We havenôt proven 

this is true, but based on the strong majority these researchers saw, even for this small sample size of 16, 

we would consider the evidence convincing (ñbeyond a reasonable doubtò) that, in the long run, the 

probability of choosing the helper toy in this random process is greater than 0.5. Because the researchers 

controlled for other possible explanations for the observed preference results like color and handedness, 

we will conclude that there is convincing evidence that infants really do have a genuine preference for 

the helper toy over the hindering toy.  
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Study Conclusions   
In a study of ñsocial evaluation,ò researchers explored whether pre-verbal infants have a preference 

for a ñhelpingò toy over a ñhinderingò toy. Treating the 16 infants as identical observations from a 

random process with equal probability of success/failure, we find that getting 14 infants choosing the 

helper toy is not consistent with the types of values we expect to see when we have ñinfantsò 

choosing equally between the two toys. This means that the researchersô data provide strong 

statistical evidence to reject this ñno preferenceò model and conclude that the infantsô choices are 

actually governed by a process where there is a genuine preference for the helper toy (or at least that 

itôs more complicated than each infant flipping a coin to decide). Of course, this conclusion depends 

on the assumption of ñidentical infantsò and that these 16 infantsô choices are representative of the 

larger process of viewing the videos and selecting a toy. Also keep in mind that not all infants had a 

clear preference for either object. 
 
Practice Problem 1.1A 
In a second experiment, the same events were repeated but the object climbing the hill no longer had the 

googly eyes attached. The researchers wanted to see whether the preference was made based on a social 

evaluation more than a perceptual preference. Suppose 8 of 12 (different) infants chose the push-up toy. 

(a) If you were to use a coin to carry out a simulation analysis to evaluate these results: how many times 

would you flip the coin for one repetition ï 6, 8, 10, 12, 16, or 1000? 

(b) Use the One Proportion Inference applet to decide whether it is plausible that when the googly eyes 

are removed infants do not have a genuine preference between the two toys. What do you conclude? 

 

Practice Problem 1.1B 
In 2019, the home team won 54 of the first 88 games of the Premier Soccer League season. Consider 

these games as a sample from a random process (all games that could have occurred in first 3 months). 

(a) Could we use a coin tossing simulation to model this random process? What would each coin toss 

represent? What are we assuming about the process? How many times would we toss the coin for one 

repetition? Define what is meant by ñprobability of successò in this context.  

(b) Use the One Proportion Inference applet to decide whether these data provide convincing statistical 

evidence that the home team is more likely than the visiting team to win in the long run. Justify your 

conclusion. 

(c) At the beginning of the 2020 season, fans were not allowed at the games due to the Coronavirus 

pandemic. For the first three months of this season, the home team won 40 of 87 matches. Decide 

whether these data provide convincing statistical evidence that the home team is more likely than the 

visiting team to win when no fans are present. Justify your conclusion. 

  

http://www.rossmanchance.com/applets/OneProp/OneProp.htm
http://www.rossmanchance.com/applets/OneProp/OneProp.htm
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Investigation 1.2: Can Wolves Understand Human Cues? 

 

Previous research has demonstrated that domesticated dogs can be trained to understand human cues, 

such as looking or pointing at an object. But it was not clear how the animals would perform with 

ñbehavioral cuesò showing intent such as reaching for, but not obtaining, or trying to open an object. 

Lampe et al. (2017) gave captive wolves, pack dogs living in identical conditions to the wolves, and pet 

dogs living with families a series of ñobject-choice tasks.ò A table was placed outside a fenced 

compartment, and a container was placed at each end of the table, one containing food and one empty. 

The experimenter would give the cue as to which container had the food and then the animal would 

touch one of the two targets next to the containers. A 6-year-old female timber wolf, Yukon, chose the 

intended container in 6 of the 8 trials with behavioral cues. 

 

(a) Identify the sample/random process for this study. [Hint: What is the sample size?] 

 

 

 

(b) Identify the variable of interest for this process. [Hint: The variable is the measurements recorded for 

each observation.] Is the variable quantitative or categorical? 

 

 

 

(c) If Yukon was purely guessing, how often would you expect her to identify the correct container? 

 

 

 

We will think of the sample of 8 attempts as identical observations from a random process, and we are 

choosing between two possibilities: 

(1) Yukon can understand behavioral cues, 

(2) Yukon does not consistently understand behavioral cues and is guessing randomly. 

 

Definition : In drawing conclusions beyond our sample data to the underlying random process, we 

will often be choosing between two competing claims about the underlying process: 

¶ The null hypothesis, which is the ñby chance aloneò explanation; 

¶ The alternative hypothesis, which is usually what the researchers are hoping to show.  

In Investigation 1.1, the null hypothesis was that infants (in general) choose equally among the two 

toys in the long run. The alternative hypothesis was that infants have a genuine preference for the 

helper toy.  

 

(d) Identify the above possibilities as the null and alternative hypotheses. 

 

 

 

(e) So our simulation model is going to assume the null hypothesis is true and we will see how unusual it 

is to find 6 successes and 2 failures in 8 attempts. Can we use ñcoin tossingò again? How many times 

will we toss the coin? 

https://www.nature.com/articles/s41598-017-12055-6#MOESM1
http://www.rossmanchance.com/iscam3/glossary.html#null
http://www.rossmanchance.com/iscam3/glossary.html#alternative
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(f) Use the One Proportion Inference applet to carry out 1,000 repetitions of the simulation. Check the 

Summary Statistics box and report the mean and standard deviation of your simulated distribution of 

ñcould have beenò outcomes. 

 

 Mean:     Standard deviation: 

 

(g) Based on your simulation results, which assumes Yukon is guessing, should we be very surprised to 

see 6 correct guesses? Explain/support your reasoning. 

 

 

 

aŜŀǎǳǊƛƴƎ άwŀǊŜƴŜǎǎέ 

In Investigation 1.1, the observed result (14) was pretty far in the tail of the distribution and you 

probably agreed that we could consider it unusual. This result (6 out of 8) is not as inconsistent with the 

null hypothesis; so where do we ñdraw the lineò? First, we need to agree on a measure of ñrareness.ò We 

could just calculate the theoretical probability of 6 heads in 8 tosses (0.1094), but keep in mind that if 

we have a larger sample size (e.g., 100 tosses), then any individual outcome (e.g., 62 heads) will have a 

small probability. So we want to judge how extreme our observation is relative to the other observations 

in the simulated distribution. One way to do this is to count how many outcomes are as or even more 

extreme (even further from the expected value) than the observed outcome. For example, if we tell you 

that only 1% of rattlesnakes are longer than 2.5 meters, then you know to be very surprised to see a 3-

meter rattlesnake and you may even begin to think that what you are looking at is not a rattlesnake at all!  

 

(h) In the applet, enter 6 in the Count samples box and keep the ñas extreme asò button to greater than 

or equal to, >. Report the proportion of the repetitions with 6 or more heads (correct choices). 

 

In 1,000 repetitions, assuming the probability of choosing correctly is 0.50, we found     % 

of repetitions of 8 attempts to result in 6 or more successes. 

 

Notice that we consider the direction of the alternative hypothesis to help us determine which outcomes 

we consider ñmore extremeò than our observed outcome. This tail probability you found in (h) is 

referred to as the p-value. 

 

Definition:  Because the simulation assumes the null hypothesis to be true, we can refer to the 

distribution you simulated as the null distribution. When you determine the proportion of the results in 

the null distribution that are at least as extreme as the observed result, you are estimating a 

probability. We will refer to this probability as the p-value. We use the p-value to evaluate the 

strength of evidence against the null hypothesis.  

 

The smaller the p-value, the stronger the evidence against the null hypothesis. There are no hard-

and-fast cut-off values for gauging the smallness of a p-value, but generally speaking: 

¶ A p-value above 0.10 constitutes little or no evidence against the null hypothesis. 

¶ A p-value below 0.10 but above 0.05 constitutes moderate evidence against the null hypothesis. 

¶ A p-value below 0.05 but above 0.01 constitutes strong evidence against the null hypothesis. 

¶ A p-value below 0.01 constitutes very strong evidence against the null hypothesis. 

 

http://www.rossmanchance.com/applets/OneProp/OneProp.htm
http://www.rossmanchance.com/iscam3/glossary.html#nulldistribution
http://www.rossmanchance.com/iscam3/glossary.html#pvalue
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(i) Did everyone in your class obtain the same p-value? If not, are you surprised?  

 

 

 

Because we are assuming a random process, we can use probability rules to calculate an ñexactò value 

for the p-value. In fact, we have been assuming a very special random process, a binomial process. 

 

Probability Detour ς Binomial Random Variables 
A Binomial random variable counts the number of successes in a random process with the following 

properties: 

¶ Each trial results in either ñsuccessò or ñfailureò (we have a binary categorical variable).  

¶ The trials are independent: The outcome of one trial does not change the probability of success 

on the next trial. 

¶ The probability of success, p, is constant across the trials. 

¶ There are a fixed number of trials, n. 

If the number of successes, X, is a binomial random variable, then we can say X ~ Binomial (n, p). 

 

Because we are assuming the null hypothesis to be true, we are treating each attempt as an identical 

repetition of a random process with a probability of success of 0.50 for each attempt (always two 

containers to choose from), and one attempt outcome does not impact the probability of success on the 

next attempt (e.g., a screen was lowered between attempts and the location of the food randomized each 

time) so the attempts are independent. We are counting X, the observed number of correct choices in the 

n = 8 trials. So X ~ (is distributed as) Binomial (8, 0.50) and we want to determine the probability of 

observing 6 or more successes in 8 attempts by chance alone, P(X > 6). We will illustrate this 

calculation next, and then turn to technology to find binomial probabilities. 

 

Calculating Binomial Probabilities 
(j) Let S represent Success and F represent Failure. Consider one particular outcome for the 8 trials with 

6 successes: SSFSSSFS. Because we are assuming the trials are independent, we can find the probability 

of this event by multiplying together the probabilities of the individual outcomes in the event. 

 

 P(SSFSSSFS) = P(S) × P(S) × P(F) × P(S) × P(S) × P(S) × P(F) × P(S)  =  

 

(k) But there are other possible outcomes that would also result in 6 successes and 2 failures (for 

example, SFSSSSSF). How many ways are there to arrange the 6 successes among the 8 slots?  

 

 

 

This is where the binomial coefficient comes in handy. This binomial coefficient, denoted by C(n, k) or

öö
÷

õ
ææ
ç

å

k

n
 = 

Ȧ

Ȧ Ȧ
, counts the number of ways there are to select k items from a set of n items. In this case, 

we want to find the number of ways to select 6 spots from the 8 trials for the successes: 

 

 C(8, 6) = 8!/(6!2!) =  

 

http://www.rossmanchance.com/iscam3/glossary.html#binomial
http://www.rossmanchance.com/iscam3/glossary.html#independent
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(l) Because the 28 outcomes corresponding to 6 successes are mutually exclusive (canôt occur 

simultaneously), we can find the probability of at least one of them happening by adding all of the 

probabilities together: 

 

 P(SSFSSSFS) + P(SFSSSSSF) + é. = 28 × (0.58) =  

 

 

In general, the binomial probability of obtaining k successes in a sequence of n independent trials with 

success probability p on each trial is: P(X = k) = ( )knk

k

n -
-öö

÷

õ
ææ
ç

å
pp 1  where 

)!(!

!

knk

n

k

n

-
=öö
÷

õ
ææ
ç

å
  

 

(m) Is the number you found in (l) our p-value for this study? If not, how would we find the p-value? 

 

 

 

(n) In the One Proportion Inference applet, check the Exact Binomial box. (Optional: See Technology 

Detour below.) How does the binomial distribution match up to your earlier simulation results? How 

does the binomial (or ñexactò) p-value compare to what you simulated earlier? Did everyone in class 

obtain the same ñexactò p-value? 

 

 

 

 

 

(o) Write a one-sentence interpretation of this p-value in this context. Key components to include: what 

random process is being repeated, what is the null hypothesis that we are assuming to be true, what is 

the observed result we are considering, which outcomes are we considering to be more extreme? 

 

 

 

 

 

Conclusions 
(p) Based on this analysis, do these data provide convincing evidence that wolves can understand 

behavioral cues?  

 

 

 

 

 

 

 

 

 

 

 

http://www.rossmanchance.com/iscam3/glossary.html#mutuallyexclusive
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Study Conclusions   
If we assume Yukon is guessing between the two containers, regardless of the cue, then finding 6 or 

more successes in 8 trials is actually not very surprising (binomial p-value = 0.1445); about 14% of 

samples from a 50/50 process would show 6 or more successes in 8 trials. This does not provide 

convincing evidence that Yukon can perform ñabove chance,ò but there is not information about 

whether other wolves or other cues would show better performance. 

 
Practice Problem 1.2A 
When Yukon was given ñcommunicative cuesò (looking at the container, pointing to the container) 

instead of behavioral cues, she was correct in 7 out of 8 attempts. Does this outcome provide convincing 

evidence that wolves understand communicative cues? 

(a) State the null and alternative hypotheses for this study. 

(b) Report both a simulation-based and the exact p-value. Include a one-sentence interpretation of the p-

value in this context (the probability of     assuming     ). 

(c) Summarize your analysis and the conclusions you would draw from this study. 

(d) Across the 12 wolves in the study, in the 64 trials with communicative cues, the wolves understood 

the cue 41 times. What is the new p-value for these results? Explain why this would not be an 

appropriate analysis. 
 

Practice Problem 1.2B 
A study in Psychonomic Bulletin and Review (Lea, Thomas, Lamkin, & Bell, 2007) presented evidence 

that ñpeople use facial prototypes when they encounter different names.ò Similar to one of the 

experiments they conducted, you will be asked to match photos of two faces to the names Tim and Bob. 

The researchers wrote that their participants ñoverwhelmingly agreedò on which face belonged to Tim. 

You will conduct a similar study in class to see whether your class also agrees with which face is Timôs 

more than you would expect from random chance (here ñrandom chanceò = there is no facial 

prototyping and people pick a name for the face on the left at random). 

(a) What is the sample/random process and variable in this study? What assumptions are we making 

about this process? 

(b) State the null and alternative hypotheses for this study. 

(c) Report the count, proportion, and percentage ñcorrectlyò identifying Timôs face in your class. 

(d) Use the applet or the technology instructions below to obtain a binomial p-value. What do you 

conclude about the null hypothesis? 

(e) Do you think the properties of the binomial random variable are met here? What assumptions need to 

be made? 
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Technology Detour ς Calculating Binomial Probabilities  
 

Calculating Binomial Probabilities in JMP 
Using the Distribution Calculator  in the ISCAM 
Journal File (Download this file to your computer  

and then open the .jrn file to launch JMP.) 

¶ Select Binomial from the Distribution  pull 

down menu. 

¶ Specify the values of the probability of 

success (“) and n (the sample size).  

¶ Leave the Type of Calculation as is. 

¶ Select Probability Option X > Qa but specify 

Qa to equal k-1 (e.g., 13). 

¶ Press Enter. 

 
 

  

 

 

Investigation 1.3: Are You Clairvoyant? 

 

A standard test for extra-sensory perception (ESP) asks subjects to identify which of five symbols (e.g.,  

circle, plus, square, diamond, waves) is on the front of a card, viewed by the experimenter but not the 

subject. The experimenter concentrates on the symbol and a ñhitò is when the subject correctly identifies 

the symbol being viewed by the experimenter. The subject is given several trials, with the viewed 

symbol randomly determined for each of the trials, with no discernible pattern. 

 

(a) Online tests are available as well. Go to https://paulomara.com/esp-test/ or 

https://www.krasnostup.com/ESP/index-esp-en.html  to test your clairvoyance (predicting whatôs about 

to happen rather than reading what someone else is thinking). Select the Sense the unknown test type, 

then press TEST ME. Click on the card that you believe is about to be shown. Repeat for 10 rounds, 

keeping track of the number of hits in your first 10 attempts. 

 

 Number of hits:    

 

(b) Identify the sample and variable for this random process. [Hints: What is the sample size? What was 

measured about each observation?] 

 

 

 

 

(c) Do you consider it reasonable to model your observations as coming from a binomial random 

process?  Explain your reasoning. 

 

 

 

 

 

 

http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
https://paulomara.com/esp-test/
https://www.krasnostup.com/ESP/index-esp-en.html
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Terminology Detour: In analyzing data, it is important to differentiate between a statistic and the 

parameter. The observed statistic is a (known) numerical value that summarizes the observed results, 

whereas the parameter is the same numerical summary but applied to the underlying random process 

that generated the data. The value of the statistic is what we observe in the study, whereas the value of 

the parameter is rarely known.  

In Investigation 1.1, the statistic could be either the number (14) or the proportion (0.875) of infants 

who chose the helper toy. The parameter would then be the long-run probability of an infant picking 

the helper toy. In the case of a binomial random variable, we will use the symbol ñˊò (lower case 

Greek letter for ñpò) to represent this unknown process probability. 

 

(d) Identify (in words) the parameter of interest for this study. What symbol will we use to represent this 

parameter? 

 

 

(e) The null hypothesis is that you arenôt clairvoyant and are guessing every time. State this as a null 

hypothesis using symbols and words. 

 

 

 

(f) State the alternative hypothesis using symbols and words. (Notice that the hypothesized values for “ 

in the null and alternative canôt ñoverlap;ò they are competing statements about “.) 

 

 

 

(g) Assume the null hypothesis is true and let the random variable C denote the number of correct 

identifications (hits) in 10 attempts. If we were to simulate this random process, could we toss coins? If 

not, suggest another way we could generate simulated results assuming the null hypothesis to be true. 

(e.g., what would you want an applet to do?) 

 

 

 

 

 

(h) Where do you think your null distribution will be centered? What are the largest and smallest 

possible values for the number of correct identifications in 10 attempts? What are the largest and 

smallest values you think you will see in the simulation? 

  

 

(i) In the One Proportion Inference applet, specify the values for p and n. Carry out one repetition of the 

simulation. Explain the simulation process in your own words. 

 

 

 

 

http://www.rossmanchance.com/iscam3/glossary.html#statistic
http://www.rossmanchance.com/iscam3/glossary.html#parameter
http://www.rossmanchance.com/applets/2021/oneprop/OneProp.htm
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(j) Then check the Exact Binomial box to see the null distribution after infinitely many repetitions. 

Press the Reset button to remove the one simulated result and check the Summary Statistics box. What 

are the theoretical values for the mean and standard deviation of the null distribution?  

 

     Mean =           Std Dev =  

 

It can be shown that when X is Binomial(n, p), the expected value is E(X) = n × p and the variance is 

V(X) = n p (1 ï p). (See Investigation B for more discussion of expected value and variance of a 

random variable.) 

 

(k) Verify these calculations match the applet output and remember that the standard deviation is the 

square root of the variance. 

 

(l) Was your statistic from (a) in the direction specified by the alternative hypothesis? If it was, is it in 

one of the tails (outer edges) of the null distribution in (j)? 

 

 

If your observed number of successes was below the mean, then you can conclude that your data do not 

provide evidence in favor of the alternative hypothesis and you should not start your own psychic 

hotline! But if your result was above the mean, then we would like to measure the strength of evidence 

against the null hypothesis. You have already seen how to do that using a p-value. 

(m) Use the applet to explore how many hits a subject would need in 10 attempts for the p-value to be 

below 0.05. [Hint: Use your mouse to drag the red line.] 

 

An Alternative Measure of Rareness 
As an alternative to the p-value, another measure of where an observation falls in a distribution is ñhow 

many standard deviationsò the value is from the mean of the distribution.  

 

(n) How many standard deviations was your observed result from 

the expected value for the binomial distribution?  

 
 Π   

 
 =  

 

This calculation is often referred to as standardizing the statistic. 

 

Again, there are no hard and fast rules for what constitutes a large 

value here, but generally, when we have a fairly symmetric 

distribution, values more than 2 standard deviations above or 

below the expected value (mean) are considered extreme. 

 

 

(o) How many standard deviations from the mean (expected value) would 5 hits be? 
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(p) Suppose you donôt know whether or not someone is clairvoyant and you plan to give the person 25 

attempts. What are the theoretical expected number and standard deviation for the random variable C, 

the number of hits when n = 25 assuming they are just guessing each time? How do they compare to the 

values you found in (j)? 

 

 

 

(q) How many hits would someone need to get correct in 25 attempts to convince you they arenôt simply 

guessing? Letôs consider two ways to decide: 

¶ Approach 1: What value for c would give you a probability below 0.05 of obtaining that many or 

more hits? In other words, what is the smallest value of c so P(C > c) < 0.05? 

¶ Approach 2: What is the smallest value of c that is at least 2 standard deviations from the 

expected value? 

 

 

 

 

 

 

(r) How do your answers for these two approaches compare? 

 

 

(s) Suppose you changed the test to use only 4 symbols. Does this change the expected number or 

standard deviation for the number of hits when a subject is guessing? How many would someone need 

to identify correctly to convince you they could perform better than guessing in the long-run? 

 

 

 

 

 

 

Summary 
The number of correct answers in 25 attempts, for someone who is guessing, can be modeled with a 

binomial distribution (assuming the probability of a correct answer is 0.20 each time and there is no 

pattern from attempt to attempt). In this case, the hypothesized value for the probability of ñsuccessò 

will be 0.20 rather than 0.5 due to the five cards to choose from, which we could model with spinners 

rather than coin tosses. If someone is simply guessing, in the long run they will guess correctly by 

chance alone 20% of the time. This means that if we give someone 25 attempts, we expect them to 

answer correctly 0.20 × 25 = 5 times (on average, in the long run), with a standard deviation of 

80.020.025 ³³ = 2 hits in 25 attempts. Keep in mind that the ñstatistical significanceò of an outcome 

will depend on both the mean and the standard deviation of the null distribution. In this case, someone 

would need 9 or more hits to be more than 2 standard deviations above the mean, which corresponds 

to a p-value of 0.048. (It is not a coincidence that the 0.05 cut-off gives very similar results to the 2SD 

cut-off.) 
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Practice Problem 1.3A 

(a) Suppose the test had consisted of 6 symbols instead of 5 (with n = 25 still). How will that change the 

binomial distribution? [You should comment on both the mean and the standard deviation.] 

(b) Would an outcome of 9 correct guesses be more or less surprising in this case (vs. 5 symbols)? 

¶ Will the probability of 9 or more correct identifications be larger or smaller than with 5 symbols? 

¶ Will the outcome of 9 be more or fewer standard deviations from the mean than with 5 symbols? 

(c) What about 10 symbols? What are the mean and standard deviation of the binomial distribution? 

Would an outcome of 9 or more correct identifications be more or less surprising than with 5 symbols?  

(d) How does the shape of the binomial distribution change as you lower p? Explain why. 

 

Practice Problem 1.3B 
Return to the wolf in Investigation 1.2 (Yukon). In another study, Yukon correctly understood a 

communicative cue in 7 of 8 attempts.  

(a) Identify (in words) the parameter and statistic in that study. 

(b) How many standard deviations did the observed statistic fall above the expected value assuming 

Yukon picks equally between the two containers regardless of the cue in the long run?  

(c) Would her performance be considered a surprising outcome when the null hypothesis is true? 

Explain. 

 

Return to the infants choosing a helper toy over a hinderer toy 14 times out of 16 choices. 

(d) Identify (in words) the parameter and statistic in that study. 

(e) How many standard deviations did the observed statistic fall above the expected value assuming 

infants choose equally between the two types of toys. 

In the infant study, researchers also looked at the amount of time the infants spent watching the two 

videos (to see whether one captured their attention more than the other).  

(f) Identify a possible parameter of interest for this new variable. 

 

Practice Problem 1.3C 

Suppose you select 100 students at your school to estimate the proportion of students at your school who 

prefer Coke to Pepsi. 

(a) Identify the random process of interest. 

(b) Identify the sample in the study. 

(c) Define the parameter of interest in the study. 

(d) Define the statistic in the study. 

(e) Suppose you want to estimate the average number of states visited by students at your school. Define 

the parameter of interest. 

  



Ò Chance/Rossman, 2026 ISCAM IV Investigation 1.4 

 

37 

Investigation 1.4: Heart Transplant Mortality  

 

Poloneicki, Sismanidis, Bland, and Jones (2004) reported that in September 2000 heart transplantation at 

St. Georgeôs Hospital in London was suspended because of concern that more patients were dying than 

previously. Newspapers reported that the 80% mortality rate in the last 10 cases was of particular 

concern because it was over five times the national average. The variable measured was whether or not 

the patient died within 30 days of the transplant. Although there was not an officially reported national 

mortality rate (probability of death within 30 days for patients undergoing this procedure), the 

researchers determined that 15% was a reasonable benchmark for comparison. 

 

(a) Define the sample random process and variable for this study. Is the variable quantitative or 

categorical? 

 

 Sample/Random process: 

 

Variable:               Type: 

 

We need to consider which outcome we will consider ñsuccessò and which we will consider ñfailure.ò 

The choice is often arbitrary, though sometimes we may want to focus on the more unusual outcome as 

success. In fact, in many epidemiology studies, ñdeathò is typically the outcome of interest or ñsuccess.ò 

 

(b) Considering death within 30 days as a success, define the parameter of interest in this study (in 

words), including the symbol we can use to refer to it. Is it reasonable to model this heart transplantation 

process as a binomial process?  

 

 Parameter: 

 

 Binomial process? 

 

 

 

(c) If there is nothing unusual about the mortality rate for heart transplantations at this hospital 

(compared to other U.K. hospitals), what does this imply about the value of the probability of ñsuccessò?  

 

 

(d) If the patients at this hospital are indeed dying at a higher rate than the benchmark rate, what does 

this imply about the value of the probability of ñsuccessò? 

 

 

(e) Translate your answers to (c) and (d) to a null and alternative hypothesis statements. Keep in mind, 

the null hypothesis claims the observed result is ñjust by chance,ò whereas the alternative hypothesis 

translates the research conjecture. 

 

 Null hypothesis (often denoted H0): 

 

 Alternative hypothesis (often denoted Ha): 

https://pubmed.ncbi.nlm.nih.gov/14751918/
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(f) Of the hospitalôs ten most recent transplantations at the time of the study, there had been eight deaths 

within the first 30 days following surgery. Is this sample result in the direction suspected by the 

researchers? Explain.  

 

 

 

 

 

You could use the One Proportion Inference applet to use simulation or the binomial distribution to find 

the p-value. Many statistical software packages will carry out a ñBinomial testò directly. 

 

Technology Detour ς Binomial Test of Significance  
 

Conducting a Binomial Test in JMP 

¶ Choose Analyze > Distribution 

o With raw data, drag the variable to the Y, Columns 

slot. Press OK. 

o With summarized data, move the column with the 

category names to the Y, columns slot and move the 

column with the counts to the Freq slot. Press OK. 

¶ From the variableôs hot spot, select Test Probabilities. 

¶ Specify the hypothesized probability of success for the 

category you want to define as success (only). 

¶ Then pick a one-sided alternative hypothesis (greater than or 

less than). 

JMP assumes ñsuccessò to be the first category 

alphabetically unless you specify otherwise with Cols > 

Column Info > Column Properties > Value Ordering.  

Note: ñnot equal toò alternatives will be discussed in 

Investigation 1.5.  

¶ Press Done.  

 
 

 

  

 

(g) Find and report the p-value from your technology (including appropriate notation for the event of 

interest).  

 

 

 

(h) Provide a detailed interpretation of your p-value: 

 

The p-value is the probability of obtaining    or     successes in  

 

               trials from a random process, assuming         

 

(i) Evaluate your p-value: what conclusions would you draw about the probability of death within 30 

days of a heart transplant at this hospital? 
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Does it matter which outcome I choose to be success? 
(j) Suppose that we had focused on survival for 30 days rather than death within 30 days as a ñsuccessò 

in this study. Describe how the hypotheses would change and how the calculation of the binomial p-

value would change. Then go ahead and calculate and interpret the exact binomial p-value with this set-

up. How does its value compare to your answer in (g)? How (if at all) does your conclusion change? 

 

 ʌ represents  

 

 H0:     Ha: 

 

 p-value = P(X    ) 

 

Interpretation: The p-value is the probability of obtaining     or      

 

successes in      observations from a random process, assuming      

 

 p-value has (circle one) Increased  Decreased  Stayed the same 

 

 Conclusion has (circle one) No change  No longer significant Now significant 

 

Does the sample size matter? 
(k) Following up on the suspicion that the sample of size 10 aroused, these researchers proceeded to 

gather data on the previous 361 patients who received a heart transplant at this hospital dating back to 

1986. They found 71 deaths within 30 days among heart transplantations. 

 

Calculate the sample proportion of deaths for these data: 

 

Predict whether this is more or less convincing evidence that this hospitalôs death rate exceeds 

0.15. Explain your reasoning. 

 

 

 

 

Use technology to determine the binomial probability of finding at least 71 deaths in a sample of 

361 if p = 0.15. 

 

 

 

(l) Is the probability in (k) convincing evidence to consider the sample result surprising if the mortality 

rate at this hospital matched the national rate? Explain. 

(m) Is the evidence against the null hypothesis stronger or weaker than the earlier analysis based on 10 

deaths? Explain how you are deciding and why the strength of evidence has changed in this manner. 

(n) Calculate the expected number of deaths, E(X), for each sample size. 
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The following graphs display the two theoretical probability distributions (for sample sizes n = 10 and n 

= 361), both assuming the null hypothesis (p = 0.15) is true. These graphs show just how far the 

observed values (8 and 71) are from the expected value of the number of deaths (0.15 × 10 = 1.5 and  

0.15 × 361 = 54.15) in each case. You should also note that the shape, center, and variability of the 

probability distribution for number of successes are all affected by the sample size n. 

 
 

Keep in mind that of interest to us is the observed statisticôs relative location in the null distribution. 

Thus, we are most interested in how variable the possible outcomes are from the ñexpectedò outcome. 

The center of the distribution isnôt all that interesting to us in answering the research question because 

we determine what the center of the distribution will be by how we specify the null hypothesis. Even the 

shape isnôt all that interesting on its own in answering our research question. 

 

(o) Identify another feature (beside center, shape, and variability) of the above distributions that differs 

between them. 

(p) How many standard deviations is the observed sample proportion above the hypothesized probability 

for the second dataset?  

 

 Expected value when n = 361 and p = 0.15: 

 

SD when n = 361 and p = 0.15: 

 

 Number of standard deviations 71 is above the expected value: 

 

Does this calculation also provide strong evidence against the null hypothesis? How are you 

deciding? 

 

 

 

(q) In your opinion, which data set do you think is more valid to use ï the larger sample size or the more 

recent data? Explain how you are deciding. 

 

 

 

 

 

http://www.rossmanchance.com/iscam3/glossary.html#expectedvalue
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Study Conclusions   
A sample mortality rate of 80% is indeed quite surprising, even with a sample size as small as 10, if 

the actual probability of death were 0.15. The (exact) p-value is 0.0000087, and the observed statistic 

is 5.76 standard deviations above the expected value, providing extremely strong evidence that the 

actual probability of death at this hospital is higher than the national benchmark of 0.15 (fewer than 1 

in 100,000 sets of 10 operations would ñrandomlyò have 8 or more deaths if ˊ = 0.15). However, we 

must be cautious about doing this type of ñdata snooping,ò where we allowed a seemingly unusual 

observation to motivate our suspicion and then use the same data to support our suspicion. Once the 

initial suspicion has formed, we should collect new data on which to test the suspicion. The actual 

investigation examined all previous heart transplantations at this hospital over the previous 14 years. 

In this broader study, the p-value is 0.0097 and the observed number of successes is 2.48 standard 

deviations above the expected number, still providing very strong evidence against the null 

hypothesis. That is, there is strong evidence that this hospitalôs probability of mortality was higher 

than the 15% national benchmark. We must, however, be cautious because our study has not 

identified what factors could be leading to the higher rate. Perhaps this hospital tends to see sicker 

patients to begin with. The researchers actually performed a more sophisticated analysis that 

incorporated information about the risk factors of all the operations at this hospital and reached 

similar conclusions. 
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Practice Problem 1.4A 
In April 2014, the city of Flint Michigan switched its water supply to the Flint River in an effort to save 

money. The U.S. Environmental Protection Agency (EPA)ôs Lead and Copper Rule states that if lead 

concentrations exceed an action level of 15 parts per billion (ppb) in more than 10% of homes sampled, 

then actions must be undertaken to control corrosion, and the public must be informed. In the initial 

sample of 71 homes, 8 tested above 15 ppb. 

(a) Suppose our variable is was the lead concentration level above 15 ppb?. Is it reasonable to model 

this as a binomial process? Justify your response for each condition. Be sure to explain how you are 

defining success and any assumptions you are making about the process. 

(b) Define (in words) the parameter of interest. 

(c) State null and alternative hypotheses for testing whether the probability of a house testing above 15 

ppb is more than 0.10. 

(d) Report the binomial p-value for your hypotheses in (c). 

(e) After dropping two ñsuspiciousò observations, 6 of the 69 remaining observations were above 15 

ppb. Report the binomial p-value for your hypotheses in (c). Is the second p-value larger or smaller than 

the first? 

 

Practice Problem 1.4B 
Reconsider the wolf (Yukon) who correctly understood a communicative cue in 7 of 8 attempts. Let ˊ 

represent the probability of Yukon identifying the correct container with a communicative cue. 

(a) If the alternative hypothesis is Ha: ˊ > 0.50, what is the p-value? Based on this p-value, state an 

appropriate conclusion in terms of the alternative hypothesis. 

(b) If the alternative hypothesis is Ha: ˊ < 0.50, what is the p-value? Based on this p-value, state an 

appropriate conclusion in terms of the alternative hypothesis. 

(c) Under what circumstances will a p-value calculation like these be larger than 0.50? 

 

Practice Problem 1.4C 

One of the first times the U.S. Supreme Court considered statistical significance in an employment 

discrimination case was in Hazelwood School District vs. United States (1977). The U.S. government 

sued the City of Hazelwood, a suburb of St. Louis, MO, on the grounds that it discriminated against 

African Americans in its hiring of school teachers. The evidence introduced noted that of the 405 

teachers hired in 1972 and 1973 (the years following the passage of the Civil Rights Act), only 15 had 

been African American.  By comparison, according to 1970 census figures, of the almost 20,000 

elementary and secondary teachers employed in the St. Louis area, 15.4% were African American. We 

want to decide whether the data on these 405 teachers is convincing evidence that the Hazelwood hiring 

process had a probability of a new hire being African American that was less than 0.154. 

(a) What is the expected number of African American hires in a sample of 405 teachers if the probability 

of a new hire being African American equals 0.154? 

(b) Using the binomial distribution, how many standard deviations is 15 from the expected number of 

new hires that are African Amer. when the null hypothesis is true.  What conclusion would you draw? 

(c) The St. Louis City School District had recently followed a policy attempting to maintain a 50% 

African American teaching staff. If you exclude the St. Louis City School District, then the proportion 

of eligible teachers in the St. Louis area that were African American was 0.057. What is the new 

expected number of hires?  What conclusions would you draw? 

(d) Discuss briefly how this case illustrates ñthe importance of the choice of the relevant labor market 

areaò in the cases of discrimination.  

https://caselaw.findlaw.com/court/us-supreme-court/433/299.html#:~:text=Because%20a%20fluctuation%20of%20more,rebut%20the%20Government's%20other%20proof.
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Investigation 1.5: Buttered Side Down Again? 

 

The folks at MythBusters, a popular television program on the 

Discovery Channel, wanted to investigate whether a piece of toast that 

has been buttered on one side is more likely to land buttered/messy side 

down or buttered side up. First, they wanted to design a toast-dropping 

rig that would have no built-in bias for unbuttered toast to land on either 

side when dropped. For this pilot study, they labeled the sides ñtopò and 

ñbottomò for ten unbuttered pieces of toast and counted how many 

landed ñtop-down.ò  

 

 
 

(a) Identify the sample/random process and variable of interest in this study. Which outcome will you 

consider ñsuccessò? Do we have a binomial process? 

 

 

 

(b) Identify the parameter of interest in this study and a symbol you could use to represent it. 

 

 

(c) State the null hypothesis using symbols and words. 

 

 H0: 

 

(d) With 10 pieces of toast, what outcomes for the number of successes would convince you that there 

was a problem with the rig? Suggest a way of stating the alternative hypothesis that reflects this 

interest/prior suspicion. 

 

 Ha: 

 

You have now stated a two-sided alternative hypothesis (rather than a ñone-sidedò alternative of strictly 

less than or strictly greater than). So now we need to decide which values we will consider ñor more 

extremeò in calculating the p-value. 

 

(e) In this pilot study, the toast landed top-down 3 times and top-up 7 times. Use the One Proportion 

Inference applet to calculate the binomial probability of 3 or fewer successes in 10 attempts, assuming 

the null hypothesis is true (i.e., P(X < 3) where X is the number landing top-down). 

 

 

 

(f) Conjecture: What other outcomes would you consider ñas or more surprisingò as 3 or fewer 

successes?  

 

 

 

(g) If we calculate the two-sided p-value as P(X < 3) + P(X > 7), what would you report for the p-value? 

Would you find this p-value to be convincing evidence in favor of the two-sided alternative hypothesis? 

http://www.rossmanchance.com/iscam3/glossary.html#twosided
https://www.rossmanchance.com/applets/2021/oneprop/OneProp.htm
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What if our original hypotheses had been H0: “ = 0.55 vs. Ha: “ Í 0.55. 

(h) Restate the alternative hypothesis in words. How will the null distribution change? 

 

 

 

 

(i) Make this change in the applet and find the binomial probability of 3 or fewer successes. 

 

 

(j) Now find P(X > 7) when “ = 0.55. How does it compare to P(X < 3)? Why does this make sense? 

 

 

 

 

In this text, we will consider outcomes ñmore extremeò than the observed outcome if the ñtail 

probabilityò is less than or equal to the tail probability of the observed outcome. 

So for this null hypothesis (“ = 0.55), because P(X > 7) > P(X < 3), we would not consider x = 7 to be 

ñmore extremeò than x = 3. Therefore, we would not include x = 7 in the p-value calculation. Notice, 

this distinction arose once our binomial distribution was not symmetric (“ Í 0.50). 

 

(k) Find P(X > 8). Is x = 8 considered more extreme than x = 3? 

 

 

 

(l) Calculate the two-sided p-value as P(X < 3) + P(X > 8) 

 

 

(m) Verify your result by checking the Two-sided box in the applet. [Hint: Make sure you are starting 

with X < 3.] 

  

 

There are other ways to define ñmore extremeò as well, and results will vary across different software 

packages (see Practice Problem 1.5). But the results will be more similar the more symmetric the null 

distribution is, and when the null distribution is skewed, adjusting for the asymmetry is generally 

preferred to going ñthe same distanceò on each side or doubling the one-sided p-value. 

 

Definition:  Two-sided p-values are used with two-sided alternative hypotheses (Í, not equal to). A 

two-sided p-value considers outcomes in both tails that are at least as rare as the observed result, 

where at least as rare could be defined as having a smaller tail probability of occurring as the observed 

statistic. If the null distribution is symmetric, the approaches are equivalent and the two-sided p-value 

will be double the one-sided p-value. 

 

(n) The MythBusters decided a 3/7 split was ñway outside a random sampleò and so they needed to build 

a different toast-dropping rig. Do you agree with their conclusion from the pilot study? Write a short 

paragraph to the MythBusters justifying your answer. Include appropriate numerical evidence to support 

your argument. 

http://www.rossmanchance.com/iscam3/glossary.html#twosided
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After building a new rig (that they were more confident had no bias), 

they used the rig to drop buttered toast from the roof of a building. 

The Mythbusters werenôt sure whether the toast would land buttered 

side down (as in the myth) or whether, like a curved leaf falling from 

a tree, the toast might try to ñright itselfò and land with the indented 

side (from being buttered) down. So again, they wanted to use a two-

sided alternative hypothesis, allowing for either possibility to be of 

interest. 

 

They dropped 48 pieces of toast, with 19 landing buttered side down.  

 

 

(o) Use the applet to find the two-sided p-value for testing H0: ˊ = 0.5 vs. Ha: “ Í 0.50. Do you have 

strong enough evidence to reject the null hypothesis and conclude ˊ differs from 0.5? Why are you 

making this decision? 

 

 

 

 

 

 

 

 

Study Conclusions  
These data (19 out of 48) do not provide convincing evidence against the null hypothesis that toast 

buttered on one side is equally likely to land buttered side up or down (two-sided p-value = 0.1934). 

In other words, it is plausible that this is a 50/50 process. However, this analysis cannot be used as 

proof that “ = 0.50, as other values could be plausible as well. The sample data allow for many 

(technically, infinitely many) plausible values of this probability, as you will explore in the next 

investigation.  
 

Discussion: Recall that the process we are using to test our hypotheses is to first assume the null 

hypothesis is true. For this reason, we can never use this process as evidence for the null hypothesis, 

only lack of evidence against it. Keep in mind the saying ñAbsence of evidence is not evidence of 

absence.ò Also, note that our evidence depends on the form of the alternative hypothesis. A more 

complete statement is that we do not have evidence in favor of the alternative that we specified, and that 

our strength of evidence could differ if we started with a different alternative hypothesis. 
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Practice Problem 1.5 
There are other approaches for calculating the two-sided p-value. For example, we could consider an 

outcome k more extreme than the observed, if P(X = k) < P(X = observed).  

(a) Explain the distinction in this approach and the one used above.  

(b) Return to the pilot study with 3 successes out of n = 10 drops. Based on this new approach, which 

values above 5 would you consider more extreme than 3 when “ = 0.55? Document your justification. 

What is the resulting two-sided p-value? [Hints: Use As extreme as = in the applet. Confirm your results 

by changing the pull-down menu from ñtailsò to ñindividual.ò] 

(c) Suppose n = 20 and you observed 0 successes. Find the two-sided p-values using the approach 

suggested in (b) for “ = 0.13, “ = 0.145, and “ = 0.15. According to the two-sided p-values, which of 

these values are plausible for “ at the 10% level of significance? What strange behavior do you observe? 

(d) Or we could choose to use x values that are the same number (or more) of standard deviations above 

the mean or double the one-sided p-value. Why do you think these methods are not recommended in 

general? 

(e) Itôs interesting that the one-sided p-value for the pilot study is also not statistically significant. If it 

had been, would it be reasonable for the Mythbusters to use the one-sided p-value instead to support 

their conclusion? Explain. 

 

 

 

Technology Detour ς Two-sided p-values  
 

In One Proportion Inference applet 

¶ Check the two-sided box 

o For the ñsmallest tail probabilityò approach, set the pull-down menu to ñTailsò (finds tail 

value on other side that is first below the one-sided p-value) 

o For the ñsmallest p-valueò approach, set the pull-down menu to ñIndividualò (sums all 

probabilities smaller than the observed) 

o (These will match when the distribution is symmetric.) 
 

In JMP 
Note: The default two-sided test under Analyze > Distribution is not an ñexactò binomial test 
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In the previous investigation, you learned how to decide whether a hypothesized value of the parameter 
is plausible based on a two-sided p-value. The two-sided p-value is used when you do not have a prior 
suspicion or interest in whether the hypothesized value is too large or too small. In fact, in many studies 
we may not even really have a hypothesized value, but are more interested in using the sample data to 
estimate the value of the parameter. What are all the plausible values for the parameter? 

 

Investigation 1.6: Kissing the Right Way 
 

Most people are right-handed and even the right eye is dominant for most people. Researchers have long 

believed that late-stage human embryos tend to turn their heads to the right. German bio-psychologist 

Onur Güntürkün (Nature, 2003) conjectured that this tendency to turn to the right manifests itself in 

other ways as well, so he studied kissing couples to see whether both people tend to lean their heads to 

the right more often than to their left (and if so, how strong the tendency is). He and his researchers 

observed couples from age 13 to 70 in public places such as airports, train stations, beaches, and parks in 

the United States, Germany, and Turkey. The observers were careful not to include couples who were 

holding objects such as luggage that might have affected which direction they turned. We will model the 

overall decision-making process when kissing as a binomial random process. 

 

(a) Identify the sample and variable in this study, as well as the parameter of interest. 

 

 Sample:         Variable:         Parameter: 

 

(b) If Dr. Güntürkün wants to investigate whether a majority of kissing couples lean right in the long 

run, is this a one-sided or a two-sided test? 

 

 

(c) Dr. Güntürkün actually conjectured that 2/3 of kissing couples would lean right in the long run. State 

appropriate null and alternative hypotheses for his conjecture. 

 

 

 

(d) A Tic-Tac ad once claimed 74% of kissing couples lean right. State appropriate null and alternative 

hypotheses for investigating this adôs claim. 

 

 

 

(e) Dr. Güntürkün found 80 out of 124 couples leaned right. Calculate the observed sample proportion. 

Note: We can use the symbol ὴǶ to refer to a sample proportion. 

 

 

 

(f) Based on Dr. Güntürkünôs result, what is your best guess for “, the long-run probability a kissing 

couple leans right? Do you think 0.50 will be a plausible value for “? 2/3? 0.74? Explain your 

reasoning. 

 

 

https://www.nature.com/articles/421711a


Ò Chance/Rossman, 2026 ISCAM IV Investigation 1.6 

 
48 

We could employ a ñtrial-and-errorò type of approach to determine which values of p appear plausible 

based on what we observed in the sample. This involves testing different values of p and seeing whether 

the corresponding two-sided p-value is larger than some pre-specified cut-off, typically 0.05. (This cut-

off is often called the level of significance.) That is, we will consider “ a plausible value for p if  

assuming “ = “ does not make our sample statistic look surprising (yielding a small p-value). 

 

(g) Use the One Proportion Inference applet to determine the values of “ such that observing 80 of 124 

successes or a result more extreme occurs in at least 5% of samples. [Hints: Use values of p that are 

multiples of 0.01 until you can find the boundaries where the exact two-sided p-values (using the tails of 

the binomial distribution) change from below 0.05 to above 0.05. Then feel free to ñzoom inò to three 

decimal places of accuracy if youôd like.] On the number line below, indicate with an X which values are 

rejected (not plausible) and with an O which values are not rejected and therefore considered plausible. 

 

 

 

 
 

Definition: A confidence interval (CI) specifies the plausible values of the parameter based on the 

sample result.  

 

What you found in (g) will be called a ñ95% confidence intervalò as it was derived using the 1 - 0.95 = 

0.05 cut-off value/significance level.  

 

(h) Interpret the confidence interval from (g). What are you 95% confident of? 

  

 

 

 

 

 

(i) Repeat (g) but using 0.01 rather than 0.05 as the criterion for rejection/plausibility (level of 

significance). [Hints: You can check the Show sliders box in the applet and use the slider or edit the 

orange number to change the value of “. Keep in mind that you are changing the conjectured value of 

ˊ, not the observed number of successes, which should stay at 80.] Does this ñ99% confidence intervalò 

include more or fewer values than the 95% confidence interval? Explain why this makes intuitive sense. 

 

 

 

 
Explanation: 

 

 

 

 

http://www.rossmanchance.com/iscam3/glossary.html#levelofsignificance
http://www.rossmanchance.com/applets/OneProp/OneProp.htm
http://www.rossmanchance.com/iscam3/glossary.html#confinterval
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(j) Identify a value that is captured in the 99% confidence interval but not the 95% confidence interval. 

Interpret the meaning of this observation. Explain what your analysis reveals about this value as a 

plausible value of “. 

 

 

 

 

 

Study Conclusions  
The researchers are assuming they have a representative sample from a binomial random process and 

want to estimate p, the underlying probability that a randomly selected kissing couple leans to the 

right. Based on this sample of 124 observations, we estimate p to be close to ὴǶ80/124 = 0.645. 

However, we know there is some sampling variability, so we want to find an interval of values that 

appear to be plausible values of p. We do this by finding the values of “ for which the two-sided p-

value (H0: “ = “ vs. Ha: “ Í “) is greater than 0.05. These are all the values of the parameter such 

that our sample result is not overly surprising. You should have found this ñ95% confidence interval,ò 

using the ñsmallest tail probabilityò approach, to be approximately 0.557 to 0.727 (results from using 

different software or the applet will differ slightly). Thus, based on these sample results, we are 

ñconfidentò that the actual value of p, the probability a random kissing couple leans right, is between 

0.56 and 0.73.  

A 99% confidence interval for p extends from 0.529 to 0.749 (a smaller lower endpoint and a larger 

upper endpoint, but a similar midpoint) and therefore includes additional plausible values of the 

parameter compared to the 95% interval. The 99% confidence interval is wider than the 95% interval 

because a higher level of confidence requires more ñroom for error.ò You will learn other methods for 

calculating confidence intervals for a binomial process probability in the next section. 

 

Discussion: In this investigation you have learned a second type of ñstatistical inferenceò: providing an 

interval of plausible values for the parameter based on an observed sample statistic. Confidence intervals 

provide a nice companion to tests of significance and are also very useful by themselves. Whereas a test 

of significance allows you to test the plausibility of a specific hypothesized value, if you reject the null 

hypothesis, the test of significance provides no information as to how different the actual parameter is 

from the hypothesized value. If you fail to reject the null hypothesis, you only know that the tested value 

is one of many plausible values. A confidence interval provides an estimate (with bounds) of the actual 

value of the parameter. You will learn some additional methods for finding confidence intervals later in 

this text, but do be aware that some software packages use different methods for finding the ñexactò 

binomial two-sided p-values. 

 

Alternatively, another way to define a binomial confidence interval is to find all the values of “ such 

that P(X < observed) < (1 ï confidence level)/2 and P(X > observed) < (1 ï confidence level)/2. 

(k) Use the applet to find the 95% confidence interval. [Hints: Remember to use the one-sided p-value 

and change the direction of the tail probability between < and >, but not =.] 

 

 

 
How does the resulting 95% confidence interval compare to (g)? Which interval is ñbetterò? Explain. 
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Probability Detour ς Binomial Confidence Intervals 
 

Probably the most well-known Binomial confidence interval method is the Clopper-Pearson method 

(Biometrika, 1934). Rather than using two-sided p-values, it will consider a value for “ plausible as 

long as the one-sided tail probability is smaller than (1 ï confidence level)/2. One advantage of the 

Clopper-Pearson method is there is a simple computer algorithm for finding it, rather than needing to 

check all values as you have done here. 

  

The method we first showed you (keeping all values of “ with a two-sided p-value larger than (1 ï 

confidence level) using the two-sided p-value based on the tail probabilities) is attributed to Blaker 

(The Canadian Journal of Statistics, 2000). We could refer to this as the ñsmallest tail probabilityò 

method.   

 

Another approach would be to use the ñsmallest p-valueò approach for the two-sided p-value, 

switching to using P(X = x) to find values of x more extreme than observed in finding the two-sided p-

value. This method, attributed to Sterne (Biometrika, 1954), has the disadvantage that the interval 

produced can have holes! For example, a value like 0.12 may be in the interval of plausible values, the 

value 0.13 may not, and the value 0.14 may be again.  

 

Many prefer the Blaker method to the holes of the Sterne method, and Blakerôs method is now gaining 

favor over Clopper-Pearson because the intervals tend to be shorter. We will see some other methods 

later in this text as well. For now, keep in mind the likely duality between confidence intervals and 

tests of significance: The confidence interval is the set of values for which we would fail to reject the 

null hypothesis in favor of the two-sided alternative. So we can interpret the confidence interval as the 

set of plausible values for the parameter in that they are the values such that our observed sample 

result would not be surprising. Keep in mind that saying a value is plausible is not the same as saying 

a value is probable. We wonôt make probability statements about parameter values in this text. 

 

(l) Explain why it is not appropriate to say ñThere is a 99% probability that between 52.6% and 75.2% 

of kissing couples lean right when they kiss.ò 

 

 

 

 

 

 

(m) Use technology (see Technology Detour below) to determine the 95% and 99% Clopper-Pearson 

confidence intervals for the probability that a kissing couple leans to the right. Comment on how 99% 

confidence interval compares to the 95% interval, examining both midpoints and widths. [Hint: Average 

the endpoints to find the midpoint; subtract the endpoints to find the width.] 

  

http://www.rossmanchance.com/iscam3/glossary.html#duality
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Technology Detour ς Exact Confidence Intervals 

Different software packages use different confidence interval methods, but you shouldnôt see much 

distinction when the sample size is large. 
 

In JMP: Clopper Pearson (tail probability < (1-confidence)/2) 
Using the ISCAM Journal file, select Confidence Interval for One Proportion (with Summary Stats).  

¶ (The raw data option does not give an exact binomial confidence interval.) 

¶ With summarized data, specify the count and sample size, and select the Binomial radio 

button. 

 
(n) Optional: Compare the Clopper-Pearson 99% interval to the Blaker 99% interval. Which is 

narrower? 

 

 

 

 

Output from R  
The iscambinomtest includes some interesting graphs. 

 

The bottom graph illustrates 

the 95% confidence interval. 

The interval is centered at the 

observed sample proportion 

ὴǶ and displays the two 

endpoints of the interval of 

plausible values for the 

process probability. 

The top graph shows the 

distribution assuming the 

lower value of the confidence 

interval as the process 

probability. This is as far left 

as we can shift that null 

distribution before the area to 

the right of the observed 

number of successes, 80, dips 

below 0.025. The middle 

graph shows how far we can 

move that distribution to the 

right (largest plausible value 

of “) before the probability 

below 80 dips below 0.025. 

Practice Problem 1.6 
(a) Recall the 8 out of 10 statistic for St. Georgeôs Hospital (Investigation 1.4). Based on this result, 

what is an interval of plausible values for the underlying mortality rate at St. Georgeôs? [Hint: You can 

use a 95% confidence level if none is stated.] Describe how you found the interval and name the method 

used. Report the midpoint and width of this interval. 

http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
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(b) Use technology to calculate the 95% confidence interval based on the 71 deaths among 361 patients. 

Comment on how the width and midpoint of this interval differ from the interval in (a). Explain why 

these changes make sense. 

(c) Based on the interval in (b), if you were to test H0: “ = 0.20 vs. Ha: “  0.20, would you reject or fail 

to reject the null hypothesis? Explain how you know the conclusion based on the confidence interval 

without actually conducting the test. 

 

Summary of Exact Binomial Inference (Sampling from a Binomial Process) 
Let X represent the number of successes in the sample and p the probability of success for a binomial 

random process.  

 

To test H0: p = p0 

We can calculate a p-value based on the binomial distribution with parameters n and p0. The p-value 

can be one-sided or two-sided based on the statement of the research conjecture. 

 If Ha: p > p0: p-value = P(X > observed)  

 if Ha: p < p0: p-value = P(X < observed)  

 if Ha: p Í p0: p-value = sum of both tail probabilities using a method like ñsmall p-valuesò 

 

(100 × C)% Confidence Interval for p: The set of values such that the two-sided p-value based on 

the observed count is larger than the (1 - C) cut-off. 

 

Technology 

¶  One Proportion Inference applet for approximate and exact binomial probability (p-value) 

¶ JMP:   

¶ For a one-sided p-value: Analyze > Distribution (raw or tallied data using Freq) 

¶ For a confidence interval: ISCAM Journal file > Confidence Interval for One Proportion using 

Summary Stats: specify the number of successes and the sample size 

 

Handy Reminders 
¶ In JMP: Remember to look under ñhot spotsò and that options will change across menu items. 

  

http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn


Ò Chance/Rossman, 2026 ISCAM IV Investigation 1.7 

 

53 

SECTION 2: NORMAL APPROXIMATIONS FOR SAMPLE PROPORTIONS  

 
So far, all the studies you have examined have involved one categorical binary variable and the 
relevant statistic has been the number of successes, or equivalently the proportion of successes, where 
ñsuccessò is defined as the outcome you count (e.g., number of heart transplantation deaths, number of 
helper toys, number of correct choices) in a particular sample. You have used simulation from a coin-
tossing type process to approximate probabilities (p-value, error probabilities) and you calculated exact 
probabilities using the binomial distribution.  
 
Historically, when computers were less prevalent, these empirical and binomial probabilities were often 
cumbersome to determine and statisticians instead applied a far more convenient approximation 
method to estimate the probabilities of interest. In this section, you will see how the normal probability 
model can be used as a third method to approximate the p-values, confidence intervals, and error 
probabilities from the previous section. See the Probability Detour for more information about the 
normal distribution. 
 

Investigation 1.7: Reeseôs Pieces (Optional) 

 

Manufacturers often perform ñquality checksò to ensure that their manufacturing process is operating 

under certain specifications. Suppose a manager at Hersheyôs is concerned that his manufacturing 

process is no longer producing the correct color proportions (orange, yellow, brown) in Reeseôs candies.  

(a) Conjecture: A friend finds 10 orange candies in her bag. Does this convince you that the three colors 

are not equally likely? What other information would you want to know? What if she tells you these 

orange pieces were 50% of the candies in her bag? 

 

 

 

(b) Take a (presumably representative) sample of n = 25 Reeseôs Pieces candies and record the number 

of orange, yellow, and brown candies in your sample. 

 

  Orange:     Yellow:     Brown: 

 

(c) Identify the sample/random process and variable for your sample. 

 

 Sample/Random process: 

 

 Variable:                   Type: 

 

(d) Define ñsuccessò to be an orange candy and ñfailureò to be a non-orange candy. Is it reasonable to 

treat these data as observations from a binomial process? Explain. 

 

 

 

 

(e) Prediction: Based on your data, do you think one-third is a plausible value for the probability 

Hersheyôs process produces an orange candy? How are you deciding? What more information do you 

need? 
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Reporting the sample proportion as the statistic is often more informative than the sample count, but that 

means we need to know about the null distribution of sample proportions. 

 

(f) Open the Reeseôs Pieces applet. Set the applet to 

assume a 0.333 process probability of a Reeseôs 

Pieces candy being orange. The applet is set to take 

a sample of n = 25 candies. 

¶ Click the Draw Samples button.  

The applet will randomly select a sample of 25 

candies, sort them by color, and report the 

sample number of orange candies.     

 

¶ Click the Draw Samples button again. 

 

Did you get the same number of orange candies 

both times? 

 

 

 

(g) Change the Number of samples from 1 to 1998, uncheck the Show animation box, and click the 

Draw Samples button again. Now select the Proportion of orange radio button. What does each dot in 

this dotplot represent? 

 

 

 

Recall that for a binomial random variable, X, the expected value E(X) = ὲ “ and the standard 

deviation SD(X) = ὲ “ ρ “Ȣ It can also be shown that random variables follow these rules: 

¶ For any constant c, E(cX) = c E(X) 

¶ For any constant c, SD(cX) = |c| SD(X) 

 

(h) Use the above information, and the fact that ὴǶ = X/n, to derive formulas for E(ὴǶ) and SD(ὴǶ). 
 

 

 

 

 

 

(i) Using “ = 0.333 and n = 25, verify that your formulas match the results from checking the Summary 

Statistics box in the applet. 

  

https://www.rossmanchance.com/applets/2021/oneprop/OneProp.htm?candy=1
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(j) Prediction: If we had instead taken 2,000 samples of size n = 100 candies, how do you think the 

distribution of the sample proportions would compare to the distribution where n = 25? Explain. 

  

 

 

 

 

(k) Without pressing Reset, change the Number of candies in the applet to 100, the Number of 

samples to 2,000, and press Draw Samples to generate a new distribution. Check the Show previous 

results box to display the previous distribution in the background in light grey. Describe the behavior 

(shape, center, variability) of this (new) distribution and how it has changed from the previous. Focus on 

the most substantial change in the distribution. Is this what you expected? 

 

 

 

 

 

 

(l) Repeat (j) and (k) for a sample size of n = 5 candies. 

 

 

 

 

 

 

(m) Return to the scenario where n = 25 and “ = 0.333. Earlier, you found that in this scenario E(ὴǶ) = 

0.333 and SD(ὴǶ) = 0.094. Calculate the following ñcut-offsò: 

 

“ ï 2 SD(ὴǶ) =       and “ + 2 SD(ὴǶ) =        

 

(n) Use the applet to determine the percentage of samples with a sample proportion within 2 standard 

deviations of the expected value. 

¶ Set the probability of orange to 0.333 and the number of candies to 25.  

¶ Generate 2,000 samples. 

¶ Enter the first value from (m) in the As extreme as box. 

¶ Check the Two-tailed box and then the between box. 

¶ Enter the second value in the box that appears. 

Write a sentence reporting the percentage of samples with a proportion of orange candies between these 

two values. 

 

 

 

 

(o) Repeat (m) and (n) for n = 100 (including using the new SD and new cut-offs). How does the 

percentage of samples within two standard deviations of 0.333 compare? 
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Definition:  The Empirical Rule or the 68-95-99.7 rule states that for a mound-shaped, symmetric 

distribution, 

¶ the interval (mean ï SD, mean + SD) should capture approximately 68% of the distribution. 

¶ the interval (mean ï 2 SD, mean + 2 SD) should capture approximately 95% of the 

distribution. 

¶ the interval (mean ï 3 SD, mean + 3 SD) should capture approximately 99.7% of the 

distribution. 

 mean+ 3SDmean+ 2SDmean+ SDmeanmean-SDmean-2SDmean-3SD 

68%

 mean+ 3SDmean+ 2SDmean+ SDmeanmean-SDmean-2SDmean-3SD 

95%

 mean+ 3SDmean+ 2SDmean+ SDmeanmean-SDmean-2SDmean-3SD 

99.7%

 
 

 

(p) Do your simulation results agree with the empirical rule?  

 

 

 

(q) Complete the following statements:  

 

Roughly    % of sample proportions fall within     of the value of “. 

 

For roughly    % of samples, “ falls with     of any sample proportion. 

 

Discussion: Notice that if we know the value of “ and we know the sample size n, we can predict the 

value of the sample proportion fairly precisely. This will be very helpful to us in deciding whether an 

observed sample proportion is ñfar awayò from a hypothesized value for “.  

 

Practice Problem 1.7A 
In this investigation, you took samples of 25 candies. Between what two values should 95% of the 

sample proportions fall when p = 0.50?  

 

Practice Problem 1.7B 
An expert witness in a paternity suit testifies that the length (in days) of pregnancy (the time from 

conception to delivery of the child) is approximately normally distributed with mean m = 270 days and 

standard deviation s = 10 days. The defendant in the suit is able to prove that he was out of the country 

during a period that began 280 days before the birth of the child and ended 230 days before the birth of 

the child.  

(a) Does a normal model seem to be a reasonable assumption here? Explain why or why not or how you 

might decide. 

(b) If the defendant was the father of the child, what is the probability that the mother could have had the 

very long (more than 280 days) or the very short (less than 230 days) pregnancy indicated by the 

testimony?  

http://www.rossmanchance.com/iscam3/glossary.html#EmpiricalRule


Ò Chance/Rossman, 2026 ISCAM IV Investigation 1.8 

 
57 

Investigation 1.8: Halloween Treat Choices 

 

Obesity has become a widespread health concern, especially in children. Researchers believe that giving 

children easy access to food increases their likelihood of consuming extra calories. Schwartz, Chen, and 

Brownell (2003) examined whether children would be willing to take a small toy instead of candy when 

trick-or-treating on Halloween. They had seven homes in 5 different towns in Connecticut present 

children with a plate of 4 toys (stretch pumpkin men, large glow-in-the-dark insects, Halloween theme 

stickers, and Halloween theme pencils) and a plate of 4 different name brand candies (lollipops, fruit-

flavored chewy candies, fruit-flavored crunchy wafers, and ñsweet and tartò hard candies) to see whether 

children were more likely to choose the candy or the toy. The houses alternated whether the toys were 

on the left or on the right. Data were recorded for 284 children between the ages of 3 and 14 (who did 

not ask for both types of treats). 

(a) Identify the sample/random process and variable of interest. Which outcome do you want to consider 

ñsuccessò? 

 

 Sample/random process: 

 

 Variable:                  Success: 

 

(b) Define (in words) the parameter of interest in this study. 

 

 

 

(c) State an appropriate null and alternative hypothesis involving this parameter (in symbols and in 

words), for testing whether there is strong evidence of a preference for either the toys or the candy.  

 

 Ho: 

 

 Ha: 

 

 

(d) What does ñtheoryò predict for the mean and standard deviation of the distribution of ñnumber of 

successesò under the null hypothesis if we model this experiment as a binomial process? Do you expect 

this distribution to be symmetric and ñfilled inò or skewed and ñgappyò? 

 

 

 

The normal distribution has many, many applications to quantitative variables in general (e.g., many 

biological variables like height are assumed to follow a normal distribution). For now, we will focus on 

using this mathematical model as an approximation to the null distribution.  

 

Central Limit Theorem:  If the sample size is large enough, then the distribution of ñnumber of 

successesò for a binomial random variable will be well-modeled by the normal probability 

distribution. The sample size is considered large enough if ὲ “ ρπ and ὲ ρ “ ρπ. 
 

(e) Why does the value of the process probability (“) matter when we check this condition? 

https://pubmed.ncbi.nlm.nih.gov/12859885/
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(f) Does the Central Limit Theorem appear applicable for the Halloween study? 

 

 
 
 

(g) Use the One Proportion Inference applet to verify your answers to (d). Check the Normal 

Approximation  box to verify your answer to (f). 

 

 

 

There are actually some nice advantages to using the normal distribution rather than the binomial 

distribution, though less so as computers have become so advanced. For one, tail probabilities can be 

approximated by finding the area under the normal curve rather than summing binomial probabilities. 

 

Finding a p-value with the normal approximation 
(h) In the sample, 135 children chose the toy and 149 chose the candy. Use the applet to find the 

following two-sided p-values, and explain briefly how each is found: 

 

Simulation:          

 

 

 

Exact binomial:       

 

 

 

Normal approximation:  

 

 

 

 

 

The normal approximation is typically applied to the null distribution of sample proportions rather than 

sample counts. 

(i) Use the radio button to toggle the Choice of Statistic to Proportion of heads. What changes about 

the null distribution? What is the observed value of the statistic? 

 

 

 

 

Key Result: When the Central Limit Theorem applies, the distribution of sample proportions is 

approximately normal with mean equal to ˊ and standard deviation equal to ὛὈὴǶ  “ρ “Ⱦὲ.  

 

When we are using the normal distribution, it is even more common to work with the ñstandardized 

statisticò by calculating how many standard deviations the statistic is from the expected value (mean) of 

the null distribution. 

 

http://www.rossmanchance.com/applets/2021/oneprop/OneProp.htm
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(j) Standardize the value of the statistic for the Halloween study by comparing to the mean and standard 

deviation of the distribution of sample proportions. Interpret your result in context. 

 

 Standardized statistic z = (observed statistic ï expected value)/(SD of statistic) =  

 

 Interpretation: 

 

 

 

(What if we had used the sample count instead?) 

 

Definition:  The One Proportion z-test calculates the standardized statistic as ᾀ  and uses 

the standard normal distribution (mean 0, std dev 1) to find the p-value. 

 

(k) What does the ñzeroò subscript tell you? 

 

 

 

Key Result: In any normal distribution with mean ɛ and 

standard deviation ů, we expect the interval (ɛ ï 2s, ɛ + 2s) 

to capture approximately 95% of the distribution. In other 

words, 95% of sample proportions should fall within 2  

“ρ “Ⱦὲ of “. So with a normal distribution, the two-

standard deviation guideline matches up with a two-sided p-

value below 0.05.  mean+ 3SDmean+ 2SDmean+ SDmeanmean-SDmean-2SDmean-3SD 

95%

 
 

 

(l) What do you conclude about the plausibility of the null hypothesis based on this standardized 

statistic? 

 

 

 

 

(m) Use technology to find the corresponding p-value. [Hints: You can calculate the probability from the 

z-value using standard normal distribution (mean 0, SD 1), e.g., Normal Probability Calculator applet; or 

use the Technology Detour below to carry out a one-sample z-test.] 

 

 

 

 

 

 

  

http://www.rossmanchance.com/iscam3/glossary.html#ztest
https://www.rossmanchance.com/applets/2021/normcalc/NormCalc.html
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Technology Detour ς One Proportion z-test 

 

In Theory-Based Inference applet 

¶ Enter the sample size and either the count 

or the proportion of successes, press 

Calculate to display sample data.  

¶ Check the box for Test of significance  

¶ Specify the hypothesized value. 

¶ Use the button to specify the direction of 

the alternative. 

¶ Press the Calculate button. 

 

   

 

 

In JMP: Using the ISCAM Journal file, select Hypothesis Test for One Proportion  

¶ Use Raw Data or Summary Stats 

¶ Remember to specify a direction for the alternative, a hypothesized proportion, and a significance 

level (e.g., .05) 

 

(n) Provide a one sentence interpretation of this p-value in context. 

 

 

 

 

(o) Do you think the researchers are pleased by the lack of significance in this test? Explain, in the 

context of the study, why such a result might be good news for them. 

 

 

 

 

Improving the normal approximation 
Even though we passed the ñtechnical conditionsò for the normal approximation for this study, we could 

still use a ñcontinuity correctionò to improve the approximation.  

 

(p) Which p-value in (h) (exact binomial or normal approximation) is closer to your simulated p-value? 

Is this expected? 

 

 

(q) In the binomial distribution P(X = 135) = 0.220. What is P(X = 135) with the normal distribution? 

How do P(X < 135) and P(X < 135) compare in each distribution? 

 

 

 

 

To make the normal probability (which is finding P(X < 135)) closer to the binomial probability, which 

finds P(X < 135) = P(X < 135) + P(X = 135), we want to include more of the area under the normal 

curve above 135 in our calculation. A continuity correction does this by using the normal distribution to 

http://www.rossmanchance.com/applets/TBIA.html
http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
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find P(X < 135.5) instead. This does not change the binomial probability but should enlarge the normal 

probability. 

 

(r) In the One Proportion Inference applet, specify 135.5 in the As Extreme As box (if using number of 

successes as the statistic, otherwise use 135.5/284 º 0.477 instead) and press Count. What does the 

applet use for the right-side cut-off? Why? How does the p-value change? Is it now more similar to the 

binomial p-value? 

 

 

 

 

 

Many software programs allow you to apply this continuity correction for a one-sample z-test (e.g., 

using ὴǶ = (X °0.5)/n as the input) or may do so by default. However, when n is large, you may not see 

much difference in the values.  

 

Technology Detour ς Continuity Correction 
 

In Theory-Based Inference applet 

¶ Check the continuity correction  box to 

apply the continuity correction to the 

standardized statistic and p-value. 
 

 
 

 

 

Study Conclusions  
     If we define p to be the probability that, when presented with a choice of candy or a toy while 

trick-or-treating, a child chooses the toy, and if we assume the null hypothesis (H0: p = 0.5) is true, the 

above calculations tell us that we would observe at most 135 children choosing a toy (or at least 149 

choosing candy) or at least 149 of the 284 children choosing a toy (or at most 135 choosing candy) in 

about 40% of all possible samples from such a process. Thus, this is not a surprising outcome when p 

= 0.5. We fail to reject the null hypothesis and conclude that itôs plausible that children are equally 

likely to choose the toy or the candy.  

http://www.rossmanchance.com/applets/TBIA.html
http://www.rossmanchance.com/applets/TBIA.html
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     We do have some cautions with this study as it was conducted in only a few households in 

Connecticut, a ñconvenience sample,ò so we cannot claim that these results are representative of 

children in other neighborhoods. We also donôt know if the children found the toys ñnovelò and 

whether their preference for toys could decrease as the novelty wears off (or if ñbetterò candy choices 

were offered). Furthermore, when the children approached the door they were asked their age and 

gender, and for a description of their Halloween costume. The researchers caution that this may have 

cued the children that their behavior was being observed (even though their responses were recorded 

by another research member who was out of sight) or that they should behave a certain way. Still, 

these researchers were optimistic that alternatives could be presented to children, even at Halloween, 

to lessen their exposure to large amounts of candy. 

 

Practice Problem 1.8A 
In Investigation 1.6, Dr. Güntürkün conjectured that 2/3 of kissing couples lean right.  

(a) Would the normal approximation (Central Limit Theorem) be valid for the kissing study in 

Investigation 1.6? Justify your answer. 

(b) Dr. Güntürkün found 80 out of 124 couples leaned right in his sample. Find the one-proportion z-test 

statistic and normal-based two-sided p-value. Do the standardized statistic and p-value agree? How does 

the normal-based p-value compare to the exact binomial p-value for this study? 

(c) Repeat (b) using the continuity correction and compare the results. 

 

Practice Problem 1.8B 

A student wanted to assess whether her dog Muffin tends to chase her blue ball and her red ball equally 

often when they are rolled at the same time. The student rolled both balls a total of 96 times, each time 

keeping track of which ball Muffin chases. The student found that Muffin chased the blue ball 52 times 

and the red ball 44 times. Letôs treat the blue ball as ñsuccess.ò 

(a) State the appropriate null and alternative hypotheses in symbols. (Be sure to describe what the 

symbol represents in this context.)  

(b) Report and interpret the values of the z-test statistic and normal-based p-value using a continuity 

correction.  

(c) Summarize your conclusion about the studentôs question concerning her dog Muffin.  

(d) Explain the reasoning process behind your conclusion.  

(e) How would your answers to the previous questions change if we had used the red ball as success? 

(f) Suppose you want to redo this study using a sample size of 200 tosses. You plan to use a significance 

level of a = 0.05, and you are concerned about the power of your test when p = 0.60. Calculate this 

power and interpret what ñpowerò implies in this context. 
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Summary of One Proportion z-test (Sampling from Binomial Process) 
Let p0 represent the (constant) probability of success for the binomial random process assumed by the 

null hypothesis.  

 

To test H0: p = p0 

We can calculate a p-value based on the normal distribution with mean equal to p0 and standard 

deviation equal to n/)1( 00 pp -   

 

Standardized (Test) Statistic: 
n

p
z

/)1(

Ĕ

00

0
0

p-p

p-
=  which follows a N(0,1) distribution

 
p-value:  

 if Ha: p > p0: p-value = P(Z > z0)  

 if Ha: p < p0: p-value = P(Z < z0)  

 if Ha: p Í p0: p-value = 2P(Z > |z0|) 

 

Validity: This procedure is considered valid as long as the sample size is large relative to the 

hypothesized probability (n × p0 > 10 and n × (1 - p0) > 10), and you have a representative sample 

from the process of interest. 

 

Technology: 

¶ Theory-Based Inference applet: Specify the hypothesized value, use the button to specify the 

direction of the alternative (< > for not equal), enter the sample size and either the count or the 

proportion of successes. Press the Calculate button. 
 

¶ JMP: Using the ISCAM Journal file, select Hypothesis Test for One Proportion (with Normal 

Approximation radio button). 

 
  

http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
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Probability Detour ς Normal Random Variables 
Many quantitative variables have a distribution that can be reasonably modeled with a normal 

probability curve. This is a continuous probability distribution (as opposed to the binomial, which is 

a discrete distribution) that is specified by two quantities: 

¶ Mean, denoted by m (ñmuò), which is the peak and point of symmetry 

¶ Standard deviation, denoted by s (ñsigmaò), which is the distance between the mean and each 

inflection point 

In other words, the mean determines the center of the distribution, and the standard deviation 

controls how variable (spread out) the distribution is. The standard deviation can be loosely 

interpreted as a typical distance of the observations from the mean. 

 

This normal curve is given by the following function: 

N(m, s): 

        
( )2

22

1

2

1
)(

m-
s

-

ps
=

x

exf -¤  < x < ¤   

 

Notes: The symbol “ is used here to refer to 

the irrational number å 3.14159é . The 

constant in front of the exponential term 

ensures that the total area under any normal 

curve equals one.   

«        x        ­ 

Probability calculations: Then the probability of an observation falling in any particular interval on 

the x-axis is determined by the area under the normal curve over that interval. In principle, this area 

could be determined by integrating the function f(x) above the interval. However, this particular 

function has no closed form anti-derivative, so we rely on technology to approximate these areas and 

therefore these normal probabilities. 

 

The empirical rule: For a mound-shaped, symmetric distribution (like the normal) with mean m and 

standard deviation „, 

¶ the interval (ɛ ï s, ɛ + s) should capture approximately 68% of the distribution. 

¶ the interval (ɛ ï 2s, ɛ + 2s) should capture approximately 95% of the distribution. 

¶ the interval (ɛ ï 3s, ɛ + 3s) should capture approximately 99.7% of the distribution. 

 mean+ 3SDmean+ 2SDmean+ SDmeanmean-SDmean-2SDmean-3SD 

68%

 mean+ 3SDmean+ 2SDmean+ SDmeanmean-SDmean-2SDmean-3SD 

95%

 mean+ 3SDmean+ 2SDmean+ SDmeanmean-SDmean-2SDmean-3SD 

99.7%

 
 

 

 

 

 

m+2sm+smm-sm-2s

ss

f(x) 

http://www.rossmanchance.com/iscam3/glossary.html#normalcurve
http://www.rossmanchance.com/iscam3/glossary.html#normalcurve
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Investigation 1.9: Kissing the Right Way (cont.) 

 

Recall the study published in Nature that found 64.5% of 124 kissing couples leaned right to kiss 

(Investigation 1.6). We previously used simulation and the binomial distribution to determine which 

values were plausible for the underlying probability that a kissing couple leans right (“). In particular, 

we found 0.5 and 0.74 were not plausible values for “ but 0.6667 was. The 95% Clopper-Pearson 

Binomial confidence interval was (0.554, 0.729). Now you will consider applying the normal model as 

another method for producing confidence intervals for this parameter. 

(a) With a sample size of 124 kissing couples, does the Central Limit Theorem predict the normal 

probability distribution will be a reasonable model for the distribution of the sample proportion? 

 

 

 

Note: When you do not have a particular value to be tested for the process probability, itôs reasonable to 

use the sample proportion in checking the sample size condition for the CLT. (This is equivalent to 

making sure there are at least 10 successes and at least 10 failures in the sample.) 

 

(b) Do you have enough information to describe and sketch the distribution of the sample proportion as 

predicted by the Central Limit Theorem? Explain. 

 

 

 

 

(c) Suggest one method for estimating the standard deviation of this distribution of sample proportions 

based on the observed sample data. Calculate this estimate. 

 

 

 

 

Definition:  The standard error of the sample proportion, SE(ὴǶ), is an estimate for the standard 

deviation of ὴǶ (i.e., SD(ὴǶ)) based on the sample data, found by substituting the sample proportion for 

p: SE(ὴǶ) = . 

 

(d) Now consider calculating a 95% confidence interval for the process probability p based on the 

observed sample proportion ὴǶ. Whatôs the largest distance you expect to see a sample proportion ὴǶ fall 

away from the underlying process probability “? [Hint: Assuming a normal distribution é 95% é.. ] 

 

  Largest plausible distance =  

 

 

(e) Use the distance in (d) and the observed sample proportion of ὴǶ = 0.645 to determine an interval of 

plausible values for p, the probability that a kissing couple leans to the right. 

 

 

http://www.rossmanchance.com/iscam3/glossary.html#standarderror
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An approximate 95% confidence interval for the process probability based on the normal distribution 

would be ὴǶςὴǶρ ὴǶȾὲ. That is, this interval extends two standard deviations on each side of the 

sample proportion. We know that for the normal distribution roughly 95% of observations (here sample 

proportions) fall within 2 SDs of the mean (here the unknown process probability ), so this method will 

ñcaptureò the process probability for roughly 95% of samples. 

 

However, we should admit that the multiplier of 2 is a bit of a simplification. So how do we find a more 

precise value of the multiplier to use, including for values other than 95%?  

 

Definition:  The (100 × C)% critical value, z*, is the z-score 

value such that P(-z* Ò Z Ò z*) = C where C is any specified 

probability value, and Z represents a normal distribution with 

mean 0 and SD 1.  

 

Note: We use the symbol z* to distinguish this value, found 

based on the confidence level, from z0, the observed z-score for 

the data.  

 

We will use technology to do this. Keep in mind that the z-value corresponding to probability C in 

the middle of the distribution, also corresponds to having probability (1 - C)/2 in each tail. 

 

 

Technology Detour ς Finding Percentiles from the Standard Normal Distribution 
 

In Normal Probability Calculator applet 

¶ You can leave the mean set to zero and the standard deviation to 1 and the variable is ñz-scores.ò 

¶ Check the box next to the first < sign and specify the probability value to correspond to the lower 

tail probability of interest: (1 - C)/2. Press Enter/Return and it will display the negative z*-value. 
 

In JMP using the Distribution Calculator 

¶ From the Distribution pull-down menu, select Normal (at the top of the list) 

¶ Specify the values for the mean (0) and standard deviation (1) 

¶ Change the Type of Calculation to Input probability and calculate quantiles 

¶ Select Central Probability  and specify the confidence level (e.g., 0.95) 

¶ Press Enter/Return . 

 

(f) Use technology to more precisely determine the number of standard deviations that capture the 

middle 95% of the normal distribution with mean = 0 and standard deviation = 1. [Hint: In other words, 

how many standard deviations do you need to go on each side of zero to capture the middle 95% of the 

standard normal distribution?]  

 

 

(g) Using this more precise value for the multiplier, determine and interpret the 95% confidence interval 

for “. 

 

 

http://www.rossmanchance.com/iscam3/glossary.html#criticalvalue
http://www.rossmanchance.com/applets/ISI/NormCalc.html
http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
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(h) Now find the critical value for a 90% confidence interval. Is it larger or smaller than with 95% 

confidence? Why does this make sense? 

 

 

 

 

Putting these together, we have a one-sample z-interval (aka Wald interval) for a process probability : 

One sample z-confidence interval (or ñWald intervalò) for p: When we have at least 10 successes 

and at least 10 failures in the sample, an approximate confidence interval for p is given by:
 

pĔ+ z*
n

pp )Ĕ1(Ĕ -
 where ᾀᶻcorresponds to the confidence level. 

 

(i) Based on this formula, what (expression) is the midpoint of the confidence interval? What 

(expression) is the width of the interval? 

 

 Midpoint:         Width: 

 

(j) How does increasing the confidence level affect the width of the interval? Explain. 

 

 

 

(k) How does increasing the sample size affect the width of the interval? Explain. 

 

 

 

 

Definition:  The half-width of a confidence interval is also referred to as the margin-of-error.  

So the above interval formula is of the common form: statistic ° margin-of-error, where margin-of-

error = critical value × standard error of statistic. Here, margin of error = ᾀᶻ ὴǶρ ὴǶȾὲ. 

 

Although 95% is the most common confidence level, a few other confidence levels and their 

corresponding critical values are shown in the table below. 

 

Confidence level 90% 95% 99% 99.9% 

(l) Use technology (see Technology Detour below) to find the 90% 

z-confidence interval for the probability that a kissing couple leans 

to the right.  

 

 

 

How do the midpoint and width of the 90% confidence interval 

compare to those of the 95% confidence interval?  

 

 

 

http://www.rossmanchance.com/iscam3/glossary.html#onepropZint
http://www.rossmanchance.com/iscam3/glossary.html#marginoferror
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Technology Detour ς One proportion z-confidence intervals 
 

z-interval with JMP 

¶ Open the ISCAM Journal file and select Confidence Interval for One Proportion 

¶ Specify Raw Data (column of outcomes) or Summary Stats 
o With Summary Stats, keep the radio button set to Normal Approximation 

 

z-interval with Theory-Based Inference applet 

¶ Keep the pull-down menu set to One proportion . 
¶ Specify the sample size n and either the count or 

the sample proportion. Or check the Paste Data 

box and paste in the individual outcomes (check 

the Includes header box if you are also copying 

over the variable name). 

¶ Press Calculate. 

¶ Check the box for Confidence interval 

¶ Change the confidence level from 95 to 90 % 

¶ Press the Calculate CI button 

 
 

(m) How do the widths of the z-intervals compare to the Exact Binomial Confidence Intervals reported 

by R? 
90 percent confidence interval:  0.568 4 0.7166  

95 percent confidence interval:  0.5542 0.72 90 

 
 
 
 
Sample Size Determination 
(n) Suppose you are planning your own study about kissing couples. Before you collect the data, you 

know you would like the margin-of-error to be at most 3 percentage points and that you will use a 95% 

confidence level. Use this information to determine the sample size necessary for your study. 

[This is a very common question asked of statisticians. Think about how to determine this using the z-

interval formula. What information do you know? What information are you looking for?] 

 

Approach 1: Use the sample proportion found in the original study as an estimate for the unknown value 

of p.  

 

 

 

Approach 2: Without a preliminary study, you can use 0.5 as an estimate of this probability, 

 

 

 

 

http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
http://www.rossmanchance.com/applets/TBIA.html
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(o) How does the sample size required differ based on how you estimate “ in the calculation? Why is 

Approach 2 considered a ñconservativeò approach? 

 

 

 

 

 

 

Discussion: We can solve for n by inverting the formula for the margin-of-error, assuming a value for “. 

The largest value for the margin-of-error occurs when “ = 0.50, so that value can be used for a 

conservative estimate of the necessary sample size. You should always round your value up to the next 

integer to also ensure the margin of error wonôt exceed the specification. Notice that this calculation is 

much more difficult with a binomial confidence interval which does not have a simple formula to 

manipulate.  

 

Practice Problem 1.9A 

Recall from Practice Problem 1.8B that a student wanted to assess whether her dog Muffin tends to 

chase her blue ball and her red ball equally often when they are rolled at the same time. The student 

rolled both balls a total of 96 times, each time keeping track of which ball Muffin chased. The student 

found that Muffin chased the blue ball 52 times and the red ball 44 times. We arbitrarily decided to treat 

the blue ball as ñsuccess.ò 

(a) Is using theory-based z-procedures valid in this study? How are you deciding? 

(b) Determine and interpret a 95% z-confidence interval.  

(c) Report the margin of error of your interval. Determine and compare to how the margin of error 

changes with a 99% confidence level.  

(d) What would be the necessary sample size if we wanted a margin-of-error of 0.01 for a confidence 

level of 95%? Explain how you are finding this. 

 

Practice Problem 1.9B 

(a) In an actual study, how do you know whether your interval actually contains the value of the 

unknown parameter? 

(b) What is the distinction between standard deviation and standard error? 

(c) Reconsider Muffin and suppose our confidence interval is (0.2689, 0.4811). Which of the following 

interpretations are valid? If not valid, why not? 

¶ You are 95% confident that the interval (0.2689, 0.4811) contains the sample proportion of blue 

balls chased by Muffin. 

¶ There is a 95% chance that the interval (0.2689, 0.4811) captures the probability Muffin chasing 

the blue ball. 

¶ 95% of the time the interval (0.2689, 0.4811) contains the probability of Muffin chasing the blue 

ball 

¶ In the long run, 95% of sample proportions fall in between 0.2689 and 0.4811. 

¶ If the null hypothesis is true, there is a 95% chance the interval contains the parameter. 

¶ I am 95% confident that Muffin chased the blue ball between 27% and 48% of the time. 
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Investigation 1.10: Heart Transplant Mortality (cont.) 

 

Recall Investigation 1.4, where you learned that 8 of the 10 most recent heart transplantation operations 

at St. Georgeôs Hospital resulted in a death. 

 

(a) Use technology to find the ñexact binomialò (Clopper-Pearson) 95% confidence interval for the 

probability of death in the heart transplantation process at St. Georgeôs Hospital. 

¶ In JMP: use Journal File é confidence interval (Summary Stats) é. binomial 

Report the interval, including the midpoint (
  

) and width 

( όὴὴὩὶ ὩὲὨὴέὭὲὸὰέύὩὶ ὩὲὨὴέὭὲὸ). 

 

 

(b) Use your calculator to calculate the 95% one proportion z confidence interval ὴǶᾀᶻ . (Show 

the values substituted into the formula.) Also report the midpoint and width.  

 

 

 

 

 

(c) Use technology to verify your calculation of the one proportion z-interval (also called the Wald 

interval) 

¶ In JMP: use Journal File é confidence intervalé.  

 

(d) Do you consider the one proportion z-interval valid for these data? Explain how you are deciding. 

 

 

 

 

 

Key Idea: The confidence level of an interval procedure is supposed to indicate the long-run 

percentage of intervals that capture the actual parameter value, if repeated random samples were taken 

from the identical process. As such, the confidence level presents a measure of the reliability of the 

method. A confidence interval procedure is considered valid when the achieved long-run coverage rate 

matches (or comes close to) the stated (aka nominal) confidence level.  

Statistical confidence is a statement about the method, not a probability statement about an 

individual interval. 
 

To consider whether the one sample z-interval is valid for this study, we can pretend we know the 

process probability, generate many random samples from that process, calculate confidence intervals 

from the simulated samples, and see what percentage of these confidence intervals capture the actual 

value of the process probability that we specified. 

 

(e) Open the Simulating Confidence Intervals applet.  

https://www.rossmanchance.com/applets/2021/confsim/ConfSim.html
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Suppose the actual process probability of death is 0.15 and you 

plan to take a sample of 10 operations and apply the z-interval 

(aka Wald) method. Set the value of Ⱬ to 0.15 and the Sample 

size (n) to 10. Press Sample. Click on the interval to see the 

endpoint(s), midpoint, and width (verify). 

Did you obtain the same interval as in (c)? Why or why not? 

 
Did the interval succeed in capturing the value of “, which we set to be 0.15? How can you tell? 

 

 

(f) Change the Number of intervals to 100 and press Sample until you have at least 1,000 intervals in the 

Running total. How many of these random intervals succeed in capturing the actual value of the process 

probability (0.15)? Does this method appear to succeed in capturing the value of the parameter (which 

we assumed to be equal to 0.15) 95% ñof the timeò? 

 

 

 

Because the z-interval procedure has the sample size conditions of the Central Limit Theorem, there are 

scenarios where we should not use this z-procedure to determine the confidence interval. In these cases, 

one option is to use the Exact Binomial distribution (Clopper-Pearson) method. 

 

(g) Use the Method pull-down menu to select Exact 

Binomial and continue to press Sample until you generate at 

least 1,000 confidence intervals from a process with p = 0.15 

and n = 10.  
  

Does this appear to be a 95% confidence interval method?  

 

 

(h) What is the average width of these intervals? (See the Mean of the ñ(CI Widths)ò graph.) 

 

 

 

The Clopper-Pearson method will have a coverage rate of at least 95%, but tends to be ñconservative,ò 

meaning the coverage rate is higher than 95% so the intervals are longer than they need to be. The 

method is also fairly complicated (as opposed to: ñgo two standard deviations on each sideò). An 

alternative method that has been receiving much attention of late is often called the Plus Four procedure:  

Definition: Plus Four 95% confidence interval for p: 

¶ Determine the number of successes (X) and sample size (n) in the study 

¶ Increase the number of successes by two and the sample size by four, and calculate a new 

proportion: ὴ = (X + 2)/(n + 4). Make this value the midpoint of the interval.  

¶ Use the z-interval procedure as above for the augmented sample size of (n + 4): 

4

)~1(~
96.1~

+

-
°

n

pp
p  

http://www.rossmanchance.com/iscam3/glossary.html#PlusFour
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In short, with 95% confidence, the idea is to pretend you have 2 more successes and 2 more failures than 

you really did. For confidence levels other than 95%, researchers have recommended using the Adjusted 

Wald method: ὴ= (X + 0.5(z*)2)/(n + (z*)2) and n~  = n + (z*)2 so the interval becomes ὴ° z* npp ~/)~1(~ - . 

 

(i) Investigate the reliability of the Plus Four procedure: 

¶ Use the Method pull-down menu to change from 

Exact Binomial to Plus Four (95%). 

¶ Generate at least 1,000 confidence intervals from a 

process with p = 0.15 and n = 10.  

  

 

Is this coverage rate close to 95%? Is this an improvement over the (Wald) z-interval? 

 

 

 

(j) What is the average width of the Plus Four intervals? Do these intervals tend to be narrower than 

intervals calculated using the Exact Binomial interval procedure? 

 

 

 

(k) Use the Method pull-down menu to toggle between the Wald and Plus Four intervals. [Hint: You can 

Sort the intervals first.] What do you notice about how the midpoints of the intervals compare? (Also 

think how ὴ and ὴǶ differ, these are the values shown in the ñSample statistics (CI Midpoints)ò graph.) 

Why is the change in the midpoints of the intervals useful in this scenario? 

 

 

 

(l) In the applet, change the number of intervals to 100. Press Reset. Use the pull-down menu to select 

the Blaker method (the Exact Binomial using the tail probabilities), and wait a bit. (If it's just 100 at a 

time, it's not too bad to hit Sample a few more times.) Report the percentage of intervals that capture the 

parameter AND the average width of these 100 intervals. 

 

Running Total:         Average width: 

 

(m) Does this appear to be a 95% confidence interval procedure?   

 

 

(n) In your simulations, which method appears to have the shortest intervals? (Pick one.) 

 

 

 

 

Key Idea: The Plus Four method is more likely to be a 95% confidence interval method than the one-

sample z-interval method. It is never a bad idea to use the Plus Four method. 

 

ñFudging our dataò may seem like cheating, but there is actually some nice theory behind this method. 

The plus four adjustment is not that different in principle from the continuity correction we suggested 

with p-values. Many statisticians now recommend using this procedure over the one proportion z-
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interval procedure because it achieves the stated confidence level for any sample size and over the 

Clopper-Pearson binomial interval procedure because the intervals tend to be shorter (narrower). In fact, 

the more general case (something other than 95%) is becoming the default in many software packages. 

(The Blaker method in others.) 

 

(o) Determine and then interpret a Plus Four confidence interval for the probability of a death during a 

heart transplant operation at St. Georgeôs hospital. [Hints: You can do the calculation either by hand, 

first finding ὴ and z*, or with software (e.g., the Theory-Based Inference applet) by telling the 

technology there were 4 more operations consisting of two more deaths than in the actual sample. Note: 

You canôt use the Simulating Confidence Intervals applet to answer this question.] 

 

 

 

 

(p) Repeat for the larger study at St. Georgeôs that revealed 71 deaths out of 361 operations. How do the 

95% Wald and Plus Four intervals compare in this case (compare the centers and widths)? 

 

 Wald interval:           Plus Four interval: 

 

 Comparison: 

 

 

Discussion As you can tell, there are several ways to obtain a confidence interval for a process 

probability. When the sample size is large, they will yield very similar results for the endpoints and the 

coverage rate. When the sample size is small, the Adjusted Wald (Plus Four for 95%) method is 

preferred. You can use the Clopper-Pearson (Exact Binomial) confidence interval method when the 

sample size is small, but these intervals tend to be wider and donôt have the  estimate margin-of-error 

simplicity, though are more computationally efficient than the Blaker method discussed in Investigation 

1.6. Below we compare the 95% confidence intervals for the 8 of 10 and 71 of 361 studies for these 

methods plus a fifth, the ñScore intervalò, which is a more direct inversion of the one sample proportion 

z-test. 

 

 
n = 10  n = 361 

¶ Wald interval (aka normal approximation aka asymptotic) 

Finds the values of p so that P(-z < 
npp

p

/)Ĕ1(Ĕ

Ĕ

-

-p
< z) = C 

Formula: ὴǶᾀ
ᶻ ὴǶρ ὴǶȾὲ 

Tendency for poor coverage properties if small n or extreme p  

(.5521, 1.048) 

 

(.1557, .2377) 

 

TBI applet or JMP   

  

https://www.rossmanchance.com/applets/2021/tbia/TBIA.html?hideExtras=1
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¶ Plus Four (special case of Adjusted Wald) 

(95%) Add two successes and two failures to sample results 

Formula: ὴ ᾀᶻ ὴρ ὴȾὲ; where
 
p~ = (X + 2)/(n + 4) and 

n~ = n + 4. Very good coverage properties 

¶ Adjusted Wald (aka Agresti-Coull) 

ὴ ᾀᶻ ὴρ ὴȾὲ; ὴ= (X + 0.5z*2)/(n + z*2), n~ = n + z*2 

Very good coverage properties.  

(.4776, .9509) (.1590, .2410) 

TBI applet or JMP after adjust 

sample data 

(0.4794, .9541)  (.1588, .2409) 

 

¶ Wilson interval (aka Score interval) 

Finds the values of p so that P(-z < 
n

p

/)1(

Ĕ

pp

p

-

-
< z) = C  

Formula: 
nz

n

z

n

pp
zz

n
p

2

2

2
2

1

4

)Ĕ1(Ĕ

2

1
Ĕ

+

+
-

°+

 

Can have poor coverage properties with “ near 0 or 1. 

(.4902, .9433) (.1590, .2408) 

JMP (Analyze > Distribution)   

 

(.4422, .9646) (.1577, .2423) 

R prop.test w/ continuity corr. 

 

¶ Exact Binomial (Clopper-Pearson) 

Finds the values of p so the P(X < k) > (1 - C)/2 and P(X > k) 

> (1 - C)/2 where k is observed number of successes 

Tends to be ñconservativeò (longer than necessary 

(.4439, .9748)    (.1569, .2415) 

JMP (summary stats)  

¶ Blaker (Inv 1.6) 

Finds the values of “ so the two-sided p-value (using tail 

probabilities) is less (1 ï C)/2. 

Tends to be shorter than the Clopper-Pearson interval. 

(.4445, .9632)    (.1570, .2403) 

R (blakerCI) 

 

Whatever procedure is used to determine the confidence interval, you interpret a (valid) interval the 

same way ï as the interval of plausible values for the parameter. For example, we are 95% confident that 

the underlying probability of death within 30 days of a heart transplant operation at St. Georgeôs 

Hospital is between 0.16 and 0.24; where by ñ95% confident,ò we mean that if we were to use this 

procedure to construct intervals from thousands of representative samples, roughly 95% of those 

intervals will succeed in capturing the actual (but unknown) value of the parameter of interest. 

 

Keep in Mind: The main things you should focus on in your study of confidence intervals are: 

¶ What parameter is the interval estimating (in context)?  

¶ What are the effects of sample size, confidence level, and the sample statistic on the width and 

midpoint of the interval? 

¶ What do we mean by ñconfidenceò? 

¶ What are the effects (if any!) of sample size, confidence level, and the actual parameter value on 

the coverage rate of the method? 

¶ Why might one confidence interval method be preferred over another? 

 

Also note how to use technology to perform these calculations. You should NOT use the Simulating 

Confidence Intervals applet to construct a confidence interval for a particular sample of data. 
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Practice Problem 1.10A 

Return to your exploration using the Simulating Confidence Intervals applet. Assume that p = 0.667 is 

the probability that a kissing couple leans to the right.  

(a) From the Method pull-down menu select the Score interval method. Evaluate the performance of this 

interval method, clearly explaining your steps. [Hint: Does the performance depend on the value of n 

that you use? What if you change the value of “ to something closer to 0 or 1? Average widths?] 

(b) Starting with ᾀ
 

Ⱦ
, use the quadratic formula to solve for p and verify the first formula for 

the Score interval. 

(c) Show that the midpoint of the Score formula found in (b) simplifies to the midpoint of the Adjusted 

Wald procedure. 

(d) Show that with 95% confidence the midpoint of the Adjusted Wald procedure can be approximated 

with (X + 2)/(n + 4), the Plus Four method. 

 

Practice Problem 1.10B 

(a) Suppose that you take 1000 samples from a random process and generate a 95% confidence interval 

for p with each sample. If you randomly select one of these intervals, what is the probability that you 

will select an interval that captures p? 

(b) Suppose you take one sample from a random process and generate a 95% confidence interval to be 

(0.15, 0.25). What is the probability that this interval captures “? 

(c) In general, how does increasing the confidence level impact the width and coverage rate of a 

confidence interval procedure? 

(d) In general, how does increasing the sample size impact the width and coverage rate of a confidence 

interval procedure? 

 

 

https://www.rossmanchance.com/applets/2021/confsim/ConfSim.html
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Investigation 1.11: Ganzfeld Experiments 

 
Statistician Jessica Utts has conducted extensive analysis of studies that have investigated psychic 

functioning. (Combining results across multiple studies, often to increase power, is called meta-

analysis.) Utts (1995) cites research from Bern and Honorton (1994) that analyzed studies that used a 

technique called ganzfeld.  
In a typical ganzfeld experiment, a ñreceiverò is placed in a room relaxing in a comfortable chair with 

halved ping-pong balls over the eyes, having a red light shone on them. The receiver also wears a set of 

headphones through which [static] noise is played. The receiver is in this state of mild sensory deprivation 

for half an hour. During this time, a ñsenderò observes a randomly chosen target and tries to mentally 

send this information to the receiver é The receiver is taken out of the ganzfeld state and given a set of 

[four] possible targets, from which they must decide which one most resembled the images they 

witnessed. Most commonly there are three decoys along with a copy of the target itself. [Wikipedia] 

 

Utts has stated that she believes there is convincing evidence of ESP but that the effect is small. 

(a) Suppose you want to test whether the subjects in these studies have ESP, with p equal to the actual 

probability that receivers identify the correct image among the four possible targets. State appropriate 

null and alternative hypotheses, in symbols and in words. 

 

 Ho:          Ha: 

 

(b) The Bern and Honorton study reports on 329 

sessions. Is this a large enough sample size to 

employ the Central Limit Theorem? If so, 

sketch the predicted behavior of the null 

distribution of sample proportions. Report the 

predicted mean and standard deviation. 

 

 

 

 

 

In Investigation 1.3, you determined that if someone was asked to choose among 5 symbols in 10 

rounds, they would need to correctly identify 5 or more of the symbols to produce a p-value below 0.05 

and be at least two standard deviations away from the expected 2 correct identifications. The result ñ5 or 

more correctò is often called the rejection region (the values of the statistic that lead us to reject the null 

hypothesis). 

 

Definition: The rejection region consists of the values we would need to observe for the statistic in 

the study in order to be willing to reject the null hypothesis.  

 

(c) According to the distribution in (b), what proportion of the 329 sessions would need to be successful 

(ñhitsò), in order to reject the null hypothesis in (a) in favor of the alternative hypothesis in (a) at the 5% 

level of significance?  

¶ In the Power Simulation applet, specify the Hypothesized probability of success (.25) and the 

sample size (329). Specify 1000 for the Number of repetitions and press Draw Samples. Choose 

the Proportion of successes as the statistic. Use the pull-down menu to set the Level of 

Significance to 0.05 and press Count. Check the Normal Approximation  and Summary Stats 

boxes to verify (b). 

Draw a sketch of the null distribution and report the rejection region found by the applet. Include a one-

sentence interpretation of this region. 

https://www.ics.uci.edu/~jutts/air.pdf
http://citeseerx.ist.psu.edu/viewdoc/download;jsessionid=D97D004003D79ED839A32B3CB8DC468B?doi=10.1.1.377.3258&rep=rep1&type=pdf
http://en.wikipedia.org/wiki/Ganzfeld_experiment
http://www.rossmanchance.com/iscam3/glossary.html#rejectionregion
https://www.rossmanchance.com/applets/2021/power/power.html


Ò Chance/Rossman, 2026 ISCAM IV Investigation 1.11 

 
77 

Definition:  A Type I error in a test of significance occurs when the null hypothesis is true but we 

decide to reject the null hypothesis. This type of error is sometimes referred to as a false positive or a 

ñfalse alarm.ò  

 

(d) According to the applet, what is the (normal approximation) probability of making a Type I error in 

this study? How could you have known this in advance? (Note that the normal approximation is not 

required to correspond to an integer value for the rejection region.) 

 

 

 

 

While a Type I error focuses on the null hypothesis being true, what if the null hypothesis is false - how 

likely are we to make the correct decision to reject the null hypothesis?  

 

Definitions:  

¶ A Type II error occurs when we fail to reject the null hypothesis even though the null hypothesis 

is false. This type of error is sometimes referred to as a false negative or a ñmissed opportunity.ò 

¶ The power of a test when p = pa is defined as the probability of (correctly) rejecting the null 

hypothesis assuming this specific alternative value for the parameter. Thus, power reveals how 

likely our test is to detect a specific difference (or improvement or effect) that really is there. 

Note: Power = 1 ï P(Type II error) 

 

(e) Suppose the probability of identifying the correct symbol is actually 0.30. Describe how the 

distribution of sample proportions will differ from (b).  

 

 

 

(f) In the applet, change the Alternative probability of success value to 0.30, and check the Show 

alternative box. Press Draw Samples and Count. Review the applet output and provide a one-sentence 

interpretation of the normal approximation value, 0.6645. Is this value the probability of a Type II error 

or the power of the test? 

 

 

 

 

(g) Now use the applet to find the probability of rejecting the null hypothesis that “ = 0.25 when in 

reality “ = 0.35? Explain your steps. How has the probability changed and why? 

 

 

 

 

 

 

(h) Change the level of significance from 0.05 to 0.01 and press Count. How does lowering the level of 

significance influence (increases, decreases, no change) the 

 

http://www.rossmanchance.com/iscam3/glossary.html#typeIerror
http://www.rossmanchance.com/iscam3/glossary.html#typeIIerror
http://www.rossmanchance.com/iscam3/glossary.html#power
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 Rejection region: 

 

 Probability of Type I Error: 

 

 Probability of Type II Error: 

 

 Power (assuming “= 0.35): 

 

(i) Suppose the study had only involved 35 sessions. Because the sample size is small, use of the Central 

Limit Theorem is questionable. Uncheck the Normal Approximation box and check the Exact Binomial 

box. Specify a hypothesized probability of 0.25, an alternative probability of 0.35, and a level of 

significance of 0.05. Report the following: 

 

 Rejection region: 

 

 Probability of Type I Error: 

 

 Power (assuming “= 0.35): 

 

(j) How does the power in (i) compare to what you found for power earlier [Hint: see (g)]? Explain why 

this relationship makes intuitive sense. 

 

 

 

 

 

 

 

Many software packages will calculate power for you, especially with the normal approximation to the 

binomial.  
 

Technology Detour ς Calculating Power 
Keep in mind the results will differ a bit if you use the binomial distribution/only allow discrete values 

to find the rejection region.  
 

In JMP  

¶ Choose DOE > Sample Size Explorers > Power > Power for One Sample Proportion 

¶ Specify the form of the alternative, the level of significance (Alpha), an alternative probability of 

success, and set the Test Method to Normal Approximation. 

¶ Specify the Sample Size, the null probability of success (Assumed Proportion), and alternative 

probability of success (Alternative Proportion). 

¶ Press Enter. 
 

 

In fact, the most common application is to specify the desired power and solve for the necessary sample 

size before conducting the study to determine how many observations you should take. 

 



Ò Chance/Rossman, 2026 ISCAM IV Investigation 1.11 

 
79 

(k) If your technology allows (or use trial and error), see how many sessions would be needed in the 

ganzfeld study to have at least an 80% chance of rejecting the null hypothesis if the actual probability of 

success is p = 0.30. 

 

 

 

 

 

(l) How will your answer to (k) change if the actual probability of success is p = 0.35? Determine the 

number of sessions needed in this case. 

 

 

 

 

 

 

Key Ideas: In any test of significance, we need to guard against two types of errors: 

¶ Type I error = falsely rejecting a true null hypothesis (ñfalse alarmò) 

¶ Type II error = failing to reject a false null hypothesis (ñmissed opportunityò) 

We control the probability of a Type I error by stating a level of significance before we collect any 

data. We chiefly control the probability of a Type II error by determining what sample size is needed 

in a study to achieve a desired level of power. To do so, you need to establish in advance how false 

you think the null hypothesis is/what size of a difference you want to be able to detect. This is often 

done through subject-matter knowledge or prior study results.  

 

 

Study Conclusions  
If the researchers believe there is a genuine but small effect (say 5 percentage points) of ESP, then 

with a sample size of 329, there is about a 65% chance that, when the probability of a correct 

identification equals 0.30, they will obtain a sample result that convinces them to reject the null 

hypothesis that “ = 0.250. With a sample size of around 500, there is over 80% chance that the 

researchers will find evidence of ESP when “ = 0.30. Keep in mind that with a large sample size, we 

can often find a statistically significant result that we may not consider practically significant. 

 

Discussion: When the sample size is small, the binomial distribution can be used for power calculations, 

but notice that the discreteness of the binomial probability distribution can complicate matters. This is 

another example where the normal distribution is simpler, but do keep in mind use of the normal 

approximation is not always valid. 
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Practice Problem 1.11A 

For the research study on the mortality rate at St. Georgeôs hospital (Investigation 1.4), the goal was to 

compare the mortality rate of that hospital to the national benchmark of 0.15.  

(a) If you were to conclude that the hospitalôs death rate exceeds the national benchmark when it really 

does not, what type of error would you be committing (Choose one: Type I, Type II, Both, Neither)? 

(b) If you were to conclude that the hospitalôs death rate does not exceed the national benchmark when it 

really does, which type of error would you be committing (Choose one: Type I, Type II, Both, Neither)? 

(c) Which error, Type I or Type II, would you consider more critical here? Explain. 

(d) Suppose you wanted to know the power of the test when the mortality rate at this hospital was 0.20 

and when the mortality rate at this hospital was 0.25. For which alternative probability would you have a 

lower chance of committing a Type II error? Explain. 

 

Practice Problem 1.11B 
(a) If Abe were to use a significance level of 0.05 and Bianca were to use a significance level of 0.01, 

who would have a smaller probability of Type I error? Explain briefly. 

(b) If Abe were to use a significance level of 0.05 and Bianca were to use a significance level of 0.01, 

who would have a smaller probability of Type II error? Explain briefly. 

(c) If Abe were to use a significance level of 0.05 with a sample size of n = 50 and Bianca were to use a 

significance level of 0.01 with a sample size of n = 100, who would have a smaller probability of a type 

I error? 

(d) If Abe were to use a significance level of 0.05 with a sample size of n = 50 and Bianca were to use a 

significance level of 0.01 with a sample size of n = 100, whose test would have more power? 

 
Practice Problem 1.11C 
For the research study on the mortality rate at St. Georgeôs hospital (Investigation 1.4), the goal was to 

decide whether the mortality rate of that hospital exceeds the national benchmark of 0.15. Suppose you 

plan to monitor the next 20 operations, using a level of significance of 0.05. Also suppose the actual 

death rate at this hospital equals 0.20.  

(a) Determine the rejection region and the power of this test. 

(b) Repeat assuming the actual death rate at this hospital equals 0.25. How does the power compare, and 

why does this make sense? 

 

Practice Problem 1.11D 
Suppose you want to test a personôs ability to discriminate between two types of soda. You fill one cup 

with Soda A and two cups with Soda B. The subject tastes all 3 cups and is asked to identify the odd 

soda. You record the number of correct identifications in 10 attempts. Assume level of significance ‌ = 

0.05 and a one-sided alternative. 

(a) If the subjectôs actual probability of a correct identification is 0.50, what is the power of this test for a 

level of significance of ‌ = 0.05? [Hint: What is the null hypothesis?] 

(b) Write a one-sentence interpretation of the power you calculated in (a) in context. 

(c) What is the power if you give the subject 20 attempts? 
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Practice Problem 1.11E 
Suppose that you want to re-conduct the kissing study in a large city with a sample of 100 kissing 

couples. You want to test the null hypothesis H0: p = 0.667 against a one-sided alternative Ha: p < 0.667 

using a significance level of a = 0.05, and you are concerned about the power of your test when p = 0.5. 

Consider the following graphs: 

 

 

(a) Which region(s) represents the 

probability of making a Type I error?  

    I  II   III   IV  

(b) Which region(s) represents the 

probability of making a Type II error? 

 I  II   III   IV  

(c) Which region(s) represents the power of 

the test?        

 I  II   III   IV  

 

 

Practice Problem 1.11F 
The table below shows the possible states of the world and the possible decisions we can make. Indicate 

where the types of errors fall in this table and where the test makes the correct decision. 

  State of the world 

  H0 true H0 false 

Test decision 
Reject H0 

 
 

 

Fail to reject H0 
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SECTION 3: SAMPLING FROM A FINITE POPULATION  

 
So far, we have treated each set of data that we have investigated as a sample from an ongoing 
random process with a constant (but unknown) underlying probability of success. It is more common to 
consider sample data as coming from a larger, but finite population (e.g., a sample of adults from 
among all Americans aged 18 years and older). So what we now want to consider is (i) how to select a 
sample from the population to allow us to generalize our sample observations back to that larger 
population and (ii) what statistical techniques we need to make such inferences. You will see that 
though many of the analysis procedures are the same, there are a few more issues to consider as well. 

Investigation 1.12: Sampling Words 

(a) Circle 10 representative words in the following passage.  

 

Four score and seven years ago, our fathers brought forth upon this continent 
a new nation: conceived in liberty, and dedicated to the proposition that all 
men are created equal.  

 
Now we are engaged in a great civil war, testing whether that nation, or any 
nation so conceived and so dedicated, can long endure. We are met on a great 
battlefield of that war.  
 
We have come to dedicate a portion of that field as a final resting place for 
those who here gave their lives that that nation might live. It is altogether 
fitting and proper that we should do this.  
 
But, in a larger sense, we cannot dedicate, we cannot consecrate, we cannot 
hallow this ground. The brave men, living and dead, who struggled here have 
consecrated it, far above our poor power to add or detract. The world will 
little note, nor long remembe r, what we say here, but it can never forget what 
they did here.  
 
It is for us the living, rather, to be dedicated here to the unfinished work 
which they who fought here have thus far so nobly advanced. It is rather for 
us to be here dedicated to the great task remaining before us, that from these 
honored dead we take in creased devotion to that cause for which they gave 
the last full measure of devotion, that we here highly resolve that these dead 
shall not have died in vain, that this n ation, under God, shall have a new 
birth of freedom, and that government of the people, by the people, for the 
people, shall not perish from the earth.  
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The authorship of literary works is often a topic for debate. Were some of the works attributed to 

Shakespeare actually written by Bacon or Marlowe? Which of the anonymously published Federalist 

Papers were written by Hamilton, which by Madison, which by Jay? Who were the authors of the 

writings contained in the Bible? The fields of ñliterary computingò and ñforensic stylometryò examine 

ways of numerically analyzing authorsô works, looking at variables such as sentence length and rates of 

occurrence of specific words.  

 

The above passage is of course Abraham Lincolnôs Gettysburg Address, given November 19, 1863 on 

the battlefield near Gettysburg, PA. In characterizing this passage, we would ideally examine every 

word. However, often it is much more convenient and even more efficient to only examine a subset of 

words.  

 

Definition:  The population is the entire collection of observational units that we are interested in. A 

sample is the subset of the population for which we collect data. A studyôs sample size is the number 

of observational units in the study. 

In this case you will examine data for just 10 of the words in the address. We are considering this 

passage to be a population of 268 words, and the 10 words you selected are therefore a sample from 

this population. Now we define the sample as a collection of individuals or observational units that 

have distinct characteristics, rather than a finite set of repeated realizations of a random process. 

 

In most statistical studies, we do not have access to the entire population and can consider only data for 

a sample from that population. Our ultimate goal is to make (appropriate) conclusions about the larger 

population, based on only the sample data.  

 

Up until now, we have generally been assuming we have a representative sample from an infinite on-

going process (e.g., toast drops, hospital transplant operations, candy manufacturing). We made some 

assumptions, like the process is not changing over time and that there is no tendency to select some 

types of outcomes more than others (e.g., getting the first 5 candies from the manufacturing process 

rather than throughout the day). In fact, a binomial process assumes you have repeat observations from 

the exact same process but with randomness in the actual outcome that occurs (sometimes an infant 

chooses the helper toy, sometimes not; the randomness is in the choice).  

 

In this investigation, instead of sampling from an on-going process we are sampling from a finite 

population (the 268 words). In fact, we actually have access to the entire population. But what if we 

didnôt? We still need some way of convincing people that our sample is likely to be representative of the 

population. Letôs use this population to explore how samples behave when the ñrandom chanceò arises 

from which observational units are selected to be in the sample, rather than from ñrandom choicesò 

made by the observational units. 

 

(b) Consider the sample you selected in (a). Suppose I wanted to focus on whether the word is short (if 

the sample is truly representative, it shouldnôt matter what variable I end up recording). Define ñshortò 

to be 3 or fewer letters. Record Y or N for each word you selected. 

 1 2 3 4 5 6 7 8 9 10 

Word           

Short?           

 

http://www.rossmanchance.com/iscam3/glossary.html#population
http://www.rossmanchance.com/iscam3/glossary.html#obsunits
http://www.rossmanchance.com/iscam3/glossary.html#sample
http://www.rossmanchance.com/iscam3/glossary.html#samplesize
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(c) Identify the observational unit (object being studied) and variable for this sample. 

 

 Obs unit:     Variable:             Type: 

 

(d) Do you think the words you selected are representative of the population of 268 words in this 

passage? How are you deciding? 

 

 

 

 

  

Definition:  The term parameter, before considered the process probability, is also used to refer to a 

numerical characteristic of a population. We will continue to denote population parameters with 

Greek letters, for example p or m for a population proportion or population mean, respectively. A 

statistic continues to be the corresponding number but calculated from sample data. We denote the 

statistics for a sample proportion and a sample mean by ὴǶ and ὼӶ, respectively. 

 

(e) Calculate the proportion of short words in your sample. Is this number a parameter or a statistic? 

What symbol can we use to refer to it? 

 

 Proportion short:      Parameter or statistic?        Symbol: 

  

(f) The proportion of all 268 words in this population that are short is 0.41. Is this number a parameter or 

a statistic? What symbol can we use to refer to it? 

 

 

 

(g) Did everyone in your class obtain the same sample proportion? Describe a way for deciding whether 

this sampling method tends to produce samples that are representative of the larger population for this 

parameter. 

 

 

 

 

(h) Construct a dotplot displaying the proportion of words in your sample that are short and those of 

your classmates.  

 

 

 

 

  

 
 

   Label: 

 

What does each dot in this dotplot represent?  

http://www.rossmanchance.com/iscam3/glossary.html#parameter
http://www.rossmanchance.com/iscam3/glossary.html#statistic
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(i) What does the graph in (h) tell you about whether this sampling method tends to produce 

representative samples?  

 

 

 

 

Discussion: You have again witnessed the fundamental principle of sampling variability: Values of 

sample statistics vary when one takes different samples from the same population. The distribution of 

statistics from a repeated sampling is often called a sampling distribution. In this case, we are treating 

each sample as an observational unit and the sample statistics as the variable of interest (so the graph 

label should be something like ñsample proportion shortò). Although we clearly expect there to be 

sample-to-sample variation in the statistic, there is a problem if there is a tendency to over or 

underestimate the parameter of interest.  

 

Definition : When characteristics of the resulting samples are systematically different from 

characteristics of the population, we say that the sampling method is biased. When the distribution of 

the sample statistics, under repeated sampling from the same population, is centered at the value of the 

population parameter, the sampling method is said to be unbiased. 

For example, we suspect that your class repeatedly and consistently underestimated the proportion of 

short words. Not everyone has to underestimate, but if there is a tendency to err in the same direction 

time and time again, then the sampling method is biased. In other words, sampling bias is evident if 

we repeatedly draw samples from the population and the distribution of the sample statistics is not 

centered at the population parameter of interest. Note that bias is a property of a sampling method, not 

of a single sample. Studies have shown that human judgment or ñconvenience samplingò (e.g., 

selecting the most readily available observational units) is not a good basis for selecting representative 

samples, so we will rely on other techniques to do the sampling for us.  

 

(j) Do your class results indicate a tendency to overestimate or to underestimate the population 

proportion “? Could you have predicted that in advance? Explain. 

 

 

 

 

 

(k) Consider another sampling method: you close your eyes, point at the passage of words, select 

whatever word your pen lands on, and repeat this 10 times. Would this sampling method be biased? If 

so, in which direction? Explain. What if you looked at 20 words instead of 10? 

 

 

 

 

 

(l) Suggest a better method for selecting a sample of 10 words from this population that is likely to be 

representative of the population. 

 

 

http://www.rossmanchance.com/iscam3/glossary.html#samplingvar
http://www.rossmanchance.com/iscam3/glossary.html#biased
http://www.rossmanchance.com/iscam3/glossary.html#unbiased
http://www.rossmanchance.com/iscam3/glossary.html#convenience
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Definition : A simple random sample gives every observational unit in the population the same chance 

of being selected. In fact, it gives every sample of size n the same chance of being selected.  

So, with a simple random sample of size 10, any set of 10 words is equally likely to end up as our 

sample.  

 

The first step is to obtain a list of every member of your population (this list is called a sampling frame). 

Then, give each observational unit on the list a unique ID number. 

 

The following is a sampling frame for the Gettysburg address, with each word in the population 

numbered. You then use technology to select a 3-digit number at random, and then match it to the word 

in the population with that ID number. Then repeat to randomly select additional (unique) IDs (words). 

 
 

Technology Detour ς Selecting a Simple Random Sample 
 

In applet You can use random.org or our Generate Random Numbers applet to select a simple random 

sample of integers by specifying the range of integers (e.g., 1 to 268) and, if an option, how many 

numbers you want to generate. 
 

In JMP 

¶ Choose File > New > Data Table. 

¶ From the Rows menu, select Add Rows. Add 5 rows to the table. Press OK . 

¶ Right click the column heading. Select Formula. 

¶ Under Random select Random Integer.  

¶ Enter 1 and 268 as the bounds. Click OK .   

http://www.rossmanchance.com/iscam3/glossary.html#SRS
http://www.rossmanchance.com/iscam3/glossary.html#samplingframe
http://www.random.org/
https://www.rossmanchance.com/applets/2021/randomnumbers/GenRandom01.htm
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(m) Instead, we will use the Sampling Words applet.  

¶ Several variables on the words in the Gettysburg Address have already been preloaded. Use the 

Choose variable pull-down menu to change the variable to Short. Verify our claim about the 

value of the population proportion. 

¶ Check the Show Sampling Options box. Specify 5 as the Sample size. Press Draw Samples. 

 

Write down the resulting ID numbers, the selected words, and whether the word is short.  

 1 2 3 4 5 

ID number      

Word 

 

     

Short?      

 

(n) Report the proportion of short words in your random sample of 5 words.  

 

(o) Combine your results with your classmates to produce a dotplot of the proportions of short words. 

Comment on the distribution and particularly how it compares to the one in (h). 

 

 

 

 

 

 

 
    Label: 

 Comparison: 

 

 

 

(p) When taking random samples, did everyone obtain a sample proportion equal to the population 

proportion or is there still sample to sample variation?  

 

 

(q) So then in what way would you say these random samples produce ñbetterò sample results than the 

ñcircle 10 wordsò method? 

 

 

 

Of course, to really see the long-term pattern to the sampling distribution of the statistic, we would like 

to take many more random samples from this population.  

¶ Change the Number of Samples from 1 to 999 (for 1,000 total) 

¶ Press Draw Samples. 

 

(r) Describe the behavior of the distribution of sample proportions. Would you say the computer is using 

an unbiased sampling method? How are you deciding? 

https://www.rossmanchance.com/applets/2021/sampling/OneSample.html?population=gettysburg
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(s) Notice that you took a smaller sample (n = 5) with the applet than when you circled the words (n = 

10). Which sampling method was less biased? 

 

 

 

(t) Prediction: Suppose we use the computer to take samples of size 10 instead, how do you predict the 

distribution of sample proportions will change? 

 

 

 

 

(u) Select the Fixed radio button in the applet (so the axis scaling wonôt change) and make the change to 

the sample size in the applet to create the new distribution of sample proportions. How/Has the 

distribution changed? Is this what you predicted? 

 

 

 

 

 

 

 

 

Discussion: Even with randomly drawn samples, sampling variability still exists (random sampling 

errors). Although not every random sample produces the same characteristics as the population, random 

sampling has the property that the sample statistics do not consistently overestimate the value of the 

parameter or consistently underestimate the value of the parameter (which is not changing). The means 

of the above distributions of sample proportions (the statistics) are both very close to 0.41, the 

population proportion (the parameter). Because the distributions of the sample statistic (as a random 

variable) are centered at the value of the population parameter, both graphs are considered to 

demonstrate an unbiased sampling method. With random samples, E(ὴǶ) = “, even when sampling from 

a finite population.  

Notice that in judging bias we are concerned only with the mean of the distribution, not the shape or 

variability. However, if we do take larger samples (n = 10 rather than n = 5), we improve the precision 

of our statistics as they will tend to cluster even more tightly around the population proportion. In 

designing a study, it is critical to first make sure there is no sampling bias (use random sampling), then 

the sample size (not the number of samples) will determine how close the statistic can be expected to be 

to the parameter. 
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Summary 
We have seen two very desirable properties of sample proportions when using random samples from a 

large population: 

¶ The distribution of sample proportions centers at the population proportion (so the sampling method 

is unbiased).  

¶ The distribution of sample proportions has less sample-to-sample variability when we increase the 

sample size (producing increased precision). 

 

Simple random samples are not as simple as they sound. They require a complete sampling frame and 

100% response rate. This can be quite a challenge, especially if you are interested in individuals 

throughout the country for example. There are other probability sampling methods that are typically 

unbiased. See this discussion for a brief introduction to cluster sampling, multistage sampling, stratified 

sampling, and systematic sampling. These techniques will come up later in the text and can be much 

more practical to carry out. 

 
Practice Problem 1.12A 
Suppose that you take many random samples (i.e., thousands) from a population and graph the 

distribution of the resulting sample statistics. 

(a) If the distribution of sample statistics is centered at the value of the population parameter, then is the 

sampling method unbiased (Choose one: Yes definitely, Maybe or maybe not, No definitely not) 

(b) If the distribution of sample statistics appears to be normally distributed, then is the sampling method 

unbiased? (Choose one: Yes definitely, Maybe or maybe not, No definitely not) 

(c) If most of the sample statistics are close to the value of the population parameter, then is the 

sampling method unbiased? (Choose one: Yes definitely, Maybe or maybe not, No definitely not) 

(d) If the sampling method is biased, then will increasing the sample size reduce the bias? (Choose one: 

Yes definitely, Maybe or maybe not, No definitely not) 

 

 

Practice Problem 1.12B 
Explain the distinctions between the following pairs of terms: 

(a) parameter and statistic 

(b) bias and precision 

(c) sample size and number of samples 

(d) sampling error and random sampling error 

  

http://www.rossmanchance.com/stat301F20/lectures/sampling.html
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In Section 3, we have transitioned from sampling from an infinite process to sampling from a finite 
population. We discussed randomly selecting the sample from a list of the entire population as a way to 
convince critics that the sample is likely to be representative of the larger population and therefore, we 
are willing to generalize  results from a randomly selected sample to the larger population.  
 
So now the ñrandom chanceò we are modelling is not in an individual outcome (like in a coin flip) but in 
which individuals we obtain in our sample. As suggested in Investigation 1.12, sample statistics from 
random samples will again follow a predictable pattern, allowing us to measure the strength of evidence 
against claims about the population parameter and to estimate the margin-of-error in our estimates of 
the parameter. We will again consider simulation-based p-values, exact p-values, and a mathematical 
model for estimating the p-value and confidence interval. 

 

Investigation 1.13: Sampling Words (cont.) 

 

In the previous investigation, we saw that if we take random samples from a finite population, the mean 

of the sampling distribution of sample proportions should equal the population proportion (i.e., ὉὴǶ
“. But what about the standard deviation of the distribution of sample proportions?  

 

One option is the same formula we used before: ὛὈὴǶ  “ρ “Ⱦὲ. 
(a) For the variable whether the word is short, “ = 0.41. If we take samples of size 10, what does the 

above formula predict for the standard deviation of the sampling distribution? 

 

 

 

(b) Using the Sampling Words applet, generate a distribution of 10,000 random samples of size n = 10, 

calculating the sample proportion of words that are short each time. What does the applet report for the 

standard deviation of the sample proportions? Is it close to the theoretical value you calculated in (a)? 

 

 

 

 

(c) Repeat (a) and (b) using n = 100 as the sample size. Are the theoretical and simulation-based 

standard deviations still similar?  

 

 Formula:              Applet simulation: 

 

 

 
Discussion: The theoretical formula weôve been using for the standard deviation of sample proportions 

assumes that the probability of success is constant and the trials are independent (properties of a 

binomial random variable). Now that we are sampling without replacement from a finite population, the 

population characteristics do change slightly as we remove observations. The probability the first word 

is short will be 110/268 º 0.410, but if that word is a short, the probability the next one will also be 

short is now 109/267 º 0.408. And if the first word is not a short, the probability the second one will be 

short is 110/267 º 0.412. In other words, the probability of success (short word) for the 2nd trial depends 

on what we obtained in the first trial. 

http://www.rossmanchance.com/applets/OneSample.html?population=gettysburg
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Key Result: When sampling without replacement from a finite population, the observations are not 

independent. 

 

This means we can no longer use the binomial distribution to calculate a theoretical standard deviation. 

This impacts our p-value calculations and our confidence intervals. In particular, the predicted standard 

deviation is too large, and our confidence intervals will have higher coverage rates than we need. 

 

However, we can use a slightly different formula that corrects for the lack of independence. (The 

explanation for this formula is in Investigation 1.15.) 

 

Definition:  Using the finite population correction factor, a better estimate of the sample-to-sample 

variation in sample proportions is SD(ὴǶ) =  where n is the sample size and N is the 

population size. 

 

(d) Compute this formula for the samples of size n = 100. How does the prediction of the standard 

deviation change? Why? How does it compare to the standard deviation of the sample proportions 

simulated by the applet? 

 

 

 

 

Discussion: The finite population correction factor should decrease the predicted value of the standard 

deviation (always multiplying by a value less than one) and give a value that is closer to the simulation 

results.  

 

Suppose we have a very large population, how does this impact our calculation of the standard deviation 

of the sample proportions? 

(e) In the applet, change the population size by selecting the x100 button. What is the population 

proportion of words that are short? 

 

 

 

(f) Generate 10,000 samples of size n = 100 from this population. Report the mean and standard 

deviation and comment on how they compare to (c). 

 

 

 

Because we are now sampling a much smaller fraction of the population, the original formula provides a 

reasonable prediction of the sample-to-sample variation in the sample proportions. Note that the 

correction factor ὔ ὲȾὔ ρ is very close to one when N is large and so it can be ignored! 

 

Key Result: When the population size is much larger than the sample size, we can model sampling 

from a finite population as sampling from an infinite process as before. The population size (N) is 

considered much larger than the sample size (n) if N > 20 ὲ. 
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If the population size is not large, we use the ñfinite population correction factor.ò Probability sampling 

methods other than simple random sampling would also require calculating a different standard 

deviation. You can learn more appropriate techniques in a course on sampling design and methods. 

 

Discussion: Once again you see the fundamental principle of sampling variability. Fortunately, this 

variability follows a predictable pattern in the long run. With random sampling, we expect the sample 

proportion to be ñrepresentativeò of the population proportion. The second key advantage of random 

sampling is we now know how to estimate the size of the sample-to-sample variation. Sample 

proportions that are based on larger samples will tend to fall even closer to the population proportion p 

as there is less variability among the sample proportions. So first, select randomly to avoid bias, and 

then if we can increase the sample size, this will improve the precision of the sample results. Once we 

know the precision of the sample results in repeated samples, then we can decide whether any one 

particular sample result can be considered statistically significant or unlikely to happen by chance ï by 

the random sampling process ï alone. A small p-value does not guarantee that the sample result did not 

happen just by chance, but it does allow you to measure how unlikely such a result is. 

In Investigation 1.15, you will consider a method for computing an ñexactò p-value, taking the 

population size into account. However, in many situations we donôt know the size of the population, just 

that it is large, and instead we will proceed directly to the binomial or normal-based method, as long as 

the technical conditions are met. 

 

Practice Problem 1.13A  

(a) Which of the following are advantages of studies with a larger sample size? (Check all that apply) 

 Better represent the population (reduce sampling bias) 

 To more precisely estimate the parameter 

 To decrease sampling variability 

 To make simulation results more precise 

 

(b) In conducting a simulation analysis, why might we take a larger number of samples? (Check all that 

apply) 

 Better represent the population (reduce sampling bias) 

 To more precisely estimate the parameter 

 To decrease sampling variability 

 To make simulation results more precise 

 

Practice Problem 1.13B 
(a) Standardized statistics and confidence intervals can take this finite population correction into 

account. In the Simulating Confidence Intervals applet, use the Method pull-down menu to select Finite 

Population. Set “ = 0.410, N = 268, and n = 40. Sample 2000 intervals and determine the coverage rate. 

Is the coverage rate close to the desired 95%?  

(b) But now try n = 100. What is the coverage rate? What is the average interval width? What is the 

problem with the performance of the method?  

(c) Now change the method from Wald to Finite Correction . How does the width of the intervals 

change? How does the coverage rate change? 

 

  

https://www.rossmanchance.com/applets/2021/confsim/ConfSim.html
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Most surveys are taken on a sample selected from a very large population é  

 

Investigation 1.14: Teen Hearing Loss 

 

Shargorodsky, Curhan, Curhan, and Eavey (2010) examined hearing loss data for 1771 participants from 

the National Health and Nutrition Examination Survey (NHANES, 2005-6), aged 12-19 years. 

(ñNHANES provides nationally representative cross-sectional data on the health status of the civilian, 

non-institutionalized U.S. population.ò) A standardized health exam was given along with the survey 

and through audiometric measurements, 333 teens were found to have at least some level of hearing loss 

(average hearing threshold level at least 15 dB in either ear). News of this study spread quickly, many 

blaming the prevalence of hearing loss on the higher use of ear buds by teens. At MSNBC.com 

(8/17/2010), Carla Johnson summarized the study with the headline ñ1 in 5 U.S. teens has hearing loss, 

study says.ò We will first decide whether we consider this an appropriate headline. According to the 

2008 U.S. Census, there were 21,469,780 teens in America between the ages of 15 and 19. 

(a) Define the population and parameter of interest in this study (in symbols and in words). 

 

 Population: 

 

 Parameter: 

 

 

(b) State the null and alternative hypotheses for deciding whether these data provide convincing 

evidence against this headline (in symbols and in words). 

 

 

 

 

Key Result: Combining what we have learned in the last few investigations, we can expand the 

Central Limit Theorem for a sample proportion: When drawing random samples from a large but 

finite population with a large enough sample size, then the sampling distribution of the sample 

proportion ὴǶ will be well modeled by a normal distribution with mean equal to p, the population 

proportion of successes, and standard deviation equal to ὛὈὴǶ “ρ “Ⱦὲ. 

¶ We consider the sample size large enough if n×p > 10 and n×(1 - p) > 10.  

¶ We consider the population size (N) large if it is more than 20 times the size of the sample. 

 

(c) Assuming the null hypothesis is true, is the normal model appropriate for the distribution of sample 

proportions based on this sample size and on this population size? Justify your answers numerically. 

 

 

 

 

(d) Use technology to carry out a z-test of the hypotheses you specified in (b). Report the standardized 

statistic and p-value, and confirm how you would calculate the standardized statistic by hand. 

 

 

 

https://jamanetwork.com/journals/jama/fullarticle/186427
http://www.rossmanchance.com/iscam3/glossary.html#CLT
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(e) Does this p-value provide convincing evidence (level of significance a = 0.05) against the headline? 

Justify your answer (in context) and explain the reasoning behind your evidence or lack thereof. 

 

 

 

 

 

(f) Calculate and interpret a 95% confidence interval for the parameter. Is this interval consistent with 

your test decision? Explain. 

 

 

 

 

 

(g) Do you feel comfortable with generalizing the findings from your test and confidence interval to the 

population of all American teens in 2005-06? Explain. 

 

 

 

 

 

 

 

 

 

Study Conclusions  
We have no reason to doubt that the NHANES sample will be representative of the larger population 

of U.S. teens. Although we are not told how they selected the sample, they claim it was nationally 

representative, and presumably was collected using a probability sampling method. The population 

size (~21 million teens) is quite large compared to the sample size of nearly 1,800 teens, so that 

condition for using the normal model for the sampling distribution of the sample proportions is met. 

The sample size is also very large relative to the hypothesized population proportion of 0.20 (0.20 × 

1771 = 354.2 and 0.80 × 1771 = 1416.8; both easily exceed 10). Therefore, calculations from the 

binomial probability model and the normal probability model will be quite similar. Under the null 

hypothesis that 20% of U.S. teens have some hearing loss, the sampling distribution of the sample 

proportion will be approximately normal, with a mean of 0.20 and a standard deviation of 0.0095. 

Therefore, our sample proportion, ὴǶ = 333/1771 = 0.188 lies 1.26 standard deviations below the 

hypothesized population proportion, yielding a two-sided p-value of 0.2068 (Theory-Based Inference 

(TBI) applet). This p-value is not small and does not provide convincing evidence against the claim 

that p = 0.20. We would get sample proportions as or more extreme as 0.188 (meaning at least as far 

from 0.20) in about 21% of random samples from a population where 20% of teens have some hearing 

loss. Therefore, the headline seems appropriate. The confidence interval (TBI applet) tells us that we 

are 95% confident that between 17.0% and 20.6% of all U.S. teens have some form of hearing loss. 

(Do keep in mind that 0.20 is just one plausible value of ˊ.) It is difficult to evaluate these values 

without knowing whether this percentage is increasing over time which we will investigate later. 
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Practice Problem 1.14 
In 2018, the General Social Survey (GSS) used probability sampling methods to randomly select more 

than 2,000 adult Americans. One of the questions they asked was: 

In 2016, you remember that Clinton ran for president on the Democratic ticket against Trump for the 
Republicans. Do you remember for sure whether or not you voted in that election? 

Of the 2,181 respondents who were eligible to vote and remembered whether they had voted, 1523 

(69.8%) said they voted. Let “ represent the proportion of all eligible voters who would claim to have 

voted in the 2016 election. The United States Election Project (http://www.electproject.org/), reports that 

136,753,936 ballots were cast for president that year, with 230,931,921 citizens eligible to vote, 

corresponding to 59.2% voter turnout. If we test H0: ˊ = 0.592 vs. Ha: ˊ Í 0.592, what do we conclude? 

 

Summary of One Proportion z-Procedures for Proportion of Large Population 
Let p represent the (unknown) population proportion of successes and given that you have a 

representative sample from the population of interest. 

 

Test of H0: p = p0  

Standardized statistic: z0 = (ὴǶ - p0)/ “ ρ “ Ⱦὲ  
p-value:  

If Ha: p > p0, the p-value is P(Z > z0).  

If Ha: p < p0, the p-value is P(Z < z0). 

If Ha: p Í p0, the p-value is 2P(Z > |z0|) 

 

C% confidence interval for p:  

¶ Wald Interval: ὴǶ ᾀz ὴǶρ ὴǶȾὲ where -z* is the 100 × (1 - C)/2th percentile of the standard 

normal distribution. 

Technical conditions: n ὴǶ > 10 and n(1 ï ὴǶ) > 10 (which means there are at least 10 successes and 

10 failures in the sample so the normal approximation should be valid) and population size > 20n 

(so the standard deviation formula works). 

¶ Adjusted Wald Interval: ὴ ᾀᶻ ὴρ ὴȾὲ where ὴ = (X + 0.5z*2)/(n + z*2) and n~ = n + z*2 

(For 95% confidence, add two successes and two failures, aka Plus Four Method.) 

Technical conditions: population size > 20n 

 

Technology: 
¶ Theory-Based Inference applet: One Proportion 

¶ Specify the sample size and either the sample count or the sample proportion 

- Remember to adjust these values if performing the Adjusted Wald interval  

¶ Check the Test of Significance box and/or the Confidence Interval box  

- Specify the value of p0, use the < button to change the direction of the alternative 

- Specify the confidence level 
 

¶ JMP: Analyze > Distribution 

¶ Use a column of data or Tabled data (column of outcomes, column of counts) 

 

http://www.electproject.org/
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¶ Use the hot spot to select Test Probabilities (specify the hypothesized probability for success) 

and select the alternative hypothesis (the ñPearsonò two-sided p-value matches the normal 

approximation, the one-sided p-value is the exact binomial) and press Done. 

¶ Use the hot spot to select Confidence Interval and select the confidence level for the Score 

confidence interval 

Investigation 1.15: Counting Concussions 

 

Concussions, particularly among high school and collegiate athletes, have been given increased attention 

in recent years. A 2017 national Youth Risk Behavior Survey found about 15.1% of U.S. high school 

students reported having at least one concussion in the previous year. Prevalence was higher among 

those who played on a sports team. A student project group was interested in the probability of 

concussion among the male soccer and football players at their university. They sent a survey to the 

team rosters and found that 12 of the 33 respondents reported at least one concussion in the previous two 

years (2017-2019). The anonymous survey was emailed to all 110 players, and included a list of injuries 

asking ñyes or no questions about various injuries, in order to distract the athletes of the true purpose 
of our survey.ò Based on these data, is there evidence that the proportion of all 110 male soccer and 

football players at this university who had at least one concussion in the last 2 years is larger than 0.15? 

 

(a) Identify the observational units and response variable in this study. Is the response variable 

quantitative or categorical? How are you defining a ñsuccessò? 

 

 

 

 

(b) Identify the sample, the population, and the sampling frame used in this study. 

 

sample 

 

population 

 

sampling frame 

 

 

 

Definition:  Non-sampling errors can occur even after we have a randomly selected sample. They are 

not associated with the sampling process, but rather with sources of bias that can arise after the sample 

has been selected.  

Sources of non-sampling errors in surveys include biased, dishonest, or inaccurate responses by 

respondents due to leading word choice in survey questions, sensitive questions, faulty memory, the 

order in which questions appear, a leading tone, and the appearance of the interviewer. 

 

(c) Identify some precautions taken by these students to avoid nonsampling errors. 

 

http://www.rossmanchance.com/iscam3/glossary.html#nonsampling
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(d) What proportion of students in the sample reported a concussion? Is this larger than 0.15? Do you 

think it is reasonable to consider this sample as representative of all varsity team football and soccer 

players at this school? Explain why or why not. 

 

 

 

We can still ask: ñIf the population proportion was 0.15, would it be unlikely for a random sample from 

this population to produce such a large sample proportion?ò This question should sound familiar, but 

now we need to consider that the sample did not come from a large population and this can impact our 

estimate of the amount of random sampling variation.  

 

(e) Suppose 15.5% of all 110 male football/soccer players at this school suffered a concussion. If we 

randomly select one athlete, what is the probability he had a concussion? 

 

 

 

(f) Now consider randomly selecting a second athlete from this population: 

¶ If the first athlete had a concussion, what is the probability the second athlete did as well? 

 

¶ If the first athlete did not have a concussion, what is the probability the second athlete did? 

 

 

 

You should find your answers in (f) are not quite the same. This illustrates a violation of the 

independence assumption of our binomial model. However, if the population is large compared to the 

size of the sample, then the conditional probabilities are almost equal, and we can approximate with a 

binomial distribution. But when the population is not large, we need to take that lack of independence 

into account.  

 

Key Result: When sampling without replacement from a finite population that is not more than 20 

times the size of the sample, the ñtrialsò are no longer independent. 
 

The consequence is that we should not use the binomial distribution to calculate P(X > 12). Instead of a 

calculation like C(33, 12)(0.155)12(1 - 0.155)21 , we would need a calculation like 

 (17/110)(16/109)Ễ(6/99)(93/98)Ễ(73/78) + é.  

for all the possible sequences of outcomes. Turns out there is a different probability distribution we can 

use called the hypergeometric distribution. 

 

To calculate hypergeometric probabilities, we need to consider another probability rule. 

¶ When outcomes are equally likely, then the probability of an event equals the number of ways 

for the event to happen divided by the total number of possible outcomes. 

 

For example, there are 268 words in the Gettysburg Address, 125 contain the letter e (about 46.6%) and 

143 do not. Using counting rules, there are C(268, 5) = 11,096,761,368 different samples of 5 words that 

we could select from the Gettysburg Address. But if we want to select one e-word and four non-e-words, 
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there are C(125, 1) × C(143, 4) = 2,087,710,625 such samples. Thus, if X = number of e-words in a 

sample of 5 words, we find P(one e-word) = P(X = 1) = 2,087,710,625 / 11,096,761,368 º 0.188. 

 

Probability Detour ς Hypergeometric Random Variables 
To be a Hypergeometric random variable, a random process must have the following properties: 

¶ n observations are drawn without replacement from a population of N objects. 

¶ There are two distinct types of objects in the population, M successes and N ï M failures. 

The main distinction between a hypergeometric random variable and a binomial random variable is 

the trials are no longer independent. The probability of drawing a success for the first object is M/N. 

But if we do draw a success, then the probability of success for the second object is (M ï 1)/(N ï 1). 

If we replaced the item, then we would be back to a binomial process. 

 

In general, the probability of obtaining k successes from a population with M successes and N ï M 

failures is P(X = k) = 
),(
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The expected value of the hypergeometric random variable is E(X) = (M/N)× n and the SD(X) is  

ὲ . (Compare these to a binomial with p = M/N.) 

  

 

 

Technology Detour ς Calculating Hypergeometric Probabilities  

In JMP (using the Distribution Calculator) 

¶ Select Hypergeometric from the Distribution 

menu. 

¶ Specify the Population Size, the number of 

successes in the population (Number of items) 

and the sample size.  

¶ Choose the tail probability and specify the 

number of interest (e.g., 12)  

 

Note: To find P(X > 12), we use P(X > 11). 

  
 

 
 

 

 

(g) Continuing to suppose 17 of the 110 athletes had a concussion, use technology to find the probability 

that a random sample of 33 would have 12 or more successes. 

 

 

 

 

 

(h) Write a one-sentence interpretation of the probability you calculated. 

 

 

http://www.rossmanchance.com/iscam3/glossary.html#hypergeometric
http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
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(i) What does the p-value in (g) tell you about the proportion of all U.S. collegiate football and soccer 

players with a concussion? 

 

 

 

 

 

Discussion: The hypergeometric distribution is able to tell us that if we listed all possible samples of 33 

players from this population, how many would be at least as extreme as the observed sample. In many 

sampling situations, our population size is large enough that the binomial distribution gives a very 

reasonable approximation to the exact p-value. For this reason, the binomial p-value is much more 

commonly used than the hypergeometric p-value. 

 

 

Probability Detour ς Binomial Approximation to Hypergeometric Distribution  
If we instead used the binomial distribution to 

approximate probability of selecting an e-word from 

the Gettysburg Address, we would find 

P(X = 1) = C(5, 1)(125/268)(143/268)4  

º 0.1890. 

These probability calculations work out to be very 

similar! This happens when the finite population we 

are sampling from is large compared to our sample 

size (e.g., N > 20 × n). This means we can continue to 

use the binomial distribution to determine such 

probabilities and the expected number of successes  
 

5(0.466) º 2.33 with SD(X) º 1.115 successes. And when the sample size is large relative to the 

probability of success, we can approximate the binomial with the normal distribution. 
 

 

Study Conclusions  
Only about 0.02% of random samples of 33 players from a population of 110 players with 17 

successes would have 12 or more successes in the sample by random chance (random sampling) 

alone. This survey would give us very strong evidence that the proportion of players with at least one 

concussion in this population was larger than 0.151, but there are many problems with this conclusion. 

This was not a random sample from the population of all athletes at this school (voluntary response, 

no follow-up) and is likely susceptible to sampling bias. Perhaps athletes who recently had a 

concussion would be more motivated to voluntarily complete the survey. Because of these issues with 

the sampling method, the p-value that we calculated is really not all that appropriate or meaningful. 

We should also consider that the 15% value cited by the YRBS came from one year of data vs. during 

the previous two years. Nevertheless, getting accurate reports on concussion rates is a challenging but 

critical task in helping to prevent possibly debilitating injuries, especially in high contact high school 

and college sports.  
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Practice Problem 1.15A 
A 2004 student project asked 30 students from the 705 first-year students at their school whether they 

planned to vote for Bush or Kerry in the upcoming election. For half of the surveys, Kerry was listed 

first and for half of the surveys Bush was listed first. (Why?) They found 22 planned to vote for Kerry. 

Does this convince you that more than 2/3 of first-year students at this school planned to vote for Kerry? 

 

Practice Problem 1.15B 
Recall the GSS survey in Practice Problem 1.14. Identify potential non-sampling errors in such a study. 

What are some steps the GSS has taken/could take to avoid non-sampling errors? 
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Investigation 1.16: Literary Digest 

 

Literary Digest was a well-respected political magazine founded in 1890. Using sampling, they correctly 

predicted the presidential outcomes from 1916ï1932. In 1936, they conducted the most extensive (to 

that date) public opinion poll in history. They mailed out questionnaires (postcards) to over 10 million 

people (about one-fourth of voters), hand addressing more than a quarter million postcards per day, 

whose names and addresses they obtained from club rosters, city directories, and (mostly) vehicle 

registration lists and telephone books.  

         
 

Based on almost 2.4 million responses (2,376,523), the Literary Digest predicted that 54% of voters 

would vote for Republican Alf Landon (then governor of Kansas) in the upcoming presidential election, 

and only 41% would vote for Democrat Franklin Roosevelt (the incumbent).  

  
 

(a) Identify the variable and population of interest, the sample, and the sampling frame in this study. 

Also define the parameter and statistic, in words and symbols, and indicate any values that you know. 

 

 Variable               Type 

 

Population of interest          Sample 

 

 Sampling frame 

 

 Parameter              Statistic 

 

(b) Why is 1293669/(1293669 + 972897) = 0.57 not equal to 0.54? 
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Have you ever heard of Alf Landon? He lost. By a landslide. Incumbent Democrat Franklin Roosevelt 

won the election, carrying 60.8% of the popular vote to Landonôs 36.5%.  

 

(c) Give two plausible explanations why the Literary Digest prediction was so much in error. In 

particular, talk about the direction of the bias ï why was this sampling method vulnerable to producing 

an overestimate of the parameter? 

 

 

 

 

 

Still, a 24% response rate is much higher than current polls and this was the Digestôs largest poll yet, 

shouldnôt this improve their prediction? How are current polls with smaller response rates and smaller 

sample sizes able to be more accurate? One reason suggested for the error in 1936 was that the Digest 

had consistently been having more Republican voters responding to their straw vote. Does the data 

support this argument?  

 

(d) Open the LitDigest1936.xlsx file in Excel or Google Sheets. This contains the raw counts for the 

three main candidates (including William Lemke, Union Party), as well as an overall total number of 

straw votes cast in each state. For these 3 candidates, what percentage of the poll respondents said they 

would vote for Republican Landon in the 1936 election? [Hint: Set up a column formula in row 52, 

using columns C and AA.] 

 

 

(e) Set up a formula for determining the number of respondents to the 1936 poll who said they voted in 

1932 for either the Republican, Democratic, or Socialist or Other candidate. [Hint: Use columns D-G, L-

O, and T-W.] What proportion of these voted for the Republican candidate? 

 

 Sum:     Proportion: 

 

(f) Now find the actual 1932 election results, what proportion of voters voted for the Republican 

(Hoover) candidate (among the three major candidates)? Did the Literary Digest poll have too many or 

too few Republican voters? How could we account for this in our estimates of vote count? 

 
 
 
Post Stratification  
In the 1936 poll, about 51% of respondents said they voted Republican in 1932, but only about 40% of 

the actual voters in 1932 voted Republican, a ratio of 0.78. So the Digestôs sample appears to 

overrepresent the Republican voters. Similarly, persons who said they voted Democrat or Other in the 

1932 election were underrepresented in the 1936 poll (ratios: 1.197, 2.23 respectively). (Lohr and Brick, 

2017, also estimated the ratio for the non-voters and missing to be 1.1275 for Democrats and 0.871 for 

Republicans.)  
1932 vote Republican Democrat Socialist,Other Non-voters Missing 

Ratio (actual/claimed) 0.782 1.197 2.228 Dem: 1.1275 

Repub: 0.871 

Dem: 1.1275 

Repub: 0.871 

https://www.rossmanchance.com/iscam3/data/LitDigest1936.xlsx
https://en.wikipedia.org/wiki/1932_United_States_presidential_election
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This means we want to lower the number of Republican votes in the Digest poll by multiplying by 0.78, 

to adjust for the overrepresentation in the sample, and increase the number of Democrat votes in the poll 

by multiplying by 1.197 and so forth.  

 

(g) Start with the Landon voters in the Digest poll, using the breakdown by how they voted in 1932, 

adjust the counts using the above ratios [Hint: Set up a formula using these weights and the breakdown 

of the planned Landon voters by the 1932 vote, columns D-I, to find a new count. Using 0.871 for non-

voters and missing.] 

 

 

(h) Repeat for Roosevelt (columns L-Q, 1.1275 for non-voters, missing) 

 

 

(i) Between these two candidates, what is the adjusted percentage voting for Roosevelt? Is this larger or 

smaller than the original Literary Digest prediction? 

 

 

 

Although this is still much lower than the actual vote share for Roosevelt between these two candidates 

(62%), you can see how this process tries to account for the sampling bias in the original poll. There are 

still a lot of assumptions, e.g., respondents accurately reported their 1932 vote, and non-respondents to 

the LD survey had the same relationship between the 1932 and 1936 votes as the respondents. But if you 

apply this technique to the individual states, 10 states change from Landon to Roosevelt, including 

California and New York, and Roosevelt is predicted to win 26 states (276 electoral votes), rather than 

16 states (161 electoral votes).  

 
 

So using this one other piece of information would have at least predicted the correct outcome, though 

still way underestimating the margin of victory. More complicated weighting schemes further adjust 

based on the size of the error in the 1928 LD poll or use a regression model based on the previous two 

elections. The Literary Digest also collected but did not publish data on postmarks of returned ballots 

and could have adjusted for rural/urban differences or county-level demographics from the 1930 census. 

 

(j) Below are state by state results for some different possible adjustments for the 1936 poll. Which 

correction method seems to help the most? How are you deciding? 
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¶ Actual state by state results 

 

¶ Using the relationship between predicted 

and actual votes from 1928 and 1932 to 

predict the results for 1936 

¶ Weighting the 1936 poll responses by the 

reported 1932 party breakdowns 

¶ Adding the LD error in the predicted 

Democrat proportion in 1932 to the 1936 

LD prediction 
 

¶ Original LD predictions 

 

Discussion: There were two main issues in the Literary Digest poll. One, the sampling frame did not 

include all members of the population of interest and in particular failed to include those that were 

poorer (and at that time likely to be Democrats). Second, the voluntary response nature of the poll 

implies the surveyors were more likely to hear from those unhappy with the status quo (incumbent 

candidate) or with more time on their hands to complete such surveys (e.g., retired folks), and even 

those more willing to pay for a stamp. Both of these probably point to an overrepresentation of 

Republicans. Bad sampling frames and voluntary response bias are perhaps the most common sources of 

sampling error. By the way, a fledgling pollster of the time, George Gallup, actually bet that he would 

predict the percentages more accurately. Not only did he correctly predict the Digest result with only 

3,000 respondents, he also correctly predicted a Roosevelt victory! The issues with the Literary Digest 

poll were evident in earlier elections (overpredicting the popular vote for the winner in 1924 and 1928, 

but the results were so one-sided, the bias didnôt matter), and even though they could have weighted the 

results, they chose not to and let readers ñdraw their own conclusions.ò But Lohr and Brick (2017) point 

out that the largest issue was probably failing to accurately assess the uncertainty in their estimates. 

 

References: 

Lohr & Brick (2017). ñRoosevelt Predicted to Win: Revisiting the 1936 Literary Digest Poll,ò Stat Polit 

Pol, 8(1): 65-85. 

Lusinchi, D. (2012). ñóPresidentô Landon and the 1936 Literary Digest Poll: Were Automobile and 

Telephone Owners to Blame?ò Social Science History, 36:23ï54. 

Robinson, C. (1932). Straw Votes. New York, NY: Columbia University Press. 
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Practice Problem 1.16A 
(a) In the mid-1980s, Dr. Shere Hite, actress and writer, and subject of a 2023 documentary, undertook a 

survey of womenôs attitudes toward relationships, love, and sex by distributing 100,000 questionnaires 

in womenôs groups. Of the 4500 who returned the questionnaire, 96% said that they gave more 

emotional support than they received from their husbands or boyfriends. An ABC News/Washington 

Post poll surveyed a random sample of 767 women, finding that 44% claimed to give more emotional 

support than they received. Which of the following is the ñparameterò of interest in these studies?  

¶ Those who said they gave more emotional support 

¶ All American women 

¶ The 4500 women who responded 

¶ The proportion who said they received less emotional support 

¶ Other 

(b) Which pollôs results do you think are more representative of the population of all American women? 

Explain. 
 

Practice Problem 1.16B 
An article published in the June 6, 2006 issue of the journal Pediatrics describes a survey on the topic of 

college students intentionally injuring themselves. Researchers invited 8300 undergraduate and graduate 

students at Cornell University and Princeton University to participate in the survey. A total of 2875 

students responded, with 17% of them saying that they have purposefully injured themselves. Suppose 

we are interested in the proportion of self-injuries in the population of all college students. 

(a) Identify the observational units and variable in this study. Also classify the variable as categorical 

(also binary?) or quantitative. 

(b) Identify the parameter and statistic. Also indicate appropriate symbols. 

(c) Do you think it likely that this sample is representative of the population of all college students in the 

world? What about all college students in the U.S.? Explain. 

(d) Describe a population to which you might be willing to generalize the results. 

(e) For which of the following variables would you suspect this sample would be representative of the 

population of all U.S. college students? Justify your answer. 

Favorite TV show  Height   Parental education  Eye color 

 

Practice Problem 1.16C 
History Matters includes a report on the vote totals. Examine the data provided on that webpage.  

(a) If you check the totals, they donôt quite match up. Can you find the data entry errors? [Hint: Do any 

numerical values look suspicious to you? Do any states behave unusually?] 

(b) Notice the State Unknown row. If we donôt know the state, how do we know the electoral count for 

those statesé Based on the values given in that row, what do you think the counts for Landon and 

Roosevelt for individuals with unknown states actually were? 

 

Practice Problem 1.16D 
(a) Does your class constitute a random sample of students from your school? Explain why or why not. 

(b) Suggest a variable for which your class should not be considered a representative sample of all 

students at your school. Explain why not. 

(c) Suggest a variable for which it might be reasonable to consider your class to be representative of all 

students at your school. Justify your choice.  

https://historymatters.gmu.edu/d/5168/
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Investigation 1.17: Cat Households 

 

The American Veterinary Medical Association (AVMA) has conducted a Pet Demographics Survey 

about every five years since the early 1980s. In spring 2024, a total of 7,539 people completed an opt-in, 

online survey. After ñresults have been weighted based on certain demographic and other variables to 

match their distribution in the U.S. population and household information reported by the U.S. Census 

Bureau,ò the AVMA reported that 32.1% of households owned at least one cat.  

(a) Identify the observational units and variable of interest. 

 

 

(b) Is 32.1% a parameter or a statistic? Indicate the symbol used to represent 0.321. 

 

 

(c) Conduct a test of whether the sample data provide evidence that the population proportion who own 

a pet cat differs from 1/3. State the hypotheses, and report the standardized statistic and p-value. State 

your test decision at the a = 0.05 level, and summarize your conclusion in the context of this study. 

 

 

 

(d) Explain why the p-value turns out to be so small, when the sample proportion of households with a 

cat seems to be quite close to one-third. 

 

 

 

(e) Produce a 95% confidence interval (CI) for the population proportion who own a pet cat. Interpret 

this interval. 

 

 

 

(f) Is the confidence interval consistent with the test decision about 1/3? Explain. 

 

 

(g) Do the sample data provide very strong evidence that the population proportion who own a pet cat is 

not one-third? Explain whether the p-value or the CI helps you to decide. 

 

 

 

(h) Do the sample data provide strong evidence that the population proportion who own a pet cat is very 

different from one-third? Explain whether the p-value or the CI helps you to decide. 

 

 

Discussion: Keep in mind the difference between statistical significance and practical significance. 

With large sample sizes, sample proportions will vary little from sample to sample, and so even small 

differences (that may seem minor to most of us) will be statistically significant. Saying that a sample 

result is unlikely to happen by chance (and therefore is statistically significant) is not the same as saying 

the result is important or even noteworthy (practically significant), depending on the context involved. 

http://www.rossmanchance.com/iscam3/glossary.html#practical


Ò Chance/Rossman, 2026 ISCAM IV Investigation 1.18 

 
107 

Investigation 1.18: Women Senators 

 

Suppose that an alien lands on Earth, notices different sexes among humans, and sets out to estimate the 

proportion of humans that identify as women. Fortunately, the alien had a good statistics course on its 

home planet, so it knows to take a sample of human beings and produce a confidence interval. Suppose 

that the alien happened upon the members of the 2026 U.S. Senate as its sample of human beings, so the 

alien finds 26 women in its sample. 

(a) Use this sample information to form a 95% confidence interval for the actual proportion of all 

humans who are female. 

 

 

 

 

 

(b) Is this confidence interval a reasonable estimate of the actual proportion of all humans who are 

female? 

 

 

(c) Explain why the confidence interval procedure fails to produce an accurate estimate of the 

population parameter in this situation. 

 

 

 

 

 

 

 

(d) It clearly does not make sense to use the confidence interval in (a) to estimate the proportion of 

women on Earth or even the U.S., but does the interval make sense for estimating the proportion of 

women in the 2026 U.S. Senate? Explain your answer. 

 

 

 

 

 

Discussion: 

¶ First, statistical tests and confidence intervals do not compensate for the problems of a biased 

sampling procedure. If the sample is collected from the population in a biased manner, the ensuing 

confidence interval will be a biased, and potentially misleading, estimate of the population parameter 

of interest.

¶ A second important point to remember is that confidence intervals and significance tests use sample 

statistics to estimate population or process parameters. When the data at hand constitute the entire 

population of interest (i.e., you have a census), then constructing a confidence interval from these 

data is meaningless. In this case, you know precisely that the proportion of women in the population 

of the 2026 U.S. Senators is 0.26 (exactly! no margin-of-error!), so it is senseless to construct a 

confidence interval from these data.  
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Example 1.1: Predicting Elections from Faces? 

Try these questions yourself before you use the solutions following to check your answers. 

 

Do voters make judgments about a political candidate based on his/her facial appearance? Can you 

correctly predict the outcome of an election, more often than not, simply by choosing the candidate 

whose face is judged to be more competent looking? Researchers investigated this question in a study 

published in Science (Todorov, Mandisodza, Goren, and Hall, 2005). Participants were shown pictures 

of two candidates and asked who has the more competent looking face. Researchers then predicted the 

winner to be the candidate whose face was judged to look more competent by most of the participants. 

For the 32 U.S. Senate races in 2004, this method predicted the winner correctly in 23 of them. 

(a) In what proportion of the races did the ñcompetent faceò method predict the winner correctly? 

 

 

(b) Describe (in words) the null hypothesis to be investigated with this study. 

 

 

(c) Describe how you could (in principle) use a coin to produce a simulation analysis of whether these 

data provide strong evidence that the ñcompetent faceò method would correctly predict the election 

winner more than half the time. Include enough detail that someone else could implement the full 

analysis and draw a reasonable conclusion. 

 

 

 

 

 

 

(d) Use the One Proportion Inference applet to conduct a simulation (using 10,000 samples) addressing 

the question of whether the researchersô results provide strong evidence in support of the researchersô 

conjecture that the ñcompetent faceò method would correctly predict the election winner more than half 

the time. Be sure to report (and indicate on the dotplot), the p-value from the simulation. 

 

 

 

(e) Write a paragraph, as if to the researchers, describing what your simulation analysis reveals about 

whether the data provide strong evidence in support of their conjecture. 

 

 

 

 

(f) These researchers also predicted the outcomes of 279 races for the U.S. House of Representatives in 

2004. The ñcompetent faceò method correctly predicted the winner in 189 of those races. Do you predict 

this p-value will be larger or smaller than in (d)? Explain your reasoning. 

 

 
 
 

https://pubmed.ncbi.nlm.nih.gov/15947187/
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Analysis 
(a) This method predicted the winner correctly in 23/32 å 0.719 of the races. 

(b) The null hypothesis is that the ñcompetent faceò method is no better than flipping a coin to predict 

the winner, so it would work in only 50% of all races in the long run. 

(c) You would flip a fair coin 32 times, once for each of the election races. Keep track of the number of 

heads, representing races for which the method correctly predicted the winner. Repeat simulating 32 

flips a large number of times. Determine the proportion of samples in which 23 or more coin tosses 

resulted in heads. If this proportion is very small, conclude that the competent face method really does 

predict the winner correctly more than half the time. 

 

(d) Here is a graph of the null distribution of 10,000 simulated results under the null hypothesis: 

  
Based on these 10,000 samples, the approximate p-value is 104/10,000 = 0.0104. (Your approximate 

p-value will probably be different but close to this. The exact Binomial p-value equals 0.01.) 

 

(e) This analysis reveals that it would be quite surprising to correctly predict 23 or more of 32 election 

races if the ñcompetent faceò method were no better than flipping a coin. More specifically, such an 

extreme result would only occur about 1% of the time by random chance. So, the data provide fairly 

strong evidence in support of the researchersô conjecture that the ñcompetent faceò method works more 

than half the time. 

 

(f) The observed proportion of successes is now 189/279 å 0.677. This is not quite as extreme (far from 

0.5) as the first study, but the sample size is much larger. For this reason, you probably expect the p-

value to be even smaller. (Indeed, the p-value now dips below 0.001.)
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Example 1.2: Cola Discrimination 

Try these questions yourself before you use the solutions following to check your answers. 

 

A teacher doubted whether his students could distinguish between the tastes of different brands of cola, 

so he presented each of his 21 students with three cups. Two cups contained one brand of cola, and the 

third cup contained a different brand. Which cup contained which brand was randomly determined for 

each student. Each student was asked to identify which cup contained the cola that was different from 

the other two. It turned out that 12 of the students successfully identified the ñoddò cola.  

(a) Does this result provide strong evidence that these students do better than guessing in discriminating 

among the colas? Address this question with an appropriate test of significance, including a statement of 

the hypotheses and a p-value calculation or estimation. Be sure to clarify which procedure you used to 

determine the p-value and why. Summarize your conclusion, and explain the reasoning process by 

which it follows.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(b) Calculate a 95% confidence interval based on these sample data. Clearly define the parameter that 

this interval estimates, and interpret the interval. 

 

 

 

 

 

 

 

(c) Would this teacher be convinced that his students do better than guessing if he uses the 0.05 

significance level?  
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(d) Describe what Type I and Type II errors mean in this situation. Which type of error might you have 

made in (c)? 

 

 

 

 

 

 

 

 

 

 

(e) Suppose the students want to redo the study with 100 students. Would a normal approximation be 

valid in this case? Justify your answer. 

 

 

 

 

 

 

 

(f) Using the 0.05 significance level and a sample size of 100 students, calculate the power of the test 

when the underlying probability equals 0.5, and interpret your result.  

[Hint: Remember our two-step process: 1) Find the rejection region under the null hypothesis, now using 

the normal distribution; 2) Determine the probability of being in the rejection region under an alternative 

value of the parameter.] 

 

 

 

 

 

 

 

 

(g) If the underlying probability of identifying the odd soda equals 2/3, will the power calculated in (f) 

be larger or smaller in this case? Explain without performing any calculations. 

 

 

 

 

  

 

(h) If the teacher uses a 0.01 significance level (with an alternative probability of 0.50), will the power 

calculated in (f) be larger or smaller in this case? Explain without performing any calculations.  
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Analysis (a) We can define p to be the probability that these students correctly identify the odd soda. 

(In other words, if this group of students were to repeat this process under identical conditions 

indefinitely, p represents the long-term fraction that they would identify correctly.) The null hypothesis 

asserts that the students are just guessing, which means that their success probability is one-third (H0: p 

= 1/3). The alternative hypothesis is that students do better than guessing, which means that their success 

probability is greater than one-third (Ha: p > 1/3).  

 

Under the null hypothesis that the students are just guessing among the three cups, X (the number of 

correct identifications) has a binomial distribution with parameters n = 21 and p = 1/3. The normal 

distribution would probably not be valid here as we do not satisfy the conditions: n × p = 21(1/3) = 7 < 

10. We could simulate observations from this Binomial process using the One Proportion Inference 

applet, and see how often we observe 12 or more correct identifications just by chance: 

 

 

  

 
  

 

Or we could calculate the exact Binomial probability, either with this applet or  

 
 
JMP (Distribution Calculator) 

  
Notice the normal approximation (using R) does not provide a great estimate of this p-value 
> iscamonepropztest( observed= 12, n=21, hyp= .3333, alternative ="greate r ")  
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One Proportion z test  

 

Data: observed successes = 12, sample size 

= 21, sample proportion = 0.5714  

 

Null hypothesis       : pi = 0.3333  

Alternative hypothesis: pi > 0.3333  

z- statistic: 2.31  

p- value: 0.01031  

 
 

But the normal approximation does improve with the continuity 

correction 
> iscambinomnorm( k=12, n=21, prob= .3333,  

direction ="abov e")  

 binomial: 0.02118  

 normal  approx : 0.01031  

 normal  approx  with continuity: 0.01860   

 

This p-value reveals that if the students were just guessing, thereôs only about a 2% probability of ñby 

chanceò getting 12 or more correct identifications among 21 trials. In other words, if we repeated this 

study over and over, and if students were just guessing each time, then a result at least this favorable 

would occur in only about 2% of the studies. Because this probability is quite small, we have fairly 

strong evidence that these studentsô process in fact is better than guessing in discriminating among the 

colas (i.e., that p > 1/3). Because the sodas were randomly placed in the cups and (presumably) the 

teacher kept other variables (e.g., temperature, age) constant, this study attempted to isolate the taste and 

appearance of the sodas as the sole reasons for their selection. 

 

(b) If we calculate the default binomial interval we find (e.g., in R): 
> isc ambinomtest(12, 21, conf.level= 95)  

 

95 % Confidence interval for pi: ( 0.34021 , 0.7818 )  

 

So we are 95% confident that the underlying probability of a correct identification for these students is 

between 0.340 and 0.782. 

(c) Yes, the p-value is less than 0.05, so with that significance level, the teacher would be convinced that 

his students do better than guessing in discriminating among the colas. Notice also that 1/3 is not 

captured in the 95% confidence interval. 

(d) A Type I error would mean that these students are actually just guessing, but we erroneously 

conclude that they do better than guessing. A Type II error would mean that the students are not just 

guessing, but we do not consider the evidence strong enough to conclude that. With this small p-value 

we might have made a Type I error, but it would be impossible for us to have made a Type II error. 

(e) Now the normal approximation should be valid. If we assume p = 1/3, then np = 100(1/3) º 33.3 > 

10 and n(1 - p) = 100(2/3) º 66.7 > 10. (If p is larger than 1/3 as we suggested above, this 

approximation is even more valid.) 
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(f) If we want to test H0: p = 1/3 vs. Ha: p > 1/3 for a sample size of 

n = 100, then the rejection region will be the values of ὴǶ so that  

P(ὴǶ > cut-off) Ò 0.05 when p = 1/3. Because we are comfortable 

using the normal approximation with this sample size, we can use 

the Theory-Based Inference applet to find this cut-off (enter the 

hypothesized value, the direction of the alternative, the sample size, 

then change the count input until the p-value dips below 0.05). 

 

This says a ὴǶ of 0.420 or larger would lead us to reject this null 

hypothesis that p = 0.333 at the 5% level of significance. 

 

  
So now we need to find the probability P(ὴǶ ² 0.420) 

when the underlying process probability is actually 0.5. 

When p = 0.5, we have an approximately normal 

distribution with mean equal to 0.5 and standard 

deviation equal to ȢυȢυȾρππ = 0.05. Using the TBI 

applet, we can enter 0.5 as the hypothesized probability 

and 0.420 as the observed sample proportion with a > 

alternative. This gives us an approximate power of 

0.9452.  

 

Thus, the probability of rejecting H0: p = 1/3 when n = 

100 and p is actually 0.5 equals 0.9452. Therefore, in 

about 95% of samples from a process with p = 0.5 we 

will correctly reject that p = 1/3. 

 
  

 

Showing these curves on the same graph:  

 

Power is the proportion 

of the green area that 

lies to the right of the 

blue line. 
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(g) If the underlying process probability is even larger at 

p = 2/3, this will shift the alternative distribution to the 

right and even more of the distribution will lie in the 

rejection region. Our power will increase as it will be 

even easier for us to obtain a sample that will convince 

us that the hypothesized value of 1/3 is incorrect. 

 

  

 

 

 

 

(h) If the level of significance is lowered from 

0.05 to 0.01, this will move the red line to the 

right. We will need a larger sample proportion 

to convince us and this will slightly reduce our 

power (less than 0.90). 
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Example 1.3: Seat Belt Usage 

Try these questions yourself before you use the solutions following to check your answers. 

 

Every year since 1983 the Harris Poll has measured and reported the key lifestyle characteristics and 

behaviors which are known to have a major impact on health, disease, injury and life expectancy. In 

2011, the survey was conducted for the first time using both telephone interviews and online interviews 

for those who have no landlines or who mainly use cell phones (cell phone only and cell phone mostly 

adults). In this ñnationwide cross sectionò of 1,987 adults, interviewed between April 11-18, 2011, 91% 

of adults claimed to always wear seat belts when they are in the front seat of a car.  

(a) Identify the observational units and population of interest. 

 

 

 

(b) Define the relevant population parameter in words. 

 

 

 

 

(c) Use this sample data to construct a 95% confidence interval for the population parameter using two 

different methods. Compare the results of your methods. 

 

 

 

 

 

 

(d) Explain what is meant by the phrase ñ95% confidenceò for these procedures. 

 

 

 

 

 

 

 

(e) Suggest a reason we might be skeptical that this confidence interval captures the proportion of adults 

who use a seat belt while in the front seat of a car.  

 

 

 

 

 

 

(f) Suggest some ways to guard against non-sampling errors in this study. That is, how might you collect 

the data to get a more accurate estimate of the proportion of drivers that actually use a seat belt. 
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Analysis 
(a) The observational units are U.S. adults and the population consists of all U.S. adults (in 2011). 

(b) The parameter of interest is the proportion of all U.S. adults that (claim to) always wear a seat belt 

when they are in the front seat of a car. 

(c) We can use several methods because the population (all adults) is much larger than 20 × 1987 = 

39,740.  

(X = 0.91 × 1987 º 1808) 

TBI applet (One proportion) 
Wald interval  

Valid because 1808 and 179 > 10. 

Plus Four (with 1810 and 181) 

  

 

  
JMP 
Exact binomial (Journal File, with Summary Stats) 
 

Wald interval (Journal File) 
 

Plus Four (with 1810 and 181) 

  

   

 

  
The intervals are very similar to each other as we would expect with the large sample size, though the 

binomial interval is a bit wider than the others. 

These intervals tell us that we are 95% confident that between 90% and 92% of all U.S. adult drivers 

(claim to) always wear their seat belt. We are willing to generalize this result to all adult Americans 

because Harris conducted a nationwide poll, presumably using some random selecting techniques. 

(d) If Harris Poll was to repeatedly take random samples of 1,987 adults and calculate a confidence 

interval for each one, then over thousands and thousands of such samples, weôd expect roughly 95% of 

the intervals to capture the actual value of the population proportion that (claim to) wear a seat belt. 

(e) This is a bit of a loaded question, with a clear expectation for appropriate behavior. People may 

overestimate their usage, either to not admit to breaking the law or due to faulty memory. We should be 

somewhat skeptical of such self-reported responses. 

(f) The researchers could observe drivers rather than only asking drivers. In fact, a 2001 study of 612 

drivers coming to a convenience store in El Paso, Texas found 61.5% of the drivers actually wearing a 

seat belt. But when asked whether they always wear their seat belt, 75% of these same drivers said yes. 

Researchers also worry about the tone used in asking questions and making sure every interviewer uses 

exactly the same language and demeanor when conducting a phone poll. In surveys with many 

questions, researchers will also rotate the order of questions to different respondents. Respondents can 

also be asked about related behaviors or past efforts (e.g., ñdid you vote last yearò instead of ñdo you 

plan to voteò). 
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CHAPTER 1 SUMMARY 
 

In this chapter, you have focused on making inferences based on a representative sample from a random 

process that can be repeated indefinitely under identical conditions or from a finite population, for a 

single binary variable. You have learned how to model the chance variation in the binary outcomes that 

arise from such a sampling process.  

¶ You utilized simulation as a powerful tool for assessing the behavior of the outcomes and 

estimating the likelihood of different results for the sample proportion. In particular, you saw you 

could estimate the p-value of a test to measure how unlikely we are to get a sample proportion at 

least as extreme as what was observed under certain conjectures (the null hypothesis) about the 

process or population from which the sample was drawn.  

¶ Then you used the binomial distribution to calculate one-sided and two-sided p-values exactly.  

¶ As a third alternative for estimating p-values and confidence intervals, you considered the 

normal approximation to the binomial distribution (the Central Limit Theorem for a sample 

proportion). In this case, we also found z-score values (test statistics). These are informative in 

accompanying p-value calculations to provide another assessment of how unusual an observation 

is. We often flag an observation as surprising or unusual if the |z-score| value exceeds 2. 

In each case, when the p-value is small, we have evidence that the observed result did not happen solely 

due to the random chance inherent in the sampling process (a ñstatistically significant resultò). The 

smaller the p-value, the stronger the evidence against the null hypothesis.  

 

Still, we must keep in mind that we are merely measuring the strength of evidence - we may be making 

a mistake whenever we decide whether or not to reject a null hypothesis. If we decide the observed 

result did not happen by chance and so reject the null hypothesis, there is still a small probability that the 

null hypothesis is true and that the observed result did occur by chance (the probability of committing a 

Type I error). If we decide the result did happen by chance, there is still a probability that something 

other than random chance was involved (a Type II error). It is important to consider the probabilities of 

these errors when completing your assessment of a study. In particular, the sample size of the study can 

influence the probability of a Type II error and the related idea of power, which is the probability of 

correctly rejecting a null hypothesis when it is false. 

 

You began your study of confidence intervals as specifying an interval of plausible values for the 

process probability based on what you observed in the sample. These were the hypothesized parameter 

values that generated two-sided p-values above the level of significance a. In other words, they were the 

parameter values for which your sample result would not be surprising. When the sample size is large 

(large enough for the normal approximation to be valid), we saw that these confidence intervals have a 

very convenient form: statistic  margin-of-error where margin-of-error = critical value × standard 

error of statistic. The critical value is the number of standard errors you want to use corresponding to a 

specified confidence level. Keep in mind that the level of confidence provides a measure of how reliable 

the procedure will be in the long-run (which can vary by procedure and sample conditions). 

 

Finally, you saw that this reasoning process holds equally well when the sampling is from a finite 

population, where the randomness in our model comes from the selection of the observational units, not 

from the observational unitsô individual outcomes. In which case, use of random sampling allows us to 

believe that our sample is representative of (has similar characteristics as) the larger population. [But 

still be on the look out for possible non-sampling errors (e.g., wording of a question).] Use of simple 
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random samples also allows us to estimate the sample-to-sample variation in our statistic. Technically 

we should use the hypergeometric distribution to model the behavior of the statistic. But if the 

population is large compared to the size of the sample (e.g., more than 20 times larger), then we can still 

use the binomial distribution; and if the sample size is also large we can use normal-based methods to 

determine p-values and confidence intervals (as well as power and sample size calculations). The 

interpretation of the p-value is essentially the same but now applies to the randomness inherent in the 

sampling process. Also keep in mind that the confidence interval aims to capture the proportion of the 

population having the characteristic of interest (which is equivalent to the probability of selecting one 

individual from the population with that characteristic when the population is large). 

 

SUMMARY OF WHAT YOU HAVE LEARNED IN THIS CHAPTER 
¶ The reasoning process of statistical inference 

¶ The terms parameter to describe a numerical characteristic of a population or process and statistic to 

describe a numerical characteristic of a sample 

¶ The symbol p to represent the probability of success for a process or the population proportion and 

pĔto represent a sample proportion of successes 

¶ The fundamental notion of sampling variability and how to simulate empirical sampling (null) 

distributions ñby handò (e.g., using cards) and using technology (e.g., with an applet) 

¶ How to estimate and interpret a p-value  

¶ How to use technology to calculate binomial probabilities, as well as exact p-values and confidence 

intervals (see Example 1.1) 

¶ When and how to apply the Central Limit Theorem for a sample proportion to approximate the 

binomial distribution (for the values of n and p) with a normal distribution (and how to determine 

the mean and standard deviation of this distribution) 

¶ How to use the technology to estimate p-values and confidence intervals using the normal 

approximation to the binomial distribution 

¶ The formal structure of a test of significance about a process/population parameter (define the 

parameter, state null and alternative hypotheses, determine which probability model to use, calculate 

the p-value as specified by the alternative hypothesis under the assumption that the null hypothesis is 

true, decide to reject or fail to reject the null hypothesis for the stated level of significance, and state 

the conclusion in context)  

¶ How to calculate and interpret z-scores 

¶ What factors affect the size of the p-value 

¶ Type I and Type II errors, Power: what they mean, how their probabilities are determined, and how 

they are affected by sample size and each other 

o Either through Binomial or Normal calculations (see Example 1.2) 

¶ The idea of a confidence interval as the set of plausible values of the parameter that could have 

reasonably led to the sample result that was observed 

¶ How to interpret the ñconfidence levelò of an interval procedure 

¶ What factors affect the width, midpoint, and coverage rate (How often the interval procedure 

captures the parameter in the long run) of a confidence interval procedure 

¶ The logic and trade-offs behind different confidence interval procedures 

¶ The distinction between statistical and practical significance and how we assess each 
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¶ Biased sampling methods systematically over-estimate or under-estimate the parameter; the 

sampling distribution of a statistic from an unbiased sampling method will center at the value of the 

parameter of interest 

¶ Random sampling eliminates sampling bias and allows us to use results from our sample to represent 

the population 

¶ Ways to try to avoid non-sampling errors in a sample survey (see Investigation 1.15; Example 1.3) 

 
TECHNOLOGY SUMMARY 
¶ You used applets to explore sampling distributions.  

Å The ñOne Proportion Inferenceò applet allowed you to explore properties of the binomial 
distribution. This applet provides both empirical and exact binomial probability calculations. 

This is similar to what you can do with the ñReeseôs Piecesò applet. 

Å The ñPower Simulationò applet allowed you to compare the distribution under the null 

hypothesis to the distribution under an alternative hypothesis and consider the probabilities 

of Type I and Type II errors and how they are controlled.  

Å The ñSimulating Confidence Intervalsò applet allowed you to compare the coverage rates of 

the Wald, Plus Four/Adjusted Wald, Blaker, and Score intervals  

¶ You used applets to perform normal probability calculations 

Å  The ñNormal Probability Calculatorò applet allowed you to sketch, label, and find areas 
under a normal curve 

Å  The ñTheory-Based Inferenceò applet allowed you to carry out a test of significance for a 

process probability and to find a two-sided confidence interval using the normal 

approximation to the binomial. 
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Chapter 1 Appendixς- Stratified Random Sampling 
Another way to reduce variability without taking larger samples is to take even more care in our 

sampling. For example, a stratified sampling method splits the population into homogenous groups first, 

and then samples a preset proportion from each subgroup. In the Gettysburg Address example, if we 

suspect nouns tend to be longer than non-nouns but worry that with only 16% nouns in the population 

we could easily end up with a sample without nouns, we can force the sample to contain 3 nouns and 17 

non-nouns. This method will again be unbiased and if we stratify on a useful variable, we should find 

even less random sampling variability. Below we see in this case that in stratified random samples of 

size 20, there is a little bit less variability in the distribution of sample means (though not much here). 

 

 Simple random samples (n = 20)   Stratified samples (3 nouns, 17 non-nouns) 

 
2.9The histogram on the left is a population of almost 300 birth weights (in thousands of grams) where 

about 90% were full term.  The histogram in the middle shows the average birth weights for 10,000 

random samples of 100 births from this population. The histogram on the right is 10,000 stratified 

random samples (every sample 900 full term babies and 10 premature babies). Which is unbiased? 

Which has the least variability? 
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Quick Reference to JMP Commands 

 

Procedure Desired Menu 
Tallying outcomes Analyze > Tabulate 

Create a Bar Graph using raw or summarized data  Analyze > Tabulate > Show Chart  
or Graph > Graph Builder or Analyze > Distribution 

Calculate Binomial probabilities and quantiles  Distribution Calculator (ISCAM Journal file) 

Carry out an exact binomial test Analyze > Distribution, Test Probabilities (one-sided) 
Journal file: Confidence Interval for One Proportion 
(Summary Stats) 

Calculate Normal probabilities and quantiles  Distribution Calculator (ISCAM Journal file) 

One proportion z procedures Journal file: Hypothesis Test for One Proportion 
Journal file: Confidence Interval for One Proportion 

Calculate Hypergeometric probabilities Distribution Calculator (ISCAM Journal file) 

 

Choice of Procedures for Analyzing One Proportion 
 
Study design One binary variable, constant probability of success, independence  

Parameter p = probability of success  p = population proportion 

Null Hypothesis H0: p = p0 

Simulation Random sample from binomial process Random sample from a finite population 

Exact 

distribution  
Binomial distribution (n, p0) 

E(ὴǶ) = “  

SD(ὴǶ) = “ρ “Ⱦὲ 

Hypergeometric (N, M, n) 

E(ὴǶ) = M / N 

SD(ὴǶ) =    
 

   

JMP Analyze > Distribution; Test 
probabilities (one-sided p-values) 

Formula > Discrete Probability > 
Hypergeometric Distribution 

 

Can use z 

procedures if 

At least 10 successes and 10 failures Population size > 20n; At least 10 

successes and 10 failures 

Standardized 

statistic 
  ᾀ

Ⱦ
 

JMP ISCAM Journal File > Hypothesis Test for One Proportion (raw or summary) 
Confidence 

interval  
¶ Exact Binomial confidence interval (all plausible values for “ with two-sided p-

value larger than 0.05 (95% confidence)) 

¶ Wald: ὴǶ + 
n

pp
z

)Ĕ1(Ĕ
*

-
 

¶ Adjusted Wald: ὴ ᾀᶻ ὴρ ὴȾὲ  

where ὴ= (X + 0.5z*2)/(n + z*2) and n~  = n + z*2 

(For 95% confidence, add two successes and two failures.) 
 

  

JMP ISCAM Journal  File > Confidence Interval for One Proportion 
TBI Applet  One proportion scenario 
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CHAPTER 2: ANALYZING QUANTITATIVE DATA  

 

This chapter parallels the previous one in many ways. The difference here is that these investigations 

will involve a quantitative variable rather than a categorical one. This requires us to learn different tools 

for graphing and summarizing our data, as well as for statistical inference. In the end, you will find that 

the basic concepts and principles that you learned in Chapter 1 still apply.  

 

Section 1: Descriptive Statistics 

Investigation 2.1: Birth weights ï Normal model, Assessing model fit  

Investigation 2.2: How long can you stand it? ï Skewed data  

Investigation 2.3: Cancer pamphlets ï Application 

 

Section 2: Inference for Mean 

Investigation 2.4: The Ethan Allen ï Sampling distributions for ὼӶ 
Investigation 2.5: What is a healthy body temperature? ï One-sample t-procedures 

Probability Detour: Studentôs t Distribution 

Investigation 2.6: Healthy body temperatures (cont.) ï Prediction intervals 

 

Section 3: Inference for Other Statistics (optional) 

Investigation 2.7: Water oxygen levels ï Sign test 

Investigation 2.8: Turbidity ï t-procedures with transformed data  

Investigation 2.9: Heroin treatment times ï Bootstrapping  

   

Example 2.1: Pushing On ï One-sample t-procedures 

Example 2.2: Distracted Driving? ï Sign test 

 

Chapter 2 Summary  
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SECTION 1: DESCRIPTIVE STATISTICS  

 
In this section, we will begin our exploration of numerical and graphical summaries when the variable is 
quantitative. You will learn a new set of tools, but keep in mind that the overall goal is to informatively 

summarize the data and to let the data tell their story.  
 

Investigation 2.1: Birth W eights 

 

The CDCôs Vital Statistics Online Data Portal allows you to download birth records for all births in the 

U.S. in a particular year.   

¶ Open this website and follow the Downloadable Data Files link for Birth. How large is the zip 

file for the U.S. data in 2024? 

¶ Open the Userôs Guide for 2024. How many births were recorded for the U.S. in 2024? 

¶ According to this documentation file, how many total ñpositionsò are there in the data file? What 
information is in the first 8 positions? What information is in the next 4 positions? How would 

you determine the birth month? 

 

Discussion: If you were to download this file, it could take a minute. You would then need to unzip the 

file, which is then 5GB. This can be problematic to work with, especially if you were most interested in 

just a few of the variables. It can also be cumbersome to deal with all of the rows, especially if you just 

want to see general patterns. Most packages can now work with datafiles this large, but we are still 

pushing the limit a bit. JMP and R take a couple minutes to read in the data, and each row is still a single 

string (not separated into columns or tabs). One approach is to preprocess the data a bit before loading 

into the software package. Using a program like ñawkò you can read in the data from specific positions 

(e.g., just the birth weights) or in R use read.fwf. Then a comma or tab delimited file would be much 

easier for the software to handle. Guide for recreating the 2023 datafile. 

 

The file USbirthsJan2024.txt contains information on the 297,798 births in January 2024, including birth 

weight (in grams), whether the baby was full term (gestation over 36 weeks), the 5 minute apgar score 

(an immediate measure of the infantôs health), and the amount of weight gained by the mother during 

pregnancy (in lbs). The goal of this investigation is to build a model of how birth weights can be 

expected to behave in the future. In particular, we will ask questions such as: Can we use that model to 

make predictions about certain kinds of birth weights? How reliable will our estimates be? 

(a) Are these data likely to be representative of birth weights for all 3,638,436 U.S. births in 2024? 

Explain. 

 

 

 

(b) Is the variable birthweight quantitative or categorical? 

 

 

Our next step is to look at the data! As in Chapter 1, we will want to consider which graphical and 

numerical summaries reveal the most information about the distribution. 

 

Accessing quantitative data: See the Technology Detour after Investigation 1.1 for instructions on 

how to load data into your software. You may be able to copy and paste from the webpage (but not if 

http://www.cdc.gov/nchs/data_access/Vitalstatsonline.htm
https://www.rossmanchance.com/iscam4/in/CDCBirths.html
http://www.rossmanchance.com/iscam4/data/USbirthsJan2024.txt
http://en.wikipedia.org/wiki/Apgar_score


Ò Chance/Rossman, 2026 ISCAM IV Investigation 2.1 

 
125 

too large), or download the file to your computer and open as tab delimited. Remember to search the 

help menus for more information if you have more complicated data files in the future.  

JMP Notes: Remember to paste in the column names (e.g., hold down the shift key) when using ctrl-V. 

Also make sure you donôt end up with an extra row. For this data set, we recommend you save the file 

and use File > Open and use the pull-down menu to specify the .txt format. 

 

Check that you have 297,798 rows of data. Now use technology to create a dotplot of the birth weights. 

 

Technology Detour ς Dotplots 
 

In JMP  

¶ Select Graph > Graph Builder  

¶ Drag the birthweight variable from the list on the left to the X 

label.  

¶ Select the far left graph type that is only dots. 

¶ Use the pull-down menu to change the Jitter  style to Positive 

Grid.   

 

 

 

 

A dotplot shows each numerical value individually (and is best with smaller datasets), some packages 

may actually ñbinò the values if the data set is large. If the dataset includes many distinct (non-repeated) 

values, this can make it more difficult to see the ñclumpingò in the data. 

 

(c) Describe what you see. 

 

 

 

 

Discussion: The observations at 9999 donôt seem to belong. The User Guide or ñcodebookò for these 

data states that the largest birth weight is 8165 grams and for other variables it lists 99, 999, or 9999 as 

values for ñnot statedò or unknown. 

 
You could convert these observations to the missing value designator in your software (e.g., ¶ in JMP 

and NaN in R) or you can create a new data set that does not include those rows (subsetting the data). 

 

Technology Detour ς Subsetting the Data 
 

In JMP 

¶ Use the Rows menu to select Row Selection > Select 

Where 
¶ Specify you want to select the rows where birth 

weight equals 9999 
¶ Press OK . 
¶ Then select Rows > Hide and Exclude 

 

 

 

 

https://ftp.cdc.gov/pub/Health_Statistics/NCHS/Dataset_Documentation/DVS/natality/UserGuide2023.pdf
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(d) Recreate the dotplot with the subsetted data and describe what you see.  

 

 

 

 

It may still be difficult to see much in the dotplot with such a large data set, especially if there are many 

distinct (non-repeated) values. One solution is to ñbinò the observations. Some software packages (e.g., 

Minitab) will do that automatically even with a dotplot. Another approach is to use a different type of 

graph, a histogram, that groups the data into intervals of equal width (e.g., 1000-2000, 2000-3000, é) 

and then construct a bar for each interval with the height of the bar representing the number or 

proportion of observations in that interval. Notice these bars will be touching, unlike in a bar graph, to 

represent the continuous rather than categorical nature of the data.  

 

Technology Detour ς Histograms 
In JMP 

¶ Choose Analyze > Distribution 

¶ Drag birth weight to the Y, Columns box (or 

click on it and press the button)  

¶ Click OK .  

¶ Use the hot spot and choose Histogram Options > Vertical (to unselect). 

¶ Right click on one of the values and select Add Axis Label and enter the variable description.  

¶ See File > Preferences to change some of the default settings 

 

(e) Create a histogram for the subsetted data (births2) and compare the information revealed by the 

dotplots and the histograms. Do you feel one display is more effective at displaying information about 

birth weights than the other? Explain. 

 

 

 

 

 

 

 

Discussion: In describing the distribution of quantitative data, there are three main features: 

¶ Shape: What is the pattern to the distribution? Is it symmetric or skewed? Is it unimodal or is there 

more than one main peak/cluster? Are there any individual observations that stand out/donôt follow 

the overall pattern? If so, investigate these ñoutliersò and see whether you can explain why they are 

there. 

Symmetric Skewed to the Right Skewed to the Left 

 
 

   

http://www.rossmanchance.com/iscam3/glossary.html#histogram
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¶ Center: Where is the distribution centered or clustered? What are typical values? 

¶ Variability: How spread out is the distribution? How far do the observations tend to fall from the 

middle of the distribution? What is the overall range (max ï min) of the distribution? 

It is also very important to note any observations that do not follow the overall pattern (e.g., ñoutliersò) 

as they may reveal errors in the data or other important features to pay attention to. 

 

(f) How would you characterize the shape, center, and variability of these birthweights? (Remember to 

put your comments in context, e.g., ñThe distribution of January birthweights in 2024 was éò) 

 

 

 

 

(g) You may have noticed a few more lower weight babies than we might have expected (if we assume a 

ñrandomò biological characteristic will be fairly symmetric and bell-shaped). Can you suggest an 

explanation for the excess of lower birth weights seen in this distribution? 

 

 

 

(h) Now, further subset the births2 data based on whether or not the pregnancy lasted at least 37 weeks 

(i.e., OEG == 2). [R Hints: Edit the previous command, using births2 (two places). Use ñ=  =ò for an 

equality comparison.] How many observations do you end up with?  

 

 

(i) After this step do we have a more symmetric distribution? What is a downside to subsetting the 

dataset in this way? 

 

 

Letôs use this as our final dataset and use technology to calculate some helpful numerical summaries of 

the distribution, namely ones that describe the center (e.g., mean, median), variability (e.g., standard 

deviation), and skewness. The  ñskewness statisticò involves ɫ ώ ώȾί , so positive values indicate 

a distribution that is skewed right, negative values indicate a distribution that is skewed left, and values 

near zero indicate a symmetric distribution. 

 

Technology Detour ς Numerical Summaries 
 

In JMP 

¶ See the Analyze > Distribution output from creating the histogram and/or Analyze > Tabulate. 

 

(j) Determine and interpret the mean, standard deviation, and skewness of these data.  

 

 

  

 

(k) How would the mean and standard deviation values compare if we had not removed the 9999 and 

low birthweight values? 

 

http://www.rossmanchance.com/iscam3/glossary.html#skewnessStat
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Fitting a Model 
Recall from Chapter 1 the normal probability distribution has some very nice properties and allows us to 

predict the behavior of our variable. For example, we might want to assume birth weights follow a 

normal distribution and estimate how often a baby will be of low birth weight (under 2500 grams 

according to the International Statistical Classification of Diseases, 10th revision, World Health 

Organization, 2011) based on these data. 

 

(l) Do these birth weight data appear to behave like a normal distribution? How are you deciding? 

 

 

 

Many software programs will allow you to overlay a theoretical normal distribution to see how well it 

matches your data, using the mean and standard deviation from the observed data. 

 

(m) Add an overlay of a normal model on the distribution of birthweight data and comment on how well 

the model fits the data. (First create the histogram as above.) 

¶ In JMP 
Use the hot spot and select Continuous Fit > Normal. 

Discuss any deviations from the pattern of a normal distribution. 

 

 

 

Another method for comparing your data to a theoretical normal distribution is to see whether certain 

properties of a normal distribution hold true. In Chapter 1, you learned that 95% of observations in a 

normal distribution should fall within two standard deviations of the mean.  

 

(n) Calculate the percentage of the birthweights that fall within 2 standard deviations of the mean by 

creating a Boolean (true/false) variable: 

¶ In JMP 
Calculate (by hand) the mean + 2SD limits (e.g., 2415 and 4258). 

In the data window, double click on an empty column to activate it and name it ñwithin2sdò 

Right click on the column name and select Formula 

From Functions (grouped) select Conditional. Enter conditions for  

birth weight  < 4258  & birth weight  > 2415 to equal 1, 0 otherwise.  

Then use Analyze > Distribution on this column and report the mean, the proportion of ones. 

 

(o) How well does this percentage match to what would be predicted if the data were behaving like a 

normal distribution? 

 

 

 

Another way to assess the ñfitò of a probability model to the data is with a probability plot (aka quantile 

plot). Probability plots work roughly like this: The computer determines how many observations are in 

the data set, and then reports the z-scores it would expect for the 1/nth percentiles (also called quantiles) 

for the probability model. The plot compares these z-scores to the observed data; if the z-scores ñline upò 

with the observed data, then the probability plot supports that the data are behaving like the candidate 
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distribution. The theory is that whether or not the observations follow a line can be easier to judge than 

whether a histogram follows a curve. 

  

(p) Use technology to create a normal probability plot for the subsetted birth weight data.  

¶ In JMP 
In the Distributions window, Use the hot spot to select Normal Quantile Plot.  

Do the observations deviate much from a line? If so how? [Hints: What does this suggest about how the 

birth weight data values differ from what we would predict for a normal distribution (e.g., smallest 

values are smaller than expected or larger than expected)? Is this consistent with what you saw in the 

histogram?] 

 

 

 

Discussion: Some software packages report a p-value with the normal probability plot. The null 

hypothesis here is that the data do follow a normal distribution, so if you fail to reject this null 

hypothesis you can say that the data do not provide strong evidence that they do not arise from a 

normally distributed population. (But keep in mind that large sample sizes will drive the p-value down, 

regardless of the actual shape of the population.) There are several different types of significance tests 

for normality, but in this text, we will focus on the visual judgement of whether the probability plot 

appears to follow a straight line.  

 

Suppose we were willing to assume that in general birth weights are approximately normally distributed 

with mean 3339 grams and standard deviation 462 grams. We can use this model to make predictions, 

like how often a baby will be of low birth weight, defined as 2500 grams or less. 

 

(q) Use technology (e.g., Normal Probability Calculator applet) to calculate the normal distribution 

probability that a randomly selected baby will be of low birth weight. Include a well-labeled sketch with 

the shaded area of interest.  

 

 

 

 

 

 

 

(r) Now examine the births3 data: What percentage of the birth weights in this data set were at most 

2500 grams? [Hint: Create a Boolean variable?] How does this compare to the prediction in (q)? Does 

this surprise you? Explain.  

  

https://www.rossmanchance.com/applets/2021/normcalc/NormCalc.html
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Discussion: We can often use a theoretical model to predict how data will behave. However, it is often 

unclear whether the model we are using is appropriate. Sometimes we have to consider the context (e.g., 

biological characteristic) and presume a particular model. We can also use existing data to create a 

model, but we need to consider what population the data are representative of and how stable we think 

the data generating process is (e.g., not changing over time). In this case, a normal distribution predicts 

3.5% of babies will be of low birth weight (compared to 3.2% in the data file) and that about 5% of birth 

weights will be beyond two standard deviations from the mean (compared to 4.8% in the dataset). The  

model appears to be quite accurate (once we remove the non full term babies and missing values) and 

useful for other predictions. 
 
Practice Problem 2.1A 
The data in MLB_FCI_22.txt, compiled by Team Marketing Report, includes various costs for attending 

a Major League Baseball game in the 2022 season. The ñFan Cost Index" is defined as the price of a 

family of four to attend a game, assuming 4 adult average-price tickets, parking for one car, and the 

cheapest (at that park) price for two draft beers, four soft drinks, four hot dogs, and two caps. 

Note: Make sure the columns parse correctly (e.g., Data > Text to Columns in Excel?) and remove the 

last row before you start analyzing the data.  

(a) Create and include a dotplot and a histogram of the FCI values. Which graph do you prefer? Why? 

(b) Create and include a normal probability plot of the FCI values. What do you conclude from this 

graph? Explain your reasoning. 

(c) Create and include a dotplot of the FCIPctChange values which represent the percentage change in 

the FCI values from the previous year. Also report and summarize what you learn from the median.  

(d) The distribution of the FCIPctChange values shows a low visual outlier. Identify this team by name. 

What is special about this team? 

(e) Examine and include a stemplot of the cap prices. We see one team with an unusual value. Identify 

this team by name and suggest an explanation for its unusual cap price. [Hint: We are not talking about 

the largest or smallest value this time!] 

 

Practice Problem 2.1B 
The AnthemTimes2026.txt file has data on the length of the performance of the national anthem 

preceding the National Football Leagueôs Super Bowl for games from 1980 (Super Bowl 14) to 2026 

(Super Bowl 60). Note: There are two columns for times (the first is from a colleague of mine watching 

and timing each one, the second one is from sportsbettingdime). Using sbdTime: 

(a) Create and include a well-labeled dotplot of the performance lengths. Include an ñactive title.ò 

(b) Give a brief description, in context, of the distribution, as if to someone who canôt see your graph. 

(c) Create and include a modified boxplot of the performance lengths. Identify any outliers shown in the 

boxplot by name. 

(d) Report the mean, median, and standard deviation. Include measurement units.  

(e) Give one number to predict the performance length in the next Super Bowl. Also include some 

indication of how accurate you think your prediction will be. (Cite any external information/additional 

analysis that you use.) 

 

  

https://www.rossmanchance.com/chance/stat301W24/data/MLB_FCI_22.txt
https://mailchi.mp/teammarketing/2022-mlb-fan-cost-index
https://www.rossmanchance.com/iscam4/tech/stemplot.html
https://www.rossmanchance.com/iscam4/data/AnthemTimes2026.txt
https://www.sportsbettingdime.com/guides/resources/super-bowl-national-anthem-lengths-over-under-betting-results/
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Practice Problem 2.1C 
(a) Use statistical software to generate a random sample of 100 observations from a normal distribution 

with mean 2 and standard deviation 5. 

In JMP: In new worksheet, choose Columns > New Column. Under Initialize Data set the Number of 

rows to 100. Under Column Properties, select Formula. Then select Random > Random Normal and 

specify (2,5).  

Create a normal probability plot of the generated data. Do the data follow a straight line? 

(b) Repeat (a) for data that is skewed to the right. 

In JMP: Select Random > Random ChiSquare and enter 2 as the ñdfò 

How does the behavior of the probability plot change? How would you interpret this plot without 

looking at the histogram?
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Investigation 2.2: How Long Can You Stand It? 

 

Diekmann, Krassnig, and Lorenz (1996) conducted a field study to explore whether driver 

characteristics are related to an aggressive response (Thanks to Jeff Sklar for pointing us to this article). 

The study was conducted at a busy intersection in Munich, West Germany, on two afternoons (Sunday 

and Monday) in 1986. The experimenters sat in a Volkswagen Jetta (the ñblocking carò) and did not 

accelerate after the traffic light turned green, and timed how long before the driver of the blocked car 

reacted (either by honking or flashing headlights). The response time (in seconds) is our variable of 

interest. Some values were ñcensoredò in that the researcher stopped timing before the driver actually 

honked. This can happen if there is a time limit to the observation period and ñsuccessò has not been 

observed within that time period. 
(a) How long do you think you would wait before you honked? 

 

(b) The data can be found in honking.txt. Use technology to create a histogram and describe the 

behavior of the data ï shape, center, spread, outliers (suggest an explanation?). Then overlay a normal 

probability model. Do these data behave like a normal distribution? If not, how do they deviate from 

normality? Does the shape make sense in this context? Also examine a normal probability plot and 

discuss how deviations from the line correspond to the nonnormal shape you are observing. [Hint: Were 

the observed response times/quantiles placed on the vertical or the horizontal axis?] 

 

 

 

(c) Determine and compare the mean and median wait times. Which is larger? Why is it larger?  

Recall that the mean is the numerical average and the median has 50% of the observations on each side. 

 

 

 

 

Definition: A numerical summary (statistic) is said to be resistant when it is not strongly influenced 

by a change in one or two extreme data values.  

When data are skewed to the right/left, the mean will be pulled in the direction of the longer tail. 

 

When data are skewed, we might often prefer to report the median as a ñtypicalò value in the data set, 

rather than the mean because the mean is pulled in the direction of the longer tail. In addition, you might 

not want to cite the standard deviation as a measure of spread in a skewed distribution.  

 

Definition: Interquartile range (IQR) = upper quartile ï lower quartile 

The lower quartile is a value such that roughly one-fourth of all the observations fall below it; the 

upper quartile is a value such that roughly one-fourth of all the observations fall above it. The IQR 

then measures the width of the interval containing the middle 50% of the observations. 

 

(d) Use technology to compute the interquartile range [Hint: Run the descriptive statistics command and 

report the lower and upper quartiles and then subtract.] Write a one-sentence interpretation of this value. 

Would you consider the IQR a resistant measure of spread? Explain. 

 

https://pubmed.ncbi.nlm.nih.gov/9043205/
http://www.rossmanchance.com/iscam2/data/honking.txt
http://www.rossmanchance.com/iscam3/glossary.html#resistant
http://www.rossmanchance.com/iscam3/glossary.html#interquartile
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When the data are skewed, the median and interquartile range are often considered better numerical 

summaries of the center and variability of the distribution than the mean and standard deviation. When 

working with the median and interquartile range, we often report the five number summary which 

consists of the minimum, lower quartile, median, upper quartile, and maximum values. 

 

Definition : Another graph is based on the five-number summary, called a boxplot (invented by John 

Tukey in 1970). The box extends from the lower quartile to the upper quartile with a vertical line 

inside the box at the location of the median. Whiskers then typically extend to the min and max 

values.  

 

(e) Create a boxplot by hand for these data. Which display do you prefer, the boxplot or the histogram? 

Why? 

 

 

 

 

Although boxplots are a nice visual of the five-number summary, they can sometimes miss interesting 

features in a data set. In particular, shape can be more difficult to judge in a boxplot, and they usually 

donôt provide information about the size of a data set.  

 

Another application of the inter-quartile range is as a way to measure how far an observation is from the 

bulk of the distribution. 

 

Definition: A value is an outlier according to the 1.5IQR criterion if the value is larger than the upper 

quartile + 1.5 × box length or smaller than the lower quartile ï 1.5 × box length.  

Note: The box length = upper quartile ï lower quartile, is the interquartile range. 

A modified boxplot will display such outliers separately and then extend the whiskers to the most 

extreme non-outlier observation. 

 

(f) Use the following Technology Detour to create a ñmodifiedò boxplot for these data. Are there any 

outliers according to these criteria? 

 

 

 

Technology Detour ς Modified Boxplots 
 

In Descriptive Statistics applet  

¶ Paste in data. Check the Add Boxplot and then the Show outlier   boxes. 
 

In JMP 

¶ In the Distributions window, use the hot spot to select Outlier Boxplot . 

 
Modelling non-normal data 
These data are not well modelled by a normal distribution. So can we still make predictions? There are a 

couple of strategies. One would be to consider whether a rescaling or transformation of the data might 

create a more normal-looking distribution, allowing us to use the methods from Investigation 2.1. In this 

http://www.rossmanchance.com/iscam3/glossary.html#FNS
http://www.rossmanchance.com/iscam3/glossary.html#boxplot
http://www.rossmanchance.com/iscam3/glossary.html#outlier
http://www.rossmanchance.com/iscam3/glossary.html#interquartile
http://www.rossmanchance.com/iscam3/glossary.html#modifiedboxplot
http://www.rossmanchance.com/applets/Dotplot.html
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case, we need a transformation that will downsize the large values more than the small values. Log 

transformations are often very helpful in this regard. 

 

Definition : A data transformation applies a mathematical function to each value to re-express the data 

on an alternative scale. Data transformations can also make the data more closely modeled with a 

normal distribution, which could then satisfy the conditions of the Central Limit Theorem. 

 

(g) Create a new variable which is log(responsetime). (You can use either natural log or log base 10, 

but so we all do the same thing, letôs use natural log here, which is the default in most software when 

you say ñlog.ò) 

¶ In JMP 
Create a new column and edit the formula. Type or use your mouse to select Transcendental > 

Log to create Log( respon setime ) . Press OK. 

Create a histogram of these data and a normal probability plot. Does log(responsetime) approximately 

follow a normal distribution? What are the mean and standard deviation of this distribution?  

 

 

 

(h) Use a normal distribution with mean 1.29 ln-sec and standard deviation 0.53 ln-seconds for the 

logged response times and predict how often someone will honk within the first 2 seconds. [Hint: What 

are you going to use for the observation of interest?] 

 

 

 

(i) How does this prediction in (h) compare to the observed percentage honking within the first 2 

seconds in the data set? 

 

 

 

 

Another approach is to fit a different mathematical model to the original data:  

(j) Use technology to overlay an exponential probability model (often used to model wait times) to these 

data and/or create a probability plot using the exponential distribution as the reference distribution. 

¶ In JMP 
In the Distribution window, use the hot spot to select Continuous Fit > Exponential. 

Describe the behavior of the exponential distribution. Does it appear to be a reasonable fit for these 

data? Describe any deviations. 

 

 

 

 

(k) Use technology to calculate the probability of a wait time under 2 seconds using the exponential 

distribution with mean 4.25 sec 

¶ In JMP 

http://www.rossmanchance.com/iscam3/glossary.html#transform
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Using the Distribution Calculator, select the Exponential distribution. Specify a scale 

parameter of 1/4.25. Choose X <= Qa and enter 2 for Qa (we donôt need to worry about 

strict vs. non-strict inequalities here) 

 How does it compare to your estimate in (h) and the result in (i)? 

 

 

(l) Repeat (j) and (k) with a ñlognormalò distribution. 

¶ In JMP 
Scroll down the Distribution  list and choose the Lognormal distribution with location = 

1.292 and scale = 0.5238. 

Note: This is equivalent to fitting the normal distribution on the log-transformed data! 

 

 

 

 

Discussion: There are of course, many other probability models we could look into. One limitation of 

the exponential distribution is that it assumes the same value for the mean and the standard deviation, 

clearly not the case for these data. There are other more flexible distributions (e.g., Gamma and Weibull) 

that use two parameters to characterize the distribution rather than only one. 

 

(m) To what population are you willing to generalize these results? Explain. [Hint: Think about how the 

data were collected and what you learned about sampling methods in Chapter 1.] 

 

 

 

(n) If you were to continue to explore this research area/ data set, what would you be interested in 

investigating next? 

 

 

 

 

 

 

Study Conclusions  
In this study, we found that the amount of time a blocked driver waits before responding follows a 

skewed right distribution with a mean of 4.25 seconds and a median of 3.24 seconds, with a few 

drivers waiting more than 10 seconds. Although the dataset is small, we might consider using these 

data to build a mathematical model for these skewed data, either using a transformation or a 

probability model other than the normal distribution, to help predict future results (e.g., a wait time of 

less than 2 seconds). These researchers were actually interested in whether the ñsocial statusò of the 

blocked car was related to how long it took before people honked. They found that ñthe mean and 

median response times decreased monotonically with the status of car, except when the blocked car 

was very small.ò Similar results had been found in an earlier study by Doob and Gross in the United 

States (1968) which varied the status of the blocking car. However, neither study was replicated by a 

Swiss study (Jann, Suhner, & Marioni, 1995), perhaps due to cultural differences.  
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Practice Problem 2.2A 
A group of Cal Poly students (Sasscer, Mease, Tanenbaum, and Hansen, 2009) conducted the following 

study: volunteers were to say ñgo,ò and then to say ñstopò when they believed 30 seconds had passed. 

The researchers asked the participants to not count in their heads and recorded how much time had 

actually passed. The data are in 30seconds.txt. 
(a) Examine graphical and numerical summaries of these data. Describe the shape of the distribution. 

How do the mean and median compare? Is the skewness statistic positive or negative? What does this 

tell you about whether people tend to over or underestimate the length of 30 seconds? 

(b) Does a normal model seem appropriate here? 

(c) Does a log transformation succeed in creating a normal distribution? Explain how you might have 

predicted this answer based on the first graph you looked at in part (a). 

(d) To what population would you be willing to generalize these data? 

 

Practice Problem 2.2B 
Below are distribution fits for the honking data with a Weibull distribution and a Gamma distribution.  

Weibull  Gamma 

 
  

  
Which do you think indicates a better fit for these data? Explain how you are deciding.

  

http://www.rossmanchance.com/iscam3/data/30seconds.txt
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Investigation 2.3: Readability of Cancer Pamphlets 

 

Researchers in Philadelphia investigated whether pamphlets containing information for cancer patients 

are written at a level that the cancer patients can comprehend. They applied tests to measure the reading 

levels of 63 cancer patients and also the readability levels of 30 cancer pamphlets (based on such factors 

as sentence length and number of polysyllabic words). These numbers correspond to grade levels, but 

cancer patient reading levels below grade 3 and above grade 12 were not determined exactly. 

The following tables indicate the number of patients at each reading level and the number of pamphlets at 

each readability level: 

Patientôs reading level < 3 3 4 5 6 7 8 9 10 11 12 >12 

Count 6 4 4 3 3 2 6 5 4 7 2 17 

 

Pamphletôs readability level 6 7 8 9 10 11 12 13 14 15 16 

Count 3 3 8 4 1 1 4 2 1 2 1 

 

(a) How many of these patients had a 6th grade reading level? 

 

(b) Explain why the form of the data does not allow you to calculate the mean reading level of these 

cancer patients.  

 

 

 

 

(c) Determine the median reading level for these patients. [Hint: Consider the counts, and remember 

there are 63 patients.] 

 

 

 

(d) Determine the median readability level of these pamphlets. 

 

 

 

(e) How do these medians compare? Are the values fairly close? 

 

 

 

(f) Does the closeness of these medians indicate the pamphlets are well matched to the patientsô reading 

levels? Explain. [Hint: You may want to perform some additional explorations of these data.] How 

would you respond to these researchers? 

 

 

 

 

 



Ò Chance/Rossman, 2026 ISCAM IV Investigation 2.3 

 

138 

Discussion: Keep in mind when examining quantitative data, that you should start by constructing some 

simple graphs to explore the data. In fact, you should use technology to explore a couple of different 

graphs (e.g., change the bin width in a histogram) to help reveal hidden patterns and unusual 

observations. 

 

Study Conclusions  
When these researchers came to the statistical consultant, they wanted a p-value for comparing the 

mean reading level of the patients to the mean reading level of the pamphlets. You will learn about 

such a test in Chapter 4. However, the statistical consultant replied that not only couldnôt means be 

calculated, but that a simple look at the data revealed a substantial percentage of the patients with a 

reading level below that of the simplest pamphlet. This ñdescriptiveò analysis was sufficient, rather 

than looking for a more complicated ñinferentialò analysis involving p-values and confidence 

intervals.  

 

 

Practice Problem 2.3 
(a) If city officials wanted to estimate total tax revenue for a city (how much money people will pay in 

based on their incomes), would you rather know the mean income or the median income? Explain. 

(b) If you want to estimate the typical housing cost for a new city, would it be more helpful to know the 

mean housing cost or the median housing cost? Explain.  

(c) In the Cancer Pamphlet study, explain why a comparison of the centers of the distributions does not 

match the research question of interest.
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SECTION 2: INFERENCE FOR POPULATION MEAN  

 
In the previous section, you transitioned from categorical data to quantitative data. We started by 
looking at graphs and numerical characteristics of the distribution, and we found that looking at the 
variability of the distribution was often quite an important feature. With proportions, the sample 
proportion tells us everything about the shape, center, and variability of the sample distribution. But with 
quantitative data we will need to consider all three of these characteristics, as well as possible outliers 
and other unusual observations (e.g., clustering). But often, like in Chapter 1, we want to make 
inferences beyond our sample data to a larger population or process. For example, in Investigation 2.5, 
you will explore whether the average healthy body temperature appears to now differ from 98.6 based 
on results from a large sample of individuals. To do this, we need to explore whether sample statistics 
(like the mean or median) follow a predictable pattern. The reasoning will be very similar to what you 
saw with sample proportions but we will need to consider a new probability model to take into account 
that we will also be estimating the variability in our quantitative variable. 

 

Investigation 2.4: The Ethan Allen 

 

On October 2, 2005, the tour boat Ethan Allen capsized on Lake George in upstate New York. All 47 

passengers on board were thrown into the lake, and 20 of them drowned. Although there were some 

claims that a large wave had hit the boat, an investigation by New York State Police (2006) concluded 

that the boat had been overloaded. [Wikipedia] 

  

(a) The variable of interest in this study is weight of a passenger. For a sample of 47 passengers, make a 

conjecture as to the behavior of the distribution (shape, center, variability) of this variable. Include a 

well-labeled sketch of your conjecture below (e.g., represent ~ 47 dots or sketch an outline of the 

general pattern). Include a guess of the values of the sample mean ὼӶ and the sample standard deviation s. 

[Hint: Think about the size of a typical deviation from the mean, as well as the Empirical (95%) Rule.] 

 

 

 

 

 

 

(b) Data from the Centers for Disease Control and Prevention indicate that weights of American adults 

in 2005 had a mean of 167 pounds and a standard deviation of 35 pounds. (To convey that these are 

population values, we will use Greek letters to represent their values, ‘ = 167 and „ = 35.) Use this 

information to sketch a possible distribution of the weights of the population of adult Americans.  

 

 

 

 

 

 

 

 

 

 

https://en.wikipedia.org/wiki/Ethan_Allen_boating_accident
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Engineers estimated the maximum weight capacity of passengers that the Ethan Allen could 

accommodate to be 7500 pounds. If the tour boat company consistently accepted 47 passengers, what 

we want to know is the probability that the combined weight of the 47 passengers would exceed this 

capacity.  

 

(c) What are the observational units and variable for this research question? Is this variable quantitative 

or categorical? [Hint: Notice that the probability of interest does not pertain to individual passengers.] 

 

 

 

(d) Instead of focusing on the total weight of the 47 passengers, we can instead work with the average 

weight of the 47 passengers. Complete the following to indicate how these are equivalent: 

 

Total weight of passengers  > 7500 lbs      when  average weight of 47 passengers >    . 

 

So, to see how often the boat was sent out with too much weight, we need to know about the distribution 

of the average weight of 47 passengers from different boats (samples). Think about a distribution of 

sample mean weights from different random samples of 47 passengers, repeatedly selected from the 

population of adult Americans.  

 

(e) Where do you think the distribution of sample means will be centered? 

 

(f) Do you think the distribution of sample means would have more variability, less variability, or the 

same variability as the distribution of weights of individual people? Explain your answer.  

 

 

 

 

 

(g) Do you think the probability of having the average weight exceed 159.574 pounds is larger or 

smaller than the probability of the weight of any one passenger exceeding 159.574 pounds? 

 

 P(average weight > 159.574)    LARGER  SMALLER   EQUAL         P(weight > 159.574) 

 

To investigate this probability, we will generate random 

samples from a hypothetical population of adultsô weights. 

Open the WeightPopulations.txt data file and pretend each 

column is a different population of 20,000 adult tourists, each 

with a population mean weight (m) of 167 lbs and a 

population standard deviation („) of 35 lbs.  

¶ Copy the data to the clipboard and then open the Sampling 

from Finite Population applet: Press Clear, click inside 

the Paste population data box, and paste the data from 

the clipboard. Press Use Data.  

(h) Describe the shape, mean (m) and standard deviation  

   

http://www.rossmanchance.com/iscam3/data/WeightPopulations.txt
http://www.rossmanchance.com/applets/OneSample.html?showBoth=1
http://www.rossmanchance.com/applets/OneSample.html?showBoth=1
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(„) of pop1 (shown in the histogram under Population Data). 

You can also check the Show skewness box. 

 

 

 

 

 

¶ Check the Show Sampling Options box. Keep the 

Number of Samples at 1 and specify the Sample Size to 

be 47 and press the Draw Samples button. 

 

The weights for this random sample of 47 passengers from this population are displayed in blue and in 

the Most Recent Sample graph.  

 

(i) Describe the shape, center, and variability of this distribution. How does this sample distribution 

compare to the population distribution? 

 

Most Recent Sample distribution: 

 

 Shape:           Mean:       Standard deviation:  

     

 

Comparison (sample vs. population): 

 

 

Notice that the mean of this sample (an ὼӶ) has also been added to the graph in the lower right Sampled 

Statistics graph. 

 

(j) Press Draw Samples again. [Option: Check the ñVertical layoutò box in the applet.] Did you obtain 

the same sample of 47 weights? Did you obtain the same sample mean? Do either of the two sample 

means generated thus far equal the population mean? 

 

 

 

(k) Continue to press Draw Samples 8 more times (for 10 samples total), and notice the variability in 

the resulting sample means from sample to sample. Is a pattern beginning to emerge in the Sampled 

Statistics distribution graph? 

 

 

 

(l) Now set the Number of Samples to 990 (for 1,000 total) and press Draw Samples. Describe the 

shape, center, and variability of the distribution of the sample means (lower right). How do these 

features compare to the population distribution? Which one of these features has changed the most vs. 

the population, and how has it changed? [Hints: Note the change in scaling. You can check the 

Population scale box to rescale back to the original population scaling and add the location of the 

population mean.]  
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Distribution of sample means (aka ñsampling distributionò): 

 

 Shape:         Mean:     Standard deviation:      

 

Comparison (sample means vs. population): 

 

 

(m) How can we use your simulated distribution of sample means to decide whether it is surprising that 

a boat with 47 passengers would exceed the (average) weight limit by chance (random sampling error) 

alone? 

 

 

 

 

(n) To investigate the question posed in (m), specify the sample mean of interest (159.574) in the Count 

Samples box, use the pull-down menu to specify whether you want to count samples Greater Than, Less 

Than, or Beyond (both directions). Press Count. What conclusions can you draw from this answer? 

 

 

 

 

Non-normal Population 
To carry out the preceding simulation analysis, we assumed that the population distribution had a normal 

shape. But what if the population of adult weights has a different, non-normal distribution? Will that 

change our findings? 

 

(o) Now choose the data from the second column (pop2) with the Choose variable pull-down menu on 

the left side. Describe the shape of this population and what it means for the variable to have this shape 

in this context. How do the values of m and s compare to the pop1 (rounding a bit)? 

 

Shape:          Mean:     Standard deviation:    

   

 

Comparison to previous population: 

 

 

(p) Generate 1,000 random samples of 47 individuals from this population. Produce a well-labeled 

sketch of the distribution of sample means below and note the values for the mean and standard 

deviation of the sampling distribution. How does this distribution compare to the distribution in (l)? 

 

Sketch: Mean: 

SD:     

Comparison: 

 

 

http://www.rossmanchance.com/iscam2/data/WeightPop2.txt
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(q) Use the applet to approximate the probability of obtaining a sample mean weight of at least 159.574 

lbs for a random sample of 47 passengers from population 2. Has this probability changed considerably 

with the change in the shape of the distribution of the population of weights? 

 

 

 

 

(r) Repeat this analysis using the other population distribution (pop3) in the data file and summarize 

your observations for the three populations in the table below. 

 

Distribution of sample means Shape (Skew) Mean Standard deviation 

Normal (m = 167, Ɑ = 35)    

Skewed right (m = 167, Ɑ = 35)    

Uniform  (m = 167, Ɑ = 35)    

 

Changing the Sample Size  
(s) Prediction: Now consider changing the sample size from 47 to 188 (four times larger). Make a 

prediction for how the shape, mean, and SD of the distribution of sample means would change (if at all). 

 

 

 

 

 

(t) Make this change of sample size from 47 to 188, and generate 1000 random samples (from the 

uniformly distributed population, pop3). Did the shape of the sample means change very much? What 

about the mean of the sample means? What about the SD of the sample means? How were your 

predictions in (s)? 

 

 

 

 

 

Discussion: You should see that, as with the Gettysburg Address investigation, the shape of the 

population is not having much effect on the distribution of the sample means! In fact, you can show that 

the mean of the distribution of sample means from random samples is always equal to the mean of the 

population (any discrepancies you find are from not simulating enough random samples) and that, 

assuming the population is large compared to the size of the sample, the standard deviation of the 

distribution of sample means is equal to 
Ѝ

. This standard deviation formula applies when the population 

size is large (more than 20 times the size of the sample) or infinite (so the randomly selected 

observations can be considered independent). 

 

(u) Explain why the formula for the standard deviation of the sample mean (
Ѝ

) makes intuitive sense 

(both the „ component and the Ѝὲ component). 

 

 

http://www.rossmanchance.com/iscam2/data/WeightPop3.txt
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Key Result: If all possible samples of size n are selected from a large population or an infinite 

random process with mean ‘ and standard deviation „, then the sampling distribution of these 

sample means will have the following characteristics: 

¶ The mean will be equal to ‘. 

¶ The standard deviation will be equal to 
Ѝ  (we can call this SD( ) or „Ӷ). 

¶ Central Limit Theorem : The shape will be normal if the population distribution is normal, or 

approximately normal if the sample size is large regardless of the shape of the population 

distribution. 

The convention is to consider the sample size large enough if n > 30. However, this rule really 

depends on the shape of the population. The more non-symmetric the population distribution, 

the larger the sample size necessary before the distribution of sample means is reasonably 

modeled by a normal distribution. A better approach would be ὲ σφίὯὩύ  if you know 

the population skewness.  

The population is considered large if it is more than 20 times the size of the sample. 

 

Discussion: In general, the shape of the distribution of sample means does not depend on the shape of 

the population distribution, unless you have small sample sizes. So if the population distribution itself 

follows a normal distribution, then we will always be willing to model the distribution of sample means 

with a normal distribution. However, we typically donôt know the distribution of the population (thatôs 

why we need to collect data), but we can make a judgment based on the nature of the variable (e.g., 

biological characteristics, repeated measurements) or based on the information conveyed to us by the 

shape of the distribution of the sample data (e.g., normal probability plot). 

 

In this example, a sample size of 47 appears large enough to result in a normal distribution for the 

distribution of sample means. However, you may have noticed a bit of a right skew when the population 

was skewed and in such a situation you would want a larger sample size before you were willing to 

model the distribution of sample means with a normal distribution. 

 

Keep in mind that the results about the mean and standard deviation always hold for random samples: 

sample means cluster around the population mean and are less variable than individual observations! If 

the population size is not large, then a ñfinite population correction factorò can be applied as in Ch. 1. 

 

(v) Use the theoretical results for the mean and standard deviation of a sample mean to standardize the 

value of 159.57 lbs. [Hint: Start with a well-labeled sketch.] How might you interpret this value? 

 

 

 

 

 

 

(w) Use the result from the Central Limit Theorem and technology (e.g., the Normal Probability 

Calculator applet) to estimate the probability of a sample mean weight exceeding 159.57 lbs for a 

random sample of 47 passengers from a population with mean m = 167 lbs and standard deviation       

„ = 35 lbs. [Hint: Shade the area of interest in your sketch in (v).] How does this estimated probability 

compare to what you found with repeated sampling from the hypothetical populations? 

 

x

http://www.rossmanchance.com/applets/NormCalc.html
http://www.rossmanchance.com/applets/NormCalc.html
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(x) Identify one concern you might have with this analysis. [Hint: What other assumption, apart from the 

shape of the population, was made in these simulations that may not be true in this study? Do you think 

this is a reasonable assumption for this study?] 

 

 

 

 

 

Study Conclusions  
Assuming the CDC values for the mean and standard deviation of adult Americansô weights, ɛ = 167 

lbs and ů = 35 lbs, we believe that the distribution of sample mean weights will be well modeled by a 

normal distribution (based both on the not extremely skewed nature of the variable and the moderately 

large sample size of 47, which is larger than 30). Therefore, the Central Limit Theorem allows us to 

predict that the distribution of x  is approximately normal with mean 167 lbs and standard deviation  

35/ 47 å 5.105 lbs. From this information, assuming the CDC data is representative of the population 

of Ethan Allen travelers, we can estimate the probability of obtaining a sample mean of 159.57 lbs or 

higher to be 0.9264. Therefore, it is not at all surprising that a boat carrying 47 American adults 

capsized. In fact, the surprising part might be that it didnôt happen sooner! 

 
Practice Problem 2.4A 
(a) Use the Sampling from Finite Population applet or the Central Limit Theorem to estimate the 

probability that the sample mean of 20 randomly selected passengers exceeds 159.57lbs, assuming a 

normal population with mean 167lbs and standard deviation 35lbs.  

(b) Is the probability you found in (a) larger or smaller than the probability you found for 47 passengers? 

Explain why your answer makes intuitive sense. 

(c) Repeat (a) assuming a uniformly distributed population of weights. How do these two probabilities 

compare? [Hint: Think about whether it is more appropriate to use the Sampling from Finite Population 

applet or the CLT to answer this question.] 

(d) Explain why the calculation in (a) does not estimate the probability of the Ethan Allen sinking with 

20 passengers. 

 

Practice Problem 2.4B 
Use the Sampling from Finite Population applet or the Central Limit Theorem to estimate the probability 

that the sample mean of 47 randomly selected passengers would exceed 159.57lbs, assuming that 

random samples are repeatedly selected from a population of 80,000 individuals with mean 167 lbs and 

standard deviation 35 lbs. State any assumptions you need to make and support your answer statistically.

 

Practice Problem 2.4C 
In this investigation, we found that the average of the sample average is near the population average. 

Explain what each use of the term ñaverageò means in this statement. 
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Investigation 2.5: What is a Healthy Body Temperature? 

 
In the previous investigation, we assumed random sampling from a finite population to predict the 
distribution of sample means and help us evaluate whether a particular value is an unlikely value for the 
sample mean by chance alone. However, this method is not realistic in practice as we had to make up 
a population to sample from and we had to make some assumptions about that population (e.g., 
shape). Luckily, the Central Limit Theorem also predicts how that distribution would behave for most 
population shapes. But the CLT does require us to know certain characteristics about the population. 

  

What is a healthy body temperature? German physician Carl Wunderlich analyzed a million 

temperatures from 25,000 patients and in 1869 published that the normal human-body temperature is 

98.60 F. But several more recent studies have found that number to be too high, leading to speculation 

that Dr. Wunderlich was wrong, or that human body temperature has changed over time. In a study 

published by Mackowiak, Wasserman, & Levine (Journal of the American Medical Association, 1992), 

body temperatures (oral temperatures using a digital thermometer) were recorded for healthy men and 

women, aged 18-40 years, who were volunteers in Shigella vaccine trials at the University of Maryland 

Center for Vaccine Development, Baltimore. For these adults, the mean body temperature was found to 

be 98.249oF with a standard deviation of 0.733oF. 

(a) Explain (in words, in context) what is meant by the following symbols as applied to this study: n, ὼӶȟ  
s, ‘, „. If you know a value, report it. Otherwise, define the symbol in words. 

 

 n =          x  =              s =   

 

‘ =             „= 

 

 

(b) Write a null hypothesis and an alternative hypothesis for testing Wunderlichôs axiom using 

appropriate symbols. 

 

 Ho:              Ha:  

 

(c) Suppose the axiom is correct and many different random samples of 13 adults are taken from a large 

normally distributed population with mean 98.6oF. What does the Central Limit Theorem tell you about 

the theoretical distribution of sample means? (Indicate any necessary information that is missing.) 

 

 

 

 

 

If we assume the null hypothesis is true, then we have a value to use for the population mean. However, 

we donôt have a value to use for the population standard deviation (sometimes called a ñnuisance 

parameterò because we need its value to be able to use SD(ὼӶ), but it is not the parameter of interest). 

 

(d) Suggest a method for estimating the population standard deviation from the sample data. 

 

 

https://jamanetwork.com/journals/jama/article-abstract/400116
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Definition: The standard error of the sample mean, denoted by SE(ὼӶ), is an estimate of the standard 

deviation of ὼӶ (the sample to sample variability in sample means from repeated random samples) 

calculated by substituting the sample standard deviation s for the population standard deviation „:  

SE(ὼӶ) = 
Ѝ

 

 

(e) Calculate the value of the standard error of the sample mean body temperature for this study when n 

= 13. 

 

 

(f) Determine how many standard errors the sample mean (98.249) falls from the hypothesized value of 

98.6 (the standardized statistic).  

 

 

 

(g) Based on this calculation, would you consider the value of the sample mean (98.249) to be 

surprising, if the population mean were really equal to 98.6? Explain how you are deciding. 

 

 

 

 

Previously, we compared our standardized statistics (z-scores) to the normal distribution and said 

(absolute) values larger than two were considered rare. But we donôt really have a z-score here because 

we had to estimate the standard deviation of the sample mean. This creates even more ñuncertaintyò in 

our standardized statistic and more random variation. Is it still true that two standard errors is unusual? 

Letôs explore the method you just used to standardize the sample mean in more detail. 

 

(h) Open the Sampling from a Finite Population applet and paste the hypothetical population body 

temperature data from the BodyTempPop.txt file. Does this appear to be a normally distributed 

population? What are the values of the population mean and the population standard deviation? 

 

 

(i) Use the applet to select 10,000 samples of 13 adults from this hypothetical population. Confirm that 

the behavior of the distribution of sample means is consistent with the Central Limit Theorem? [Hint: 

Discuss shape, center, and variability; compare the CLT predictions to the simulation results.] 

 

 

 

 

But what about the statistic suggested in (f); does this standardized statistic behave nicely and is this 

distribution again well modeled by a normal distribution? 

 

(j) In the applet, change the Statistic option (above the graph) to t-statistic, the name for the 

standardized sample mean using the standard error of the sample mean. Describe the shape of the 

distribution of these t-statistics from your 10,000 random samples. 

 

http://www.rossmanchance.com/iscam3/glossary.html#standarderror
http://www.rossmanchance.com/applets/OneSample.html?showBoth=1
http://www.rossmanchance.com/iscam3/data/BodyTempPop.txt
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(k) Check the box to Overlay Normal Distribution ; does this appear to be a reasonable fit? What p-

value does this normal approximation produce? [Hint: Enter your answer to (f) as the observed result for 

the t-statistic and count beyond.] 

 

 

 

(l) Does the theory-based p-value from the normal distribution accurately predict how often we would 

simulate a standardized statistic at least as extreme (in either direction) as the observed value of -1.73? 

Does it over predict or underpredict? [Hint: How does the behavior of the distribution of the 

standardized statistics most differ from a normal model?] 

 

 

 

 

Discussion: If we zoom in on the tails of the distribution, we see that more of the simulated distribution 

lies in those tails than the normal distribution would predict. 

    
To model the sampling distribution of the standardized statistic (x - m)/(s/Ѝὲ), we need a density curve 

with heavier tails than the standard normal distribution. William S. Gosset, a chemist turned statistician, 

showed in 1908, while working for the Guinness Breweries in Dublin, that a ñt probability curveò (see 

next page) provides a better model for the sampling distribution of this standardized statistic when the 

population of observations follows a normal distribution.  

 

(m) Check the Overlay t-distribution  box. What is the main visual difference in the t-distribution 

model compared to the normal distribution model? Does this t-distribution appear to be a better model 

for the simulated sampling distribution? Is the theory-based p-value using the t-distribution closer to the 

empirical p-value than the theory-based p-value using the normal distribution? 

 

 

 

 

 

(n) The actual body temperature study involved a sample of n = 130 adults. Use the applet to generate a 

sampling distribution of t-statistics for this sample size. Toggle between the normal and t probability 

distributions. Do you see much difference between them? What is the actual value of the observed t-

statistic with this sample size? Where does it fall in this distribution? What do you conclude about the 

null hypothesis? 
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Discussion: The consequence of this exploration is that when we are estimating both the population 

mean and the population standard deviation, we will compare our standardized statistic for the sample 

mean to the t-distribution instead of to the normal distribution to approximate p-values and confidence 

intervals. Although with larger sample sizes, the distinction will be quite minor. 

 

Probability Detour ς {ǘǳŘŜƴǘΩǎ t-distribution 
The t probability density curve is described by the following function: 

2/)1(2 )1(

1
)(

+nn+np
´

x
xf  where -¤  < x < ¤ . 

An impressive function indeed! But you should notice that this function only depends on the 

parameter n, referred to as the degrees of freedom. 

 

This symmetric distribution has heavier tails than the standard normal distribution. We get a different 

t-distribution for each value of the degrees of freedom. As the degrees of freedom increase, the t-

distribution approaches the standard normal distribution. 

       
 

Theoretically, this approximation requires the (infinite) population to follow a normal distribution. 

However, statisticians have found this approximation to also be reasonable for other population 

distributions whenever the sample size is large. As we saw with the Central Limit Theorem, how large 

the sample size needs to be depends on how skewed the population distribution is. However, we donôt 

usually know the population skewness. We can use the sample skewness statistic as a ballpark, but this 

is actually a biased estimator of the population skewness. One approach is to use the formula  

ὲ Ó 4 +19 |skewness| +27 ×skewness2  

to determine how large the sample size needs to be. We will simplify this with the table shown below. 

 

 

Probability Detour ς Degrees of Freedom 
Recall the formula for the sample standard deviation s (Investigation A), compares each observed data 

value ὼ to the sample mean ὼӶ. But ὼӶ is calculated by averaging those same data values. So if I know 

n ï 1 of those data values and I know ὼӶ, then that last observation is forced to be a particular value. So 

we say the calculation has n ï 1 degrees of freedom, and thatôs why that formula divides by n ï 1. 
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One-sample t-test for m: To test a null hypothesis about a population mean H0: m = m0 , when we 

donôt know the population standard deviation (pretty much always), we will use the sample standard 

deviation to calculate the standard error SE(ὼӶ) and compare the standardized statistic  

ὸ
ὼӶ ‘

ίȾ Ѝὲ
 

to a t-distribution with n ï 1 degrees of freedom.  

 

Technical conditions: We will consider this procedure valid as long as 

¶ Data arise from a random sample from the (large) population or random process of interest 

¶ The population is approximately normal or the sample size is large, e.g., 

Sample skewness 0.5 1 2 3 

Sample size needed 20 50 150 300 
 

 
But what about confidence intervals? 
Letôs explore whether the equivalent adjustment works for our confidence interval procedure as well. 

 

(o) Turn to the Simulating Confidence Intervals applet. Change the Statistic to Means, but keep the 

Distribution  set to Normal and the Method as z with sigma. Set the population mean to 98.6, the 

population standard deviation to 0.733, and the sample size to 13. Generate 1000 random samples from 

this population and examine the running total for the percentage of 95% confidence intervals (ὼӶ

ρȢωφ „ȾЍὲ that successfully capture the actual value of the population mean m. Is this 95% confident ñz 

with sigmaò procedure behaving as it should? How are you deciding? Press Sort. In what situations can 

an interval fail to capture ‘? 

 

 

 

 

(p) But more realistically, we donôt know „ and will use s in calculating our confidence interval (ὼӶ

ρȢωφ ίȾЍὲ. Predict what will change about the resulting confidence intervals from different random 

samples if we use each sample standard deviation in place of ů. [Hint: Think of two main properties of 

confidence intervals.] 

 

 

 

(q) Change the Method now to z with s. What percentage of these 1000 confidence intervals succeed in 

capturing the population mean of 98.6? Is this close to 95%? If not, is it larger or smaller? 

 

 

 

(r) Repeat (q) with a sample size of n = 5. 

 

 

 

 

http://www.rossmanchance.com/applets/ConfSim.html
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Discussion: This ñz with sò procedure produces a coverage rate (for successfully capturing the value of 

the population mean) that is less than 95%, because again the normal distribution doesnôt account for the 

additional uncertainty resulting from sample to sample when we need to use both x and s. The fix will 

be to multiply the standard error by a critical value larger than 1.96 to compensate for the additional 

uncertainty introduced by estimating s with s. The t-distribution will come to our rescue. Which t-

distribution do we use? That will depend on our sample size; with smaller samples we need heavier tails 

and with larger samples we need a distribution more like the normal probability model. The heaviness of 

the tails will be determined by the ñdegrees of freedomò of the t-distribution. 

 

(s) Change the Method to t. How do the intervals visibly change? Is the coverage rate indeed closer to 

95%? 

 

 

 

This leads to a confidence interval formula with the same general form as in the previous chapter 
ίὥάὴὰὩ ίὸὥὸὭίὸὭὧὧὶὭὸὭὧὥὰ ὺὥὰόὩ ὛὉ έὪ ίὸὥὸὭίὸὭὧ, where the critical value now comes from the  

tn ï 1 distribution (degrees of freedom = n ï 1) instead of from the standard normal distribution.  

One-sample t-interval for m: When we have a symmetric sample or a large sample size, an 

approximate confidence interval for m is given by: 

ὼȇὸᶻ
ί

Ѝὲ
 

 

Keep in mind that the critical value t*  tells us how many standard errors we need to extend from the 

sample mean (in each direction) based on how confident we want to be. Our goal is to develop a 100 × 

C% confidence interval method that will capture the population parameter (100 × C)% of the time in the 

long run.  

 

Technology Detour ς Finding t* 
 

t Probability Calculator applet:  

¶ Specify the degrees of freedom 

¶ Check the box next to the less than symbol and then enter (e.g., 0.025 for 95% confidence) 

in the probability box and press Return. The t-value box should fill in. 
In JMP: using the Distribution Calculator 

¶ Use the Distribution  menu to select t 
¶ Specify the degrees of freedom 
¶ Choose Input probability and calculate quantiles 

¶ Specify Central Probability  and enter the confidence level (e.g., .95). 

 

(t) Find the t* value corresponding to a 95% confidence level and a sample size of n = 5. 

 

 t4
* =    

         

(u) How does this critical value compare to the corresponding z* value for 95% confidence? 

http://www.rossmanchance.com/applets/2021/tcalc/tCalc.htm
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(v) Repeat (t) for the sample size of n = 13. How do the t-critical values compare for these different 

sample sizes? Is this what you expected? Explain. 

 

 

 

(w) Repeat (v) for the sample size of n = 130. How does this value compare to the earlier t* and z* 

values?  

 

 

(x) Use the critical value from (w) to calculate a 95% confidence interval for the mean body temperature 

of a healthy adult based on our sample (ὼӶ = 98.249, s = 0.733, n = 130). Is this interval consistent with 

your conclusion about the null hypothesis in (n)? Explain.  

 

 

 

 

 

Technology Detour ς One Sample t-procedures 
 

In Theory-Based Inference applet 

¶ Select One mean from the Scenario pull-down menu 

¶ You can check Paste data to copy and paste in the raw data, or 

type in the sample size, mean, and standard deviation. Press 

Calculate. 

¶ Check the box for Test of significance and enter the 

hypothesized value of m and set the direction of the alternative. 

Press Calculate. 

¶ Check the box for Confidence interval, enter the confidence 

level and press Calculate CI. 

 

 

 
 

In JMP: you can use raw data or summary data (see second option) 

¶ In the Data window, choose Analyze > Distribution 

¶ Specify the variable in the Y, Columns box 

¶ The 95% confidence interval will be shown in the Summary Statistics box. If you want to change 

the confidence level, use the variable hot spot and select Confidence interval. 

¶ To perform the test of significance, use the variable hot spot, select Test Mean. Then enter the 

hypothesized value of ‘ and press OK . 

OR 

¶ Open the ISCAM Journal file > Hypothesis Test for One Mean 

o Choose Raw Data (and pick the column) or Summary Statistics (and then specify the sample 

size, sample mean, and sample standard deviation) 

o Be sure to choose the t-test Test Type and specify the alternative hypothesis 

¶ In the ISCAM Journal file > Confidence Interval for One Mean 

o Choose the t interval type and specify confidence level 

 

 

https://www.rossmanchance.com/applets/2021/tbia/TBIA.html
http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
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(y) Use technology to verify your by-hand calculations and summarize the conclusions you would draw 

from this study (both from the p-value and the confidence interval, including the population you are 

willing to generalize to). Also include interpretations, in context, of your p-value and your confidence 

level. 

 

 

 

 

 

 

 

 

 

 

Study Conclusions The sample data provide very strong evidence that the mean body temperature 

of healthy adults is not 98.6 degrees (t = -5.46, two-sided p-value < 0.001). This indicates there is less 

than a 0.1% chance of obtaining a sample mean as far from 98.6 as 98.249 in a random sample of 130 

healthy adults from a population with mean body temperature of 98.6 oF. A 95% confidence interval 

for the population mean body temperature is (98.122, 98.376), so we can be 95% confident that the 

population mean body temperature among healthy adults is between 98.122 and 98.376 0F. This 

interval is entirely less than 98.6, consistent with our having found very strong evidence to reject 98.6 

as a plausible value for the population mean. We are 95% confident, meaning if we were to repeat this 

procedure on thousands of random samples, in the long-run roughly 95% of the resulting intervals 

would successfully capture the population mean. We believe these procedures are valid because the 

sample size of 130 should be large enough unless there is severe skewness in the population.  
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Practice Problem 2.5A 
Explore the last statements in the above results box using t confidence intervals: 

(a) Continue with the Simulating Confidence Intervals applet. Explore the coverage rate of the t-

procedure with random samples from an Exponential (skewed) population for n = 5, n = 100, and n = 

200. Assess and summarize the performance of this t-procedure in each case. 

(b) Repeat (a) for a Uniform population distribution with endpoints a = 80 and b = 85. 
 

Practice Problem 2.5B 
Stanford researchers (e.g., Protsiv et al., 2020) claim that average normal human-body temperature is 

closer to 97.5 degrees Fahrenheit (McGinty, Wall Street Journal, 2020). Part of the Stanford study was 

to use digital oral instruments to take temperature readings from 150,280 individuals 2007-2017 

(578,222 measurements). They found a mean of 98.04 oF and a standard deviation of 0.502 oF.  

(a) Provide a one-sentence interpretation of the standard deviation. 

(b) Identify some ñsources of variationò in individual body temperatures. Which of these are ñbetween 

individualsò and which are ñwithin individualsò? 

(c) Identify a source of variation in temperature measurements not captured by the standard deviation. 

(d) Give two reasons why a t-distribution is likely to be an appropriate model for these data. 

(e) Using the mean and SD values provided, do these data provide convincing evidence that the average 

healthy body temperature is below 98.6 oF? Comment on both a p-value and a 95% confidence interval. 

(f) Based on these data, what would you consider a statistically high body temperature for an individual? 

(g) From this analysis can we conclude that Wunderlichôs measurements were flawed? What could be 

another explanation? 

 
Practice Problem 2.5C 

(a) As in question (i), use the applet to select 10,000 samples of 13 adults from the hypothetical 

population of 10,000 body temperatures. Based on the generated distribution of sample means, is the 

observed mean of 98.249 (or more extreme in either direction) a surprising outcome for this population? 

(b) Check the Fixed radio button and use the Shift center slider on the left-hand side to (slowly) raise 

the population mean. Stop when you find a value of the population mean that you first consider 

surprising. [Hint: Click on the slider handle and use the arrow keys on your keyboard.] Now use the 

slider to lower the population mean. What is the smallest value for ɛ that you consider plausible based 

on this sample mean? In other words, report your interval of plausible values. 

(c) Repeat (b) using the sample size of n = 130. 

  

http://www.rossmanchance.com/applets/ConfSim.html
https://med.stanford.edu/news/all-news/2020/01/human-body-temperature-has-decreased-in-united-states.html
https://www.wsj.com/articles/98-6-degrees-fahrenheit-isnt-the-average-any-more-11579257001
http://www.rossmanchance.com/iscam3/data/BodyTempPop.txt
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Investigation 2.6: Healthy Body Temperatures (cont.) 

 

Reconsider the research question of Investigation 2.5 where a one-sample t-test found convincing 

evidence with a sample mean body temperature of ὼ Ӷ= 98.249°F and a sample standard deviation of s = 

0.733 °F against the hypothesis that ‘ = 98.6 in the population of healthy adults. In fact, we were 95% 

confident that ‘ actually falls between 98.122 and 98.376 degrees (so not all that far from 98.6) based on 

an estimated standard error of ὛὉὼӶ = 0.064. 

 

(a) So if you recorded a body temperature of 98.6 oF would you be convinced you were sick? What 

temperature values would you be concerned about? 

 

 

 

(b) According to the Empirical Rule, if ɛ = 98.6 oF and ʎ = 0.733 oF, 

between what two values should approximately 95% of healthy 

temperatures fall? 

 

 
(c) Is your answer to (b) similar to the confidence interval? Explain the difference in how the endpoints 

of the confidence interval are constructed and how we interpret the confidence interval. 

 

 

 

 

 

Prediction Intervals 
It is very important to keep in mind that the confidence interval reported above only makes statements 

about the population mean, not individual body temperatures. But what if we instead wanted an interval 

to estimate the body temperature of a single randomly selected healthy adult rather than the population 

mean body temperature? Can we improve upon the Empirical Rule calculation? 

 

(d) Still using our same sample results, what one number would you use to predict a healthy body 

temperature? If you then considered the uncertainty (margin-of-error) in this estimate for predicting one 

personôs body temperature, would you expect this margin-of-error to be larger or smaller when 

predicting one personôs temperature than for predicting the population mean body temperature? Explain. 

 

 Estimate:     Margin-of-error: 

 

 Explain: 
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To construct such a confidence interval (often called a 

prediction interval to indicate that it will predict an individual 

outcome rather than the population mean), we need to 

consider both the sample-to-sample variation in sample means 

as well as the individual-to-individual variation in body 

temperatures around the mean. 

 Var in temp = var in ὼӶ + var about ὼӶ 

= ί 

 
 

(e) We will estimate this combined standard error of an individual value by ίρ ρȾὲ . Using this 

formula, how will this compare to the standard error of the sample mean (larger or smaller)? Explain. 

 

 

 

(f) Calculate ίρ ρȾὲ for the body temperature data.  

 

 

If we are willing to assume that the population follows a normal distribution (note this is more 

restrictive than what we need to apply the Central Limit Theorem for a sample mean), then we can 

construct a 95% prediction interval for an individual outcome using the t-distribution. 
 

Definition:  To predict an individual value, we can calculate a prediction interval (PI). We 

construct the interval using the sample mean as our estimate, but we adjust the standard error to 

take into account the additional variability of an individual value from the population mean: 

   x  + t*n - 1 nss /22+   or   x  + t*n - 1 ³ ίρ ρȾὲ 

This procedure is valid as long as the sample observations are randomly selected from a 

normally distributed population. Note that prediction intervals are not robust to violations from 

the normality condition even with large sample sizes. 

 

(g) Notice the critical value will be the same as in the previous investigation. Recall or use technology to 

determine the critical value with n = 130 and 95% confidence. 

 

 

 

(h) Using your answer to (g), calculate a 95% prediction interval for an individual healthy adult body 

temperature.  

 

 

 

(i) Provide a one-sentence interpretation of the interval calculated in (h). 

 

 

 

(j) How do the center and width of this interval compare to the 95% confidence interval for the 

population mean body temperature found in the previous investigation? 

http://www.rossmanchance.com/iscam3/glossary.html#prediction1
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(k) How does this interval compare to the one from (b)?  

 

 

(l) The JAMA article only reported the summary statistics and did not provide the individual temperature 

values. If you had access to the individual data values, what could you do to assess whether the 

normality assumption is reasonable? 

 

 

 

(m) Without access to the individual data values but considering the context (body temperatures of 

healthy adults), do you have any thoughts about how plausible it is that the population is normally 

distributed? 

 

 

 

 

 

Study Conclusions 
For one person to determine whether they have an unusual body temperature, we need a prediction 

interval rather than a confidence interval for the population mean. A 95% prediction interval for the 

body temperature of a healthy adult turns out to be (96.79, 99.71), a fairly wide interval. We are 95% 

confident that a randomly selected healthy adult will have a body temperature between 96.79 and 

99.71 degrees Fahrenheit. This prediction interval procedure is valid only if the population of healthy 

body temperatures follows a normal distribution, which seems like a reasonable assumption in this 

context.  

 
Practice Problem 2.6A 
(a) Examine the expression for a confidence interval for a population mean m. What happens to the half-

width of the interval as the sample size n increases? Does it approach a value as n increases? 

(b) Examine the expression for a prediction interval for an individual observation. What happens to the 

half-width of the interval as the sample size n increases? Does it approach a value as n increases? 

(c) Explain why the differences in your answers to (a) and (b) make sense. 

 

Practice Problem 2.6B 
A study conducted by Stanford researchers asked children in two elementary schools in San Jose, CA to 

keep track of how much television they watch per week (Robinson, 1999). The sample consisted of 198 

children. The mean time spent watching television per week in the sample was 15.41 hours with a 

standard deviation of 14.16 hours. 

(a) Use this information to calculate a 95% prediction interval. 

(b) Provide a one-sentence interpretation of this interval. 

(c) Do you think this interval procedure is valid for these data? Explain. 

(d) A tolerance interval claims to capture at least k% of the population with C% confidence. A 95% 

tolerance interval for these data with k = 95 is (-14.95, 45.77).  How does this interval compare to the 

prediction interval?  Do these differences make sense? Explain.  

https://jamanetwork.com/journals/jama/fullarticle/192031
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Summary of One-sample t Procedures 
 

Parameter: m = the population mean 

  

To test H0: m = m0 

Standardized (test) statistic: ὸ
Ӷ

ȾЍ
  

    Degrees of freedom = n - 1 

 

t-Confidence interval for m: ὼӶ
ᶻ

Ѝὲ  

 

Technical conditions: These procedures are considered valid if the data arise from a random 

sample and the sample distribution is reasonably symmetric or the sample size is large, e.g., 

Sample skewness 0.5 1 2 3 

Sample size needed 20 50 150 300 
 

 

 

Technology: 
¶ JMP: Analyze > Distribution (raw data) or ISCAM Journal file: Hypothesis Test for One 

Mean and Confidence Interval for One Mean. You can specify a column of data (raw data) or 

summary statistics (summary data); select the t-test and t interval  radio buttons. 

¶ Theory-Based Inference applet:  

Use the pull-down menu to select One Mean. Specify the summary statistics (the sample size, 

sample mean, and sample standard deviation s) or paste in the raw data. Check the box for test of 

significance and specify the hypothesized value, use the button to specify the direction of the 

alternative (< > for not equal) and press Calculate and/or check the box for confidence interval, 

specify the confidence level and press Calculate CI. The applet can report both the confidence 

interval and the prediction interval. 
 

 

Summary Prediction Intervals for Individual Observations 

 

Prediction Interval: ὼӶ (t*n - 1) ³ ίρ ρȾὲ 
Valid only with normal population of observations 

 

Technology: 

¶ JMP: (raw data) 
From Analyze > Distribution, use the hot spot to select Prediction Interval  

 

 

 
  

http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
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SECTION 3: INFERENCE FOR OTHER STATISTICS  

 
The previous section illustrated some very nice mathematical results for the distribution of the sample 
mean when sampling from an infinite process or a finite population. However, we also saw in Section 1 
that the mean may not be the parameter we are most interested in and/or may not even be possible to 
calculate depending on the form of the data. In this section, you will look at a possible inference 
procedure when the median is of interest, as well as a newer methodology that works for any statistic of 
your choosing. 

 

Investigation 2.7: Water Oxygen Levels 

 

Scientists often monitor the ñhealthò of water systems to determine the impact of different changes in 

the environment. For example, Riggs (2002) reports on a case study that monitored the dissolved oxygen 

downstream from a commercial hog operation. There had been problems at this site for several years 

(e.g., manure lagoon overflow), including several fish deaths in the previous three years just downstream 

of a large swale through which runoff from the hog facility had escaped. The state pollution control 

agency decided to closely monitor dissolved oxygen downstream of the swale for the next three years to 

determine whether the problem had been resolved. In particular, they wanted to see whether there was a 

tendency for the dissolved oxygen level in the river to be less than the 5.0 mg/l standard. Sampling was 

scheduled to commence in January of 2000 and run through December of 2002. The monitors took 

measurements at a single point in the river, approximately six tenths of a mile from the swale, once 

every 11 days.  

 

(a) Would you consider this sampling from a population or from a random process? What are the 

observational units? 

 

 

 

(b) Because the dissolved oxygen measurements were taken in the same location at fixed time intervals, 

would you consider this a simple random sample? Do you think the sample is likely to be representative 

of the river conditions? Explain. 

 

 

 

 

 

Definition:  A systematic sample selects observations at fixed intervals (e.g., every 10th person in 

line). If the initial observation is chosen at random and there is no structure in the data matching up to 

the interval size (e.g., every 7th day), then such samples are generally assumed to be representative of 

the population. In fact, we will often simplify the analysis by assuming they behave like simple 

random samples.  

 

(c) Examine the data from the first year in WaterQuality.txt. Describe the shape, center, and variability 

of the distribution. In particular, how do the mean and median compare? Do these data appear to be 

well-modelled by a normal distribution? Is there a tendency for the dissolved oxygen levels to be below 

the standard? 

 

https://archive.epa.gov/nheerl/arm/web/pdf/calm_appc.pdf
http://www.rossmanchance.com/iscam3/glossary.html#systematic
http://www.rossmanchance.com/iscam2/data/WaterQuality.txt
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(d) State the null and alternative hypotheses for testing whether the long-run mean dissolved oxygen in 

this river is less than 5.0 mg/l (indicating too little oxygen in the water, causing problems in the aquatic 

community structure). 

 

 

 

 

(e) Is the one-sample t-test likely to be valid for these data? Explain why or why not. 

 

 

 

 

Alternative Analysis 

(f) An alternative analysis involves recoding the observations as ñcompliantò and ñnot compliant.ò If we 

say a measurement is non-compliant when the dissolved oxygen is below 5.0 mg/l, how many non-

compliant measurements do we have in this data set? What proportion of the sample is below 5.0 mg/l 

(non-compliant)? 

[Hint: What do you want to do with the observation that is equal to 5.0?] 

 

 

 

 

(g) Carry out a test for deciding whether the proportion of measurements that fall below 5.0 mg/l is 

statistically significantly larger than 0.50 (one-half). 

 

 

 

 

 

 

(h) If you decide that more than half of the time the river is non-compliant (that is, more than 50% of 

measurements are below 5.0 mg/l), what does that imply about the long-run median dissolved oxygen 

level? Explain. 

 

 

 

 

 

(i) Identify one advantage to this analysis over the one-sample t-test. Identify one disadvantage of this 

analysis over the one-sample t-test. 
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(j) The researchers actually wanted to decide whether the river was non-compliant more than 10% of the 

time. How would that change your analysis in (g) and would the p-value be larger or smaller? 

 

 

 

 

 

 

 

Study Conclusions  
Both the mean (not shown) and the median indicate that dissolved oxygen in this river tended to be 

below the 5.0 mg/l that was cited as the ñaction level.ò Although we donôt have statistically significant 

evidence that the long-run median DO level is below 5.0 mg/l (binomial p-value º 0.30), the 

researchers actually wanted to engage in remedial action if the river is found to be in non-compliance 

significantly more than 10% of the time. The exact binomial probability of observing 19 or more non-

compliant values from a process with a 0.10 chance of non-compliance is 4.16 × 10-11, leaving ñlittle 

doubt that the 10% non-compliant criterion was exceeded at the monitoring site during 2000.ò  

 

Discussion: When we use 0.50 as the hypothesized probability of success and we count how many of 

our quantitative observations exceed some pre-specified level, this is called the sign test and corresponds 

to a test of whether the population median equals that pre-specified level. The sign test can be 

advantageous over the t-test if the technical conditions for the t-test are not met (e.g., skewness in 

sample, not a large sample size). However, although this procedure focuses on how often you are above 

or below that level, it does not provide information about how far above or below as a confidence 

interval for the mean could. 

 

Practice Problem 2.7 
Return to Practice Problem 2.2A and the 30seconds.txt data. Carry out a sign test to determine whether 

there is convincing evidence that the median student estimate of 30 seconds differs from 30. (State your 

hypothesis, statistic and/or standardized statistic, and p-value.) 

  

http://www.rossmanchance.com/iscam3/glossary.html#signtest
http://www.rossmanchance.com/iscam3/data/30seconds.txt
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Investigation 2.8: Turbidity  

 

Another measure of water quality is turbidity, the degree of opaqueness produced in water by suspended 

particulate matter. Turbidity can be measured by seeing how light is scattered and/or absorbed by 

organic and inorganic material. Larger nephelometric turbidity units (NTU) indicate increased turbidity 

and decreased light penetration. If there is too much turbidity, then not enough light may be penetrating 

the water, affecting photosynthesis to the surface and leading to less dissolved oxygen. Riggs (2002) 

provides 244 turbidity monthly readings that were recorded between 1980-2000 from a reach of the 

Mermentau River in Southwest Louisiana (MermentauTurbidity.txt). The unit of analysis was the 

monthly mean turbidity (NTU) computed from each monthôs systematic sample of 21 turbidity 

measurements. The investigators wanted to determine whether the mean turbidity was greater than the 

local criterion value of 150 NTU.  

 

(a) Find the mean and median of the turbidity measurements and confirm that a normal probability 

model is not reasonable for these data.  

 

 

(b) Carry out a log transformation (See Investigation 2.2) and report the mean, median, and standard 

deviation of the transformed data. Verify that a log-normal probability model is reasonable for these 

data. 

 

 

 

(c) Are the mean and median values of the logged values similar to each other? Is the mean of the 

logged turbidity values similar to the log of the mean of the turbidity values? Is the median of the logged 

turbidity values similar to the log of the median of the turbidity values? 

 

Original scale Log of original values Transformed scale 

Mean =  Log (mean) =  Mean (log turbidity) =   

Median =  Log (median) =  Median (log turbidity) =  

 

(d) Explain why the median(log(turbidity)) is expected to be the same as log(median(turbidity)), but this 

interchangeability is not expected to work for the mean. 

 

 

 

 

(e) Use a one-sample t-confidence interval to estimate the mean of the log-turbidity value for this river. 

 

 

 

 

(f) Use your calculator to back-transform the endpoints of this interval to return to the original units and 

interpret the interval in context. 

  

https://archive.epa.gov/nheerl/arm/web/pdf/calm_appc.pdf
http://www.rossmanchance.com/iscam2/data/turbidity.txt
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Discussion: Once you create a symmetric distribution, the mean and median will be similar. However, 

although transforming the data does not affect the ordering of the observations, it does impact the 

scaling of the values. So whereas the median of the transformed data is equal to taking the log of the 

median of the original data (at least with an odd number of observations), this does not hold for the 

mean. So when we back-transform our interval for the center of the population distribution, we will 

interpret this in terms of the median value rather than the mean value. 

 

Study Conclusions  
A 95% confidence interval based on the transformed data equals (4.20, 4.40). Therefore, we will say 

we are 95% confident that the median turbidity in this river is between 66.69 NTU and 81.45 NTU, 

clearly less than the 150 NTU regulation. However, another condition for the validity of this 

procedure is that the observations are independent. Further examination of these data reveals seasonal 

trends. Adjustments need to be made to account for the seasonality before these data are analyzed. 

 

 

 

Practice Problem 2.8 
Return to the honking.txt data from Investigation 2.2. 

(a) Use the log transformation to calculate a 95% confidence interval for the mean log response time. 

(b) Back-transform and interpret the interval. 

(c) Outline a method for verifying that this procedure results in a 95% confidence interval for the 

population median. [Hint: Think about the Simulating Confidence Intervals applet.]

http://www.rossmanchance.com/iscam2/data/honking.txt
http://www.rossmanchance.com/applets/ConfSim.html
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Investigation 2.9: Heroin Treatment Times 

 

Rabe-Hesketh and Everitt (2000) report on a study by Caplehorn and Bell (1991) that investigated the 

times that heroin addicts remained in a clinic for methadone maintenance treatment. The data in 

heroin.txt includes the amount of time that the subjects stayed in the facility until treatment was 

terminated (times, number of days). For about 37% of subjects, the study ended while they were still in 

the clinic (status = 0). Thus, their ñsurvival timeò has been ñtruncated.ò For this reason, we might not 

want to focus on the mean survival time, but rather some other measure of a ñtypicalò survival time. We 

will explore both the median and the 75th percentile. We will treat this group of 238 patients as 

representative of the population of heroin addicts. 

 

(a) Produce and describe a histogram of the survival times for these patients.  

 
  

 

 

 

(b) Explain why it is not likely that we could find a simple mathematical model for the distribution of 

this variable. 

 

 

 

 

 

Even though a sample size of n = 238 is likely large enough for us to employ the Central Limit Theorem 

for the distribution of the sample mean, we may be more interested in the median or another statistic like 

a ñtrimmed mean.ò However, we may not know a mathematical model for the sampling distribution of 

one of these other statistics. Of course, what we are most interested in is a measure of the sample-to-

sample variability of that statistic. Previously, we estimated the standard error of the sample mean by 

using information from the sample (s/Ѝὲ). But when such a formula does not exist, another method that 

is gaining in popularity is bootstrapping. 

 

Definition:  A bootstrap sample resamples the data from the existing sample, drawing the same 

number of observations, but with replacement. A bootstrap distribution is a collection of values of the 

statistic from lots of bootstrap samples.  

 

The reasoning behind this technique is that if the sample has been randomly selected, it should be 

representative of the population. Thus, it should give us information about the population and about 

samples drawn from that population. In other words, rather than assume a particular probability model 

for the population, bootstrapping assumes that the population looks just like the sample, replicated 

infinitely many times. By sampling with replacement from the original sample, and calculating the 

statistics of interest for each bootstrap sample, we gain information about the shape and spread of the 

sampling distribution of the statistic of interest. 

 

Key result: The plug-in principle states that the standard deviation of the bootstrap distribution 

provides a reasonable estimate of the standard deviation of the sampling distribution of the statistic. 
 

https://pubmed.ncbi.nlm.nih.gov/1988793/
http://www.rossmanchance.com/iscam2/data/heroin.txt
http://www.rossmanchance.com/iscam3/glossary.html#bootstrap
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(c) Use technology to take a bootstrap sample from the heroin data. 

¶ In Sampling From Population applet: 
Follow the link for the Bootstrapping variation. Paste in the data and select the times variable. 

Check Show Sampling Options and set the Sample size to 238. Press Draw Samples. Set the 

Statistic radio button to Median. 

¶ In JMP: 
In the Analyze > Distribution output, in the 

Quantiles section, right click, and from the pop 

up menu select Bootstrap 

Set the Number of Bootstrap Samples to one 

and press OK . This will open a new data 

window with the statistics from the bootstrap 

sample. 

  

Report the median of your bootstrap sample. 

 

 

(d) Take another bootstrap sample. Did you get the same bootstrap sample median? Why or why not? 

 

 

 

To estimate the sample-to-sample variation in our statistic (e.g., the median), we now want to repeat this 

process a large number of times. 

 

(e) Use technology to create a bootstrap distribution from the heroin data. 

 

Technology Detour ς Bootstrap Sampling 
In Sampling From Population/Bootstrapping applet 
Set the Number of samples to at least 998. Press Draw Samples 
 

 

In JMP 

¶ Set the number of bootstrap samples to 1000.  

¶ Then find the output of the 1000 bootstrap sample medians and copy and paste those into a new data 

table. 

You should now have a collection of the medians from 1000 different bootstrap samples. 

 

(f) Produce graphical and numerical summaries of the 1000 bootstrap medians. Describe the behavior of 

the bootstrap distribution. 

 

 

 

 

https://www.rossmanchance.com/applets/OneSample.html?population=bootstrap
https://www.rossmanchance.com/applets/OneSample.html?population=bootstrap
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(g) Suggest a quick method for using the distribution in (e) to calculate a rough confidence interval for 

the population median. [Hint: Recall our usual estimate + 2 × standard deviation of estimate.] Calculate 

and interpret this interval. 

 

 

 

 

 

Discussion: Once you get an estimate of the standard deviation of the statistic, there is still some 

consideration of how to construct a confidence interval. In this case, the distribution of medians should 

look fairly symmetric, so a symmetric confidence interval can work. In other cases, there are more 

complicated ñadjustmentsò that can be made to get a bootstrap confidence interval. Discussion of these 

methods is beyond the scope of this text, but you have seen an example of the power of bootstrapping ï 

you can create a distribution for any statistic that should have the same variability as the sampling 

distribution of that statistic, without having to pretend you know anything about the population! 

 

(h) Repeat this analysis, but now using the upper quartile (75th percentile) as the statistic 

¶ In applet, select the Percentile radio button. Enter .75 in the box that appears and press Draw 

Samples. 
¶ In JMP: Return to the earlier data window and select the bootstrap results for the 75.0% 

quartile. 

 

 

 

 

 

Study Conclusions  
The distribution of treatment times was skewed to the right with a median of about 1 year (367.5 

days) and interquartile range of 418.5 days. Because of the skewness and truncation in the data, we 

might prefer the median or even the third quartile as the statistic. Based on a bootstrap simulation, an 

approximate 95% confidence interval for the median treatment time in the population of heroin 

addicts is between 306 days and 430 days (but results will vary), while an approximate 95% 

confidence interval for the upper quartile is around 534 to 638 days (results will vary). The interval 

for the median includes lower values than a t-interval for the population mean (368, 437), because the 

t-procedure is more strongly affected by the skewness in the data. We would like to generalize these 

data to all heroin patients, but would like more information to ensure this sample is representative. 
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Practice Problem 2.9A 
In April 2014, the city of Flint Michigan switched its water supply to the Flint River in an effort to save 

money. The U.S. Environmental Protection Agency (EPA)ôs Lead and Copper Rule states that if lead 

concentrations exceed an action level of 15 parts per billion (ppb) in more than 10% of homes sampled, 

then actions must be undertaken to control corrosion, and the public must be informed.  Consider the 

data in flint_mdeq.txt 
(a) Create a bootstrap confidence interval for the 90th percentile using the full dataset (n = 71). Describe 

your approach in detail. 

After the city submitted their data, the state instructed them to drop two of the values because they 

violated testing guidelines. One measurement was dropped because there was a water filter in the home 

ï which could give an artificially low measurement ï but actually this value was 104 ppb, the maximum 

by far. The other dropped value, 20 ppb, also on the high side, was dropped because it came from a 

business, not a home. 

(b) Create a bootstrap confidence interval after removing the two questionable observations (n = 69). 

How do the results compare? 

 

Practice Problem 2.9B 
Return to the honking.txt data from Investigation 2.2. 

(a) Suggest a reason why the Central Limit Theorem may not apply with these data. 

(b) Create and interpret an informal (+ 2SE) bootstrap confidence interval for the population median. 

  

https://www.rossmanchance.com/iscam3/data/flint_mdeq.txt
http://www.rossmanchance.com/iscam2/data/honking.txt


Ò Chance/Rossman, 2026 ISCAM IV Example 2.1 

 

 

168 

Example 2.1: Pushing On 

Try these questions yourself before you use the solutions following to check your answers. 

 

As in many states, California mandates physical fitness testing at different grade levels. The 

recommended number of push-ups for 12-year-old males is 10-20 and for 13-year-old males is 12-25. 

A sample of 80 7th grade males was obtained at a rural high school in Central California (Wetzel and 

Hernandez, 2004). Data was gathered using the measurement techniques defined by the state. (The feet 

are together, hands will be shoulder width apart, the subjectôs back will be straight, and their eyes will 

be looking toward the horizon. The arms need to bend to a 90-degree angle, while keeping their back 

flat. The push-ups are counted at a set tempo without stopping to rest.)  

 

A histogram and summary statistics of the sample data are below: 

 
(a) Describe the distribution of the results in this sample. 

 

 

 

 

(b) Suppose we take random samples of 80 males from a very large population. According to the Central 

Limit Theorem, what can you say about the behavior of the sampling distribution of the sample means 

calculated from these samples? 

 

 

 

 

(c) If this were a random sample from a population, would the sample data provide strong evidence that 

the population mean differs from 20 push-ups? Conduct a significance test to address this question. Also 

calculate confidence intervals to estimate the population mean with various levels of confidence. 

 

 

 

 

(d) What precautions should we have in analyzing these results? 

 

 

(e) Would it be reasonable to use this sample to calculate a prediction interval for the number of push-

ups by a 7th grade male in California?  
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Analysis 
(a) For this sample, the distribution of the number of push-ups completed is slightly skewed to the right. 

The average number of push-ups by the 80 males in the sample was 15.49, with standard deviation 7.74 

push-ups. Most students completed about 10-25 push-ups, with the maximum around 40 or so. 

(b) Because the sample size is large (80 > 30), the sampling distribution of sample means should be 

approximately normal, regardless of the population shape, with mean m, and standard deviation equal to 

s/Ѝψπ. The exact values of m (the population mean number of push-ups done by 7th grade males) and s 

(the population standard deviation) are unknown, but they should be in the ballpark of 15.49 and 7.74 

respectively, the sample statistics. 

(c) Test of significance: If this was a random sample from a larger population of 7th graders, let m 

represent the mean number of push-ups that would be completed in this population. We want to decide 

whether m is significantly different from 20. 

 H0: m = 20 (the population mean number of push-ups is 20) 

 Ha: m Í 20 (the population mean differs from 20) 

  

Because we are working with a quantitative response variable and the sample size is large, we 

will model the sampling distribution of the standardized statistic with the t distribution with 80 ï 

1= 79 degrees of freedom. 

 

 
80/74.7

2049.15

/

0 -
=

m-
=

ns

x
t = -5.21 

 

 p-value = 2P(T79 < -5.21) = 2(0.0000007) = 0.0000014 

 
 

With such a small p-value, we easily reject the null hypothesis and conclude that the population mean 

number of push-ups differs from 20.  

Confidence Intervals: 
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To construct a 95% confidence interval for m, 

we will use t*79 = 1.990 

 

)80/74.7(990.149.15/*
1 °=° - nstx n  = 

15.49 + 1.72 = (13.76, 17.21) 

 

 

 
  

Verifying these calculations with software, we would find: 

JMP 

 
Based on this sample, assuming it represents the larger population, we are 95% confident that the 

average number of push-ups completed by all 7th graders in the population is between 13.76 and 17.21, 

so 20 is rejected as a plausible value at the 0.05 level of significance. We could also find 99% and 

99.9% confidence intervals for m to be:  

 99%: ὼȇ
ᶻ

Ѝ
ρυȢτω ςȢφτπ

Ȣ

Ѝ
 = 15.49 + 2.28 = (13.21, 17.77) 

 99.9%: ὼȇ
ᶻ

Ѝ
ρυȢτω σȢτρψ

Ȣ

Ѝ
 = 15.49 + 2.96 = (12.53, 18.45) 

Thus, even with these stricter standards of 99% and 99.9% confidence, we still have reason to believe 

that the population mean is less than 20 push-ups. These results are consistent with the extremely small 

p-value from the significance test above. 

(d) We should be very cautious in generalizing these results as we donôt know if the push-up 

performance of the students sampled at this rural high school in Central California is representative of a 

larger population of 7th graders in the state. The margin of error calculated only takes into account the 

expected amount of random sampling error, not any biases from our sampling methods.  

(e) If we wanted to calculate a prediction interval, we would have the same concern that this sample may 

not be representative of 7th graders across the state, and the additional concern that the population 

distribution may not follow a normal distribution. We have reason to doubt that it does since the sample 

shows some skewness to the right. So using these data to predict the number of push-ups by an 

individual in this population would be risky.
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Example 2.2: Distracted Driving? 

Try these questions yourself before you use the solutions following to check your answers. 

 

Strayer and Johnston (2001) asked student volunteers to use a machine that simulated driving situations. 

At irregular intervals, a target would flash red or green. Participants were instructed to press a ñbrake 

buttonò as soon as possible when they detected a red light. The machine would calculate the reaction 

time to the red flashing targets for each student in milliseconds.  

 

The students were given a warm-up period to familiarize themselves with the driving simulator. Then 

the researchers had each student use the driving simulation machine while talking on a cell phone about 

politics to someone in another room and then again with music or a book-on-tape playing in the 

background (control). The students were randomly assigned to use the cell phone or the control setting 

for the first trial. The reaction times (in milliseconds) for 16 students appear below and in the file 

driving.txt. 
Subject A B C D E F G H I  J K L  M N O P 
Cell  636 623 615 672 601 600 542 554 543 520 609 559 595 565 573 554 

Control  604 556 540 522 459 544 513 470 556 531 599 537 619 536 554 467 

 

(a) Suppose we let X represent the number of subjects whose cell phone reaction time was longer. What 

probability distribution can we use to model X? What assumptions are behind this probability model? 

 

 

 

 

 

 

(b) How could you characterize the null and alternative hypotheses in this case (in symbols and in 

words)? 

 

 

 

 

(c) What is the observed value of X in this study? How would you determine whether this statistic 

provides convincing evidence against the null hypothesis? 

 

 

(d) Use the binomial distribution to determine a p-value for a sign test applied to this study. Interpret this 

p-value in the context of this study and state the conclusions you would draw from this p-value. 

 
 
 
 
 
 
  

https://www.researchgate.net/publication/11597928_Driven_to_Distraction_Dual-Task_Studies_of_Simulated_Driving_and_Conversing_on_a_Cellular_Telephone
http://www.rossmanchance.com/iscam2/data/driving.txt
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Analysis 
(a) We can use the binomial distribution to model X, where n = 16 (the number of drivers in the study) 

and “ represents the probability that the cell phone reaction time is longer. This is a valid model as long 

as the reaction times between subjects are independent and the probability of the cell phone reaction 

time being longer is the same across the subjects. 

 

(b) H0: p = 0.5 (equally likely for either reaction time to be longer) 

Ha: p > 0.5 (more likely for a subject to take longer to react when talking on the cell phone). 

 

(c) The observed value of X is 13 in this study. So we need to assess how unusual it is for 13 or more 

drivers out of 16 to have a longer cell phone reaction time under the null hypothesis that there is no 

long-run tendency for either reaction time to be longer. 

 

(d) Determining P(X > 13) where X is Binomial (n = 16, p = 0.5),  

 
 

With an exact Binomial p-value of 0.0106, we would reject the null hypothesis at the 5% level of 

significance. Only 1.1% of random assignments (of which reaction time goes to which condition for 

each person) would have at least 13 of the differences being positive if the null hypothesis were true. We 

have strong evidence that such a majority did not happen by chance alone, but reflects a genuine 

tendency for cell phone reaction times to be longer. 
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CHAPTER 2 SUMMARY 
 

In this chapter, you focused on distributions of quantitative data, following up earlier discussion in 

Investigation A. In exploring quantitative data, we start with a graph displaying the distribution, such as 

a dotplot or a histogram. The most relevant features include shape, center, and variability, as well as 

deviations from the overall pattern. The appropriate numerical summaries of center include the mean 

and median, but keep in mind that the median is more resistant than the mean to outliers and skewness. 

The appropriate numerical summaries of variability include interquartile range (IQR) and standard 

deviation, with the IQR also more resistant to outliers and skewness. Remember when examining the 

variability of a data set, you are interested in the spread of the values that the variable takes (along the 

horizontal axis). In summarizing data, the five-number summary can be very descriptive and you were 

also introduced to boxplots, a graphical display of the five-number summary. 

 

After examining the sample distribution, it may be appropriate to ask whether a sample statistic differs 

significantly from some claim about the population. For example, whether the sample mean is far 

enough from a conjectured population mean to convince you that the discrepancy did not arise ñby 

chance alone.ò  You explored some simulation models, mostly to convince you that the t-distribution 

provides a very convenient approximation to the sampling distribution of the standardized statistic of a 

sample mean. This allowed us to approximate p-values and calculate confidence intervals. Keep in mind 

that the logic of statistical significance hasnôt changed ï we assume the null hypothesis is true and 

determine how often we would get a sample statistic at least as extreme as what was observed. You saw 

that this likelihood is strongly affected by not only the sample size but also how much variability is 

inherent in the data. You also learned about prediction intervals, as opposed to confidence intervals, for 

estimating individual values rather than the population mean. 

 

These t procedures do come with some technical conditions and should be applied with extreme caution 

with small sample sizes or extreme skewness in the distribution. In this case, you could consider 

transforming the variable to rescale the observations to a known probability distribution such as the 

normal distribution. You can also apply the sign test which looks at the sign of the values rather than the 

numerical outcome and allows you to apply the binomial distribution. Other approaches such as 

bootstrapping are very flexible in the choice of statistic.  

 

SUMMARY OF WHAT YOU HAVE LEARNED IN THIS CHAPTER 
¶ Numerical and graphical summaries for describing the distribution of a quantitative variable  

o Focus on shape, center, and variability of the distribution, and deviations from overall pattern 

¶ Properties of numerical summaries (resistance) 

¶ How to describe, measure, and interpret variability of a quantitative variable 

¶ Identifying and considering potential explanations for outliers 

¶ Stating hypotheses in terms of a population mean 

¶ One-sample t-procedures 

o When appropriate to apply; Why helpful 

o How to interpret results  

o Alternative approaches if not valid (e.g., data transformations) 

¶ Factors that affect the significance of the comparison (e.g., sample size, sample variability) 

¶ Prediction intervals 
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TECHNOLOGY SUMMARY 
¶ Summarizing data (dotplots, histograms, boxplots, mean, standard deviation, five-number summary) 

¶ Simulating a sampling distribution from a finite population 

¶ One-sample t-procedures 

¶ Transforming data 

 

Quick Reference to JMP Commands 
Procedure Desired Menu 

Graphs of quantitative data Graph > Graph Builder 
For a dotplot: change the Jitter style to Positive grid 
Analyze > Distribution 
For a boxplot use the hot spot to select Outlier Boxplot 

Numerical summaries Analyze > Distribution or Analyze > Tabulate 

Normal probability plots Analyze > Distribution Hot spot > Normal Quantile Plot 

Critical values from t-distribution Distribution Calculator 

Carry out the One Sample t 
procedures 

Analyze > Distribution  
Or ISCAM Journal File 

 

Choice of Procedures for Analyzing One Mean 
 
Study design One quantitative variable from large population or process 

Parameter m = population mean or process mean (or use sign test or bootstrapping) 

Null Hypothesis H0: m = m0 

Simulation Random sample from finite population or bootstrapping 

Can use t 

procedures if 

Normal population (symmetric sample distribution) or large sample size relative to 

the population skewness, e.g., 

Sample skewness 0.5 1 2 3 

Sample size needed 20 50 150 300 
 

Standardized 

(test) statistic 
 ὸ

Ӷ

Ѝ

 

Confidence 

interval  
ὼӶὸᶻ ί

Ѝ
  

Prediction 

interval  ὼӶ + 
*

1-nt ³ s ρ  (with normally distributed population) 
 

 

JMP Analyze > Distribution with a quantitative variable 

Input variable column or summary statistics 

(Prediction interval) 
TBI Applet  One mean 
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CHAPTER 3: COMPARING TWO PROPORTIONS  

 

In this chapter, you will focus on comparing results from two groups on a categorical variable. These 

groups could be samples from different populations or they could have been deliberately formed during 

the design of the study (a third source of possible randomness). You will again consider multiple ways 

to analyze the statistical significance of the difference in the groups, namely simulation, exact methods, 

and normal approximations to answer whether the observed difference in the groups could have 

happened ñby chance alone.ò You will also continue to consider issues of statistical confidence and 

types of errors. A key consideration to keep in mind will be the scope of conclusions that you can draw 

from the study based on how the data were collected. 

 

Section 1: Comparing two population proportions 

 Investigation 3.1: Teen hearing loss (cont.) ï Tables, conditional props, bar graphs, z-procedures 

 Investigation 3.2: Nightlights and near-sightedness ï Association, confounding 

 

Section 2: Types of Studies 

 Investigation 3.3: Handwriting and SAT scores ï Observational studies, experiments 

 Investigation 3.4: Botox for back pain ï Designing experiments 

 

Section 3: Comparing two treatment probabilities 

 Investigation 3.5: Dolphin therapy ï Randomization test 

 Investigation 3.6: Is yawning contagious? ï Fisherôs exact test 

 Investigation 3.7: CPR vs. chest compressions ï z-procedures 

 

Section 4: Other Statistics 

 Investigation 3.8: Peanut allergies ï Relative risk 

 Investigation 3.9: Smoking and lung cancer ï Types of observational studies, odds ratio 

 Investigation 3.10: Sleepy drivers ï Application 

 

Example 3.1: Wording of Questions  

Example 3.2: Unbanked households 

 

Chapter 3 Summary 
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SECTION 1: COMPARING TWO POPULATION PROPORTIONS  

 

Investigation 3.1: Teen Hearing Loss (cont.) 

  

The Shargorodsky, Curhan, Curhan, and Eavey (2010) study from Investigation 1.14 actually focused on 

comparing the current hearing loss rate among teens (12-19 years) to previous years to see whether teen 

hearing loss is increasing, possibly due to heavier use of ear buds. In addition to the 1771 participants in 

the NHANES 2005-6 study (333 with some level of hearing loss), they also had hearing loss data on 

2928 teens from NHANES III (1988-1994), with 480 showing some level of hearing loss. Our goal is to 

assess whether the difference between these two samples can be considered statistically significant. 

 

(a) What is the primary difference between this study and those examined in Chapters 1 and 2?  

 

 

 

 

(b) Identify the two populations and the variable being considered in this study. 

 

Populations: 

 

 

 

 Variable:                  Type: 

 

 

Descriptive Statistics 
(c) When we have two samples for a binary categorical variable, it is often useful to organize the data 

using a two-way table. Complete the following 2 × 2 table of counts. 

   

 1988-1994 2005-2006 Total 

Some hearing loss 480 333  

No hearing loss    

Total 2928 1771  

 

(d) Explain why it does not make sense to conclude that hearing loss was more likely in 1988-1994 than 

in 2005-2006 based only on the comparison that 480 > 333.  

 

 

 

 

(e) Suggest a better way to compare the likelihood of hearing loss between the two time periods. 

Calculate one number as the statistic for this study (what symbols are you using?). Does your statistic 

seem large enough to convince you that there has been an increase in hearing loss? 

 

 

https://jamanetwork.com/journals/jama/fullarticle/186427
http://www.rossmanchance.com/iscam3/glossary.html#twowaytable
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Definition:  The simplest statistic for comparing a binary variable between two groups is the 

difference in the proportion of ñsuccessesò for each group. These proportions, calculated separately 

for each group rather than looking at the overall proportion, are called conditional proportions.  

In this case, we compute the difference in the proportion of teens with some level of hearing loss 

between the two years (ὴǶ ὴǶ = 480/2928 - 333/1771). 

 

The next step is to examine an effective graphical summary for comparing the two groups. 

 

Technology Detour ς Segmented Bar Graphs 

 

In JMP 

¶ You can specify the counts from the two-way table, but 

you have to do so in ñcolumn formatò (each row is a 

combination of the two variables and the counts are all in 

one column)  
¶ Select Analyze > Fit Y by X.  

¶ Click Hearing Loss then click the Y, Response button 

(or drag).  

¶ Click Year then click the X, Factor button (or drag). 

(With raw data, you would be done here.)  

¶ Finally click Count then the Freq button. Click OK . 

¶ Right-click on one of the bars and select Cell Labelling 

> Show Percents. 
 

JMP creates a ñMosaic Plotò (the column widths also reflect the relative sample sizes). An 

extended two-way table is shown below the Mosaic Plot although the rows and columns are 

reversed. Click the red Contingency Table arrow and uncheck Col% and Total% to see a less 

cluttered table. 
 

 

 

(f) Use technology to create numerical and graphical summaries for these summarized data. Write a 

sentence or two comparing the distributions of hearing loss between these two studies. Be sure to report 

an appropriate statistic. 

 

 

 

 

 

(g) Do these data convince you that there is a difference in the population proportions? If not, what 

could be another explanation for the difference you see in these numerical and graphical summaries for 

these two samples?  

 
 
 
 

http://www.rossmanchance.com/iscam3/glossary.html#conditional
http://www.rossmanchance.com/iscam3/glossary.html#segmented
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Inferential Statistics 
As weôve said before, it certainly is possible to obtain sample proportions 

this far apart, just by random chance, even if the population proportions 

(of teens with some hearing loss) were the same. The question now is 

how likely such a difference would be if the population proportions were 

the same. We can answer this question by modeling the sampling 

variability, arising from taking independent random samples from these 

populations, for the difference in two sample proportions. Investigating 

this sampling variability will help us to assess whether this particular 

difference in sample proportions is strong evidence that the population 

proportions actually differ. 

 

(h) Let p94 represent the proportion of all American teenagers in 1994 with at least some hearing loss, 

and similarly for p06. Define the parameter of interest to be p94 ï p06, the difference in the population 

proportions between these two years. State appropriate null and alternative hypotheses about this 

parameter to reflect the researchersô conjecture that hearing loss by teens is becoming more common. 

 

 Ho: 

 

 Ha: 

 

Simulation 
Because the population sizes are very large compared to the sample sizes, we will model this by treating 

the populations as infinite and sampling from binomial processes.  

(i) How do we model the null hypothesis being true? 

 

 

(j) Assuming the null hypothesis is true, we really only have one value of p to estimate ï the common 

population proportion with hearing loss for these two years. What is your best estimate for p from the 

sample data? [Hint: Think about combining the two years together.] 

 

 

 

(k) Describe how you could carry out a simulation analysis to investigate whether the observed 

difference in sample proportions provides strong evidence that the population proportions with hearing 

loss differed between these two time periods. How will you estimate the p-value? 

 

 

 

 

We will begin our simulation analysis by assuming the population proportion is actually this value (p = 

(480 + 333)/(2928 + 1771) = 0.173). We simulate the drawing of two different random samples from 

this population, one to represent the 1994 study and the other for the 2006 study. Then we examine the 

distribution of the difference in the conditional proportions with some hearing loss between these two 

years. Finally, we repeat this random sampling process for many trials. [Note: We can assume p = 0.173 

without loss of generality, but you might want to verify this with other values for p as well.] 

“?  “? 

ὴǶ1 ὴǶ2 
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(l) Use the Comparing Two Population Proportions applet to randomly sample one ñcould have beenò 

difference in conditional proportions assuming the null hypothesis is true. [See Technology Detour for 

carrying out these simulations in other software packages.] 

¶ Specify .173 as the process probability for both populations. 

¶ Specify 2928 and 1771 as the two sample sizes. 

¶ Leave the Number of samples set to 1. 

¶ Press Draw Samples. 

Report the values you found for ὴǶ, ὴǶȟ and ὴǶ ὴǶ Ȣ 
 

(m) Will everyone in the class get the same answers to (l)? Explain. 

 

 

To learn about the pattern of variation in our statistic, we want to generate many more outcomes 

assuming the null hypothesis to be true. 

 

(n) Change the Number of samples from 1 to 999 and press Draw Samples for a total of 1,000 pairs of 

independent random samples. Describe the distribution of ὴǶ values, the distribution of ὴǶ values, and 

the distribution of ὴǶ ὴǶ values. Does the distribution of difference in proportions behave as you 

expected? In particular, does the mean of this distribution make sense? (How does it compare to the 

means of the individual ὴǶ distributions?) Explain. 

 

 

 

 

(o) Now determine the empirical p-value by counting how often the simulated difference in conditional 

proportions is at least as extreme as the actual value observed in the study by entering the observed 

value in the Count Samples box and pressing the Count button. (Make sure the direction matches the 

alternative hypothesis.) Report your empirical p-value and indicate what conclusion you would draw 

from it. 

 

 
 
 
 
Mathematical Model 
(p) It turns out that there is no ñexactò method for calculating the p-value here, because the difference in 

two binomial variables does not have a binomial, or any other known, probability distribution. However, 

did the histogram of ὴǶ ὴǶ values you examined remind you of any other probability distribution? 

 

 

 

(q) Check the Normal Approximation box to overlay a normal curve on your null distribution to 

evaluate whether the simulated differences appear to ñline upò with observations from a standard normal 

distribution. Does the normal model appear to be a reasonable approximation to the null distribution? 

 

http://www.rossmanchance.com/applets/power5.html
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Probability Detour 
There is a theoretical result that the difference in two normal distributions will also follow a normal 

distribution. When our sample sizes (n1 and n2) are large, we know the individual binomial distributions 

are well approximated by normal distributions. Consequently, the difference of the sample proportions 

will be well approximated by a normal distribution as well. The mean of this distribution is simply the 

difference in the means of the individual normal distributions.  

 

(r) How does the variability (SD) of the difference in ὴǶ values compare to the variability of the 

individual ὴǶ distributions? Explain why this makes intuitive sense. 

 

 SIMILAR    LARGER   SMALLER    

 

  Explanation:  

 

 

 

Two additional ñrules for random variablesò are, for two random variables X and Y,  

¶ E(X  Y) = E(X)  E(Y) 

¶ Var(X  Y) = Var(X) + Var(Y), as long as X and Y are independent 

 

(s) Use these rules to suggest a way to calculate E(ὴǶ ὴǶ Ánd Var(ὴǶ ὴǶ. 

 

 

 

 

 

 

(t) Suggest two different methods for calculating SE(ὴǶ ὴǶ using the observed data. 

 

 

 

 

 

 

Central Limit Theorem for the difference in two sample proportions 

When taking two independent samples (of sizes n1 and n2) from large populations, the distribution of 

the difference in the sample proportions (ὴǶ ὴǶ) is approximately normal with mean equal to  

p1 ï p2 and standard deviation equal to SD(ὴǶ ὴǶ) = 
2
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where p is the common population proportion.  
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Technical Conditions: We will consider the normal model appropriate if the sample sizes are large, 

namely n1p1 > 5, n1(1 - p1) > 5, n2p2 > 5, n2(1 - p2) > 5, and the populations are large compared to the 

sample sizes.  

Note: The variability in the differences in sample proportions is larger than the variability of individual 

sample proportions. In fact, the variances (standard deviation squared) add, and then we take the square 

root of the sum of variances to find the standard deviation.  

 

However, to calculate these values we would need to know p1, p2, or p. So again we estimate the 

standard deviation of our statistic using the sample data.  

 

Case 1: When testing whether the null hypothesis is true, we are assuming the samples come from the 

same population, so we ñpoolò the two samples together to estimate the common population proportion 

of successes. That is, we estimate p by looking at the ratio of the total number of successes to the total 

sample size: 

ὴǶ
ὢ ὢ

ὲ ὲ
 
ὲὴǶ ὲὴǶ

ὲ ὲ
  
ὸέὸὥὰ ὲόάὦὩὶ έὪ ίόὧὧὩίίὩί

ὸέὸὥὰ ίὥάὴὰὩ ίὭᾀὩ
  

 

Then we use this value to calculate the standard error of ὴǶ ὴǶ to be: 

ὛὉὴǶ ὴǶ ὴǶρ ὴǶ
ρ

ὲ

ρ

ὲ
   

 
 

(u) Use these theoretical results to suggest the general formula for a standardized statistic and a method 

for calculating a p-value to test H0: p1 - p 2 = 0 (also expressed as H0:  p 1 =  p 2) versus the alternative  

Ha: p 1 - p 2 < 0 (or Ha: p 1 < p 2). (This is referred to as the two-sample z-test or two proportion z-test.) 

 

 standardized statistic = z = 
 

 = 

 

(v) Calculate and interpret the value of the standardized statistic specified in the previous question as 

applied to the hearing loss study.  

ὴǶ ὴǶ =         ὴǶ =      SE(ὴǶ ὴǶ) =  

 

standardized statistic: z =  

 

interpretation: 

 

(w) Is the standard error close to the empirical standard deviation from your simulation results? 

 

 

 

(x) Use technology to compute the p-value for this standardized statistic using the standard normal 

distribution and compare it to your simulation results. 

  

http://www.rossmanchance.com/iscam3/glossary.html#twosamplez
http://www.rossmanchance.com/iscam3/glossary.html#twosamplez
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Confidence Interval 
Case 2: When calculating confidence intervals, we make no assumptions about the populations (for 

example, when we are not testing a particular null hypothesis but only estimating the parameter, we do 

not assume a common value for “). So we will use a different formula to approximate the standard 

deviation of ὴǶ ὴǶ: 

ὛὉὴǶ ὴǶ
ὴǶρ ὴǶ

ὲ

ὴǶ ρ ὴǶ

ὲ
 

(y) Calculate this version of the standard error. Is it much different from what you calculated in (v)? 

 

 

 

(z) Calculate (by hand) and interpret a 95% confidence interval to compare hearing loss of American 

teenagers in these two years. Is this confidence interval consistent with your test of significance? Why is 

it theoretically possible the interval would not be consistent with the test of significance? 

 

 

 

 

 

Note: It is technically incorrect to say there has been a 0.15% to 4.67% increase in hearing loss from 

1994 to 2006, because ñpercentage changeò implies a multiplication of values, not an addition or 

subtraction as we are considering here. It would be acceptable to say that the increase is between 0.15 

and 4.67 percentage points. 

 

Technical Conditions 
The above Central Limit Theorem holds when the populations are much larger than the samples (e.g., 

more than 20 times the sample size) and when the sample size is large. We will consider the latter 

condition met when we have at least 5 successes and at least 5 failures in each sample (so there are four 

numbers to check).  

 

Note: A ñWilson adjustmentò can be used with this confidence interval similar to the Plus Four Method 

from Chapter 1, this time putting one additional success and one additional failure in each sample. This 

adjustment will be most useful when the sample proportions are close to 0 or 1 (that is when the sample 

size conditions above are not met). 

 

(aa) Summarize your conclusions from this study. Be sure to address statistical significance, statistical 

confidence, and the populations you are willing to generalize the results to. Also, are you willing to 

conclude that the change in the likelihood of hearing loss is due to the increased use of ear buds among 

teenagers between 1994 and 2006? Explain why or why not. 
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Study Conclusions  
We have moderate evidence against the null hypothesis (p-value º 0.02, meaning we would get a 

difference in sample proportions ὴǶ ὴǶ as small as -0.024 or smaller in about 1.7% of random 

samples from two populations with p1 = p2). We are 95% confident that the population proportion 

with some hearing loss is between 0.0015 and 0.047 higher ñnowò than ten years ago. We feel 

comfortable drawing these conclusions about the populations the NHANES samples were selected 

from as they were random samples from each population (and there was no overlap in the populations 

between these two time periods). However, there are many things that have changed during this time 

period, and it would not be reasonable to attribute this increase in hearing loss exclusively to the use 

of ear buds. 

 
Practice Problem 3.1A 
In a follow-up study, Su & Chan (2017) examined hearing loss data for 1165 participants from the 2009-

2010 National Health and Nutrition Examination Survey to see whether this trend has continued. They 

estimate the prevalence (after adjusting for a non-simple random sample and weighting the data to be 

representative of the population) of some hearing loss to be 0.152. If we treat this as a sample 

proportion, is this significantly different from the 2005-6 data? 

 

Practice Problem 3.1B 
In Practice Problem 1.1B, you considered data on the first 3 months of the Premier soccer league in 

2019 (pre-Covid) and in 2020 (during Covid, when no fans were allowed). Consider these observations 

as random samples from independent processes. In 2019, the home team won 54 of the first 88 games 

and in 2020, the home team won 40 of 87 matches. 

(a) Create the two-way table for comparing these samples to each other. Calculate and interpret the 

difference in conditional proportions. 

(b) Specify appropriate null and alternative hypothesis, being clear how these hypotheses change from 

Chapter 1. Are you using a one-sided or two-sided alternative? 

(c) Use the Comparing Two Population Proportions applet to carry out a simulation. What are you using 

for the common probability of success? Which values do you count for the p-value? What do you 

conclude? 

(d) Are the technical conditions met to calculate the two-sample z-interval for these data? Explain. 

(e) Calculate and interpret a 95% confidence interval from these data. 

Note: Data are ñstackedò if each column represents a different variable (e.g., year surveyed and hearing 

condition) and they are ñunstackedò if each column represents a different group (e.g., 1998 and 2002). 

 

  

https://pubmed.ncbi.nlm.nih.gov/28750123/
http://www.rossmanchance.com/applets/power5.html
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Technology Detour ς Two-sample z-procedures 
 

 In Theory-Based Inference applet 

¶ Select Two proportions  

¶ Check the box to paste in 2 columns of data (stacked or 

unstacked) and press Use data or specify the sample 

sizes and either the sample counts or the sample 

proportions and press Calculate. 

¶ For the test, check the box for Test of Significance 

Keep the hypothesized difference at zero and set the 

direction of the alternative, press Calculate. 

¶ For the confidence interval, check the box, specify the 

confidence level and press Calculate CI 

 

 
 

 
In JMP 

¶ With raw data or after specifying the two-way table in 

column format, select Analyze > Fit Y by X and specify 

the categorical response variable (Y, Response) and the 

categorical explanatory variable (X, Factor) 
o Specify the counts if using a two-way table (and 

ñyearò is seen as a categorical variable) 

¶ Press OK . 
¶ The p-value in the Pearson row matches a two-sided z-

test. 
¶ For a confidence interval, use the hot spot to select Two 

Sample Test for Proportions  
Note: Here you can change which outcome is considered 

success 

This also reports an ñadjusted Waldò p-value 

 

¶ With summary data use the ISCAM Journal file: 

Hypothesis Test for Two Proportions 

¶ Specify the form of the alternative hypothesis 

¶ Enter the number of successes and the sample sizes,  

(This works for raw data too, but be careful how you specify 

the explanatory and response variables and use ñpooled 

estimate of variance.ò This reports the z-score as well.) 
  

Technology Detour ς Simulating Proportions from Independent Random Samples  
 
Step 1: Generate a random sample of 2928 observations from a binomial process with “ = .173 

Step 2: Generate a random sample of 1771 observations from a binomial process with “ = .173 

Step 3: Convert the sample counts into sample proportions 

Step 4: Calculate the difference in the sample proportions 

Step 5: Repeat steps 1-4 a large number of times. 

https://www.rossmanchance.com/applets/2021/tbia/TBIA.html
http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
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You should explore the individual ὴǶ distributions but mostly focus on the distribution of ὴǶ ὴǶ, 
including the mean, standard deviation, and whether the distribution behaves like a normal 

distribution. 

 

In Applet: Comparing Two Population Proportions 
In JMP: IndependentBinomialsJMP.html 

 

Summary of Comparing Two Population Proportions 
 

Parameter: p1 - p2 = the difference in the population proportions of success 
  

To test H0: p1 - p2 = 0  

1. Simulation: Random samples from binomial processes with common p  

2. Two-sample z-test: 

The standardized statistic z0 =
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is well approximated by the standard normal distribution when n1ὴǶ > 5, n1(1 - ὴǶ) > 5,  

n2ὴǶ> 5 and n2(1 - ὴǶ) > 5, where ὴǶ is the proportion of successes combining the 2 groups. 

 

Approximate (100 × C)% Confidence interval for p1 - p2: 

1. Two-sample z-interval: 

An approximate (100 × C)% interval: ( )
2

22

1

11
21

)Ĕ1(Ĕ)Ĕ1(Ĕ
*ĔĔ

n

pp

n

pp
zpp

-
+

-
°-    

where -z* is the 100 × (1 - C)/2th percentile from the standard normal distribution. 

This method is considered valid when n1 ὴǶ> 5, n1(1 -ὴǶ) > 5, n2ὴǶ > 5, and n2(1 -ὴǶ) > 5. 

2. A Plus Four adjustment (1 success and 1 failure to each group) can be made first. 

Note: We can simplify the technical conditions by verifying that you have independent random 

samples from two processes or large populations (or one random sample classified by a binary 

variable) and at least 5 successes and 5 failures in each group. 
 

Technology: To perform the calculations for these two-sample z-procedures you can use 

¶ Theory-Based Inference applet: two proportions 

¶ JMP:  e.g., Fit Y by X or ISCAM Journal file > Hypothesis Test for Two Proportions and 

Confidence Interval for Two Proportions 

Investigation 3.2: Nightlights and Near-sightedness 

 

Myopia, or near-sightedness, typically develops during the childhood years. Several studies have 

explored whether there is an association between development of myopia and the use of night-lights 

with infants. Quinn, Shin, Maguire, and Stone (1999) examined the type of light children aged 2-16 

were exposed to. Between January and June 1998, the parents of 479 children who were seen as 

outpatients in a university pediatric ophthalmology clinic completed a questionnaire (children who had 

already developed serious eye conditions were excluded). One of the questions asked was ñUnder which 

lighting condition did/does your child sleep at night?ò before the age of 2 years. The following two-way 

http://www.rossmanchance.com/applets/power5.html
https://www.rossmanchance.com/iscam3/data/IndependentBinomialsR.html
http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
https://www.researchgate.net/publication/12962583_Myopia_and_ambient_lighting_at_night_5
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table classifies the childrenôs eye condition and whether or not they slept with some kind of light (e.g., a 

night light or full room light) or in darkness. 

 

 Some light Darkness Total 

Near-sighted 188 18 206 

Not near-sighted 119 154 273 

Total 307 172 479 

 

Definition:  When we have two variables, we often specify one to be the explanatory variable and 

the other to be the response variable. The explanatory variable is the one that we think might be 

influencing or explaining changes in the response variable, the outcomes of interest. 

 

(a) Which variable, lighting condition or eye condition, would you consider the explanatory variable in 

this study and which the response variable? [Hints: What can you assume when data are collected over 

time?] 

 

 

(b) Calculate conditional proportions to measure the difference in the rate of near sightedness between 

the children with and without lighted rooms in this sample. (Use appropriate symbols.) Also produce a 

segmented bar graph to compare the eye condition of the two lighting groups. Comment on what your 

numbers and graph reveal about differences in eye condition between these lighting groups. Do you 

think this difference will be statistically significant? Explain. 

 

 

 

 

Discussion: In the previous investigation, the researchers literally took two distinct random samples 

from two different groups of teens. In this study, the data arose from one sample and each child in the 

sample was classified according to two variables: lighting condition and eye condition. A natural 

research question here might be ñDoes use of nightlights and room lights increase the rate of near-

sightedness in children?ò In such a situation, we can instead phrase our hypotheses in terms of the 

association between the two variables: 

 H0: There is no association between lighting condition and eye condition in the population 

 Ha: There is an association between lighting condition and eye condition in the population 

 

We can also state these hypotheses in terms of underlying population probabilities:  

H0: plight ï pdarkness = 0  vs. Ha: plight ïpdarkness > 0 

where “ represents the probability of a near-sighted child in population i. 

 

(c) Briefly discuss how you could modify the simulation procedure used in Investigation 3.1 to reflect 

the changes in the study design. 

 

 

 

 

 

http://www.rossmanchance.com/iscam3/glossary.html#explanatory
http://www.rossmanchance.com/iscam3/glossary.html#response
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It turns out, it will be valid to use the same inferential analysis procedures here as in Investigation 3.1 as 

long as the samples (e.g., room light, darkness) can be considered independent of each other. One 

counter example would be if the observational units had been paired in some way (e.g., brothers and 

sisters). But if we donôt believe the responses of particular children in lit rooms in this study in any way 

relate to the responses of particular children in the dark rooms, we consider the samples independent, 

even though they werenôt literally sampled separately. So we can use the same Central Limit Theorem to 

specify a normal distribution as a model of the sampling distribution of the difference in the two sample 

proportions. 

(d) Use technology to perform a two-sample z-test to compare the proportion with near sightedness 

between these two samples. Report the standardized statistic and p-value. Also report and interpret a 

95% confidence interval from these data. 

 

 

 

 

 

 

 

(e) Because the p-value is so small, would you be willing to conclude that the use of lights causes an 

increase in the probability of near-sightedness in children? Explain. If not, suggest a possible alternative 

explanation for the significantly higher likelihood of near sightedness for children with lighting in their 

rooms. 

 

 

 

 

 

Discussion: When we find a highly significant difference between two groups, although we can 

conclude a significant association between the explanatory and response variables, we are not always 

willing to draw a cause-and-effect conclusion between the two variables. Though many wanted to use 

this study as evidence that it was the lighting that caused the higher rate of near-sightedness, for all we 

know it could have been that children with poorer vision asked for more light to be used in their rooms. 

Or there could even be a third variable that is related to the first two which could provide the real 

explanation for the observed association. Such a variable is called a confounding variable. 

 

Definition : In some studies, we may consider one variable the explanatory variable that we suspect 

has an effect on the response variable. However, in some studies often there may be other 

confounding variables that also differ between the explanatory variable groups and have a potential 

effect on the response variable.  

 

Your alternative explanation in (e) probably identified a potential confounding variable. For example, 

eye condition of the parents may be related to the explanatory variable (parents with poorer sight are 

more likely to use room lighting) and to the response variable (children of near-sighted parents are more 

likely to be near-sighted themselves). Because this confounding variable changes with the explanatory 

variable, we have no way of separating out the effects of this variable and those of the explanatory 

http://www.rossmanchance.com/iscam3/glossary.html#confounding
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variable. This prevents us from drawing a cause-and-effect conclusion between lighting condition and 

eye condition. 

 

One way to visualize confounding is to examine a diagram of the study design. For the night-light and 

eye condition study we considered lighting the explanatory variable and eye condition the response. 
 

           Some light  

 

Children                  Eye condition 

      

            No light 

 

   Observational units  Explanatory variable   Response variable 

 

But we are conjecturing the parentsô eye condition might also be changing across the two groups. 
 

         Mostly near-sighted parents 

           Some light     

      

Children                      Eye condition   

  

      

           No light      

Mostly parents with  

good eyesight 

 

So when those who had lighting in their room develop near-sightedness, there are two equally plausible 

explanations because two things have changed for that group and we canôt separate them out.  

 

(f) It has been suggested that ñlow birth weightò is a possible confounding variable in this study. Does 

this seem plausible to you? Describe circumstances under which this would be a confounding variable. 

 

 

 

(g) In this study, 70% of the children were Caucasian. Does this mean ñraceò is a possible confounding 

variable? Could the region of the country where the clinic was located be a confounding variable? If 

these arenôt issues of confounding, what do they impact? 

 

 

 

 

 

Discussion: Keep in mind that the issue of confounding, and whether you can draw a cause-and-effect 

conclusion between explanatory and response variables, is very different from the issue of 

generalizability. We are willing to generalize to a larger population when the study design involves 

random sampling of observational units from the population. This is a separate question from how the 

observational units were formed into subgroups. 
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Study Conclusions  
With a very small p-value (< 0.001), we have extremely strong evidence that the relationship we 

observed in the sample data (use of light in the childôs room with higher rates of myopia) did not arise 

from ñluck of the drawò alone. There appears to be a genuine connection here, but we canôt 

necessarily draw a causal relationship between lighting and eyesight from this study. So while we 

canôt address the question ñDoes use of nightlights and room lights increase the rate of near-

sightedness in children?ò with our observational study, we can describe the nature of that association 

(e.g., We are 95% confident that the probability of near-sightedness is 0.44 to 0.58 larger when there 

is some room light rather than darkness between the ages of 0-2 years). We should also be cautious in 

generalizing these results too far beyond the type of families that visit this clinic in this part of the US. 

 

Practice Problem 3.2A 
For each of the following statements, (i) identify which is being considered the explanatory variable and 

which the response variable, (ii) then suggest a potential confounding variable that explains the observed 

association between the explanatory and response variables, (iii) finally explain how the suggested 

variable is related both to the response and to differences between the explanatory variable groups. 

(a) Children with larger feet tend to have higher reading scores than children with smaller feet. 

(b) Days with a higher number of ice cream sales also tend to have more drownings. 

(c) People who eat apples regularly tend to have fewer cavities. 

(d) Some professional sports teams have better winning percentages when their home games are not sold 

out than when their home games are sold out. 

 
Practice Problem 3.2B 
A study (referred to in the October 12, 1999 issue of USA Today) reported the number of deaths by heart 

attack in each month over a 12-year period in New York and Boston. December and January were found 

to have substantially higher numbers of deaths than the other months. Researchers conjectured that the 

stress and overindulgence associated with the holiday season might explain the higher numbers of deaths 

in those months compared to the rest of the year. 

(a) Identify a confounding variable that provides an alternative explanation for this result. Make sure 

you indicate how this confounding variable affects the two explanatory variable groups differently and 

how it is connected to the response variable. 

(b) Explain why saying ñpeople living in big cities have more stressful livesò does not identify a 

confounding variable for analyzing the association between time of year and heart attacks. 

(c) A similar study conducted in Los Angeles also found more heart attack deaths in December and 

January than in other months. Identify a potential confounding variable from the New York and Boston 

studies that is controlled for in the Los Angeles study. Also identify a variable that is still potentially 

confounding in the Los Angeles study.  

(d) Suggest a way of altering the study (e.g., another location to examine) that would help isolate the 

effect of the holiday season. 
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SECTION 2: TYPES OF STUDIES 

 
In the previous investigation, we cautioned against jumping to a cause-and-effect conclusion when a 
statistically significant association is found between the response and explanatory variables. But when 
can we potentially draw such a conclusion? 

 

Investigation 3.3: Handwriting and SAT Scores 

Until 2021, the SAT exam in the United States included a hand-written essay. An article in the October 

11, 2006 issue of the Washington Post found that among students who took the essay portion of the SAT 

exam in 2005-06, those who wrote in cursive style scored significantly higher on the essay, on average, 

than students who used printed block letters. Researchers wanted to know whether simply writing in 

cursive would be a way to increase scores. 

(a) Identify the explanatory and response variables in this study. Also classify the variables as 

quantitative or categorical. 

 Explanatory:         

  Response:     

(b) Would it be reasonable to conclude from this study that using cursive style causes students to score 

better on the essay? If so, explain why. If not, identify a potential confounding variable, and explain how 

it provides an alternative explanation for why the cursive writing group would have a significantly 

higher average essay score. 

  

   

The article also mentioned a different study in which the same one essay was given to all graders. But 

some graders were shown a cursive version of the essay and the other graders were shown a version with 

printed block letters. The average score assigned to the essay with the cursive style was significantly 

higher than the average score assigned to the essay with the printed block letters. 

(c) Explain a key difference between how this study was conducted and how the first study was 

conducted. 

 

(d) Would the difference cited in (c) make it more reasonable to draw a cause-and-effect conclusion 

between writing style and SAT score with the second study than with the first one? Explain. 
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Definition:  An observational study is one in which the researchers passively observe and record 

information about the observational units. In an experimental study, the researchers actively impose 

the explanatory variable (often called treatment) on the observational units (can also be called the 

experimental units in an experiment). 

Because the researchers actively imposed which type of essay (the explanatory variable) each grader 

saw, rather than allowing the students to choose their own style of writing, the second study is 

considered an experiment, with the graders as the experimental units. 

 

(e) Discuss one advantage and one disadvantage to the experimental study compared to the 

observational study for this research question. 

 

 

 

 

In designing an experiment, we want all conditions and variables between the treatment groups to be as 

similar as possible. Some conditions (e.g., time of day) can be controlled by the researchers, but some 

characteristics (e.g., handedness) cannot. Assigning all the right-handed graders to evaluate one style of 

writing and all of the left-handed graders to the other, would still create confounding and prevent us 

from drawing a cause-and-effect conclusion between the type of writing and the score, maybe left-

handed graders tend to give higher grades?? 

(f) How would you recommend determining which graders see the block letters and which see the 

cursive letters? 

 

 

 

 

Definition: In a well-designed experiment, experimental units are randomly assigned to the treatment 

groups. Each unit is equally likely to be assigned to any of the treatments. 

To properly carry out such random assignment for say 24 graders, we could label each grader, say 01-

24. Then use a random number generator to select 12 of the names. These 12 individuals could be 

assigned the block letter essay, and the rest the cursive essay.  

 

The goal of the random assignment is to create groups that are as similar to each other as possible. To 

explore whether this actually does ñwork,ò we want to compare the groups that are created from random 

assignment. We will do this with the Randomizing Subjects applet. 

 

(g) Open the applet, you will see 24 cards, 16 blue 

(the right-handed graders) and 8 red (the left-

handed graders). Press the Randomize button. 

The subjects are shuffled and then dealt to two 

groups of 12. What proportion of subjects 

assigned to Group 1 are right handed? Of Group 

2? What is the difference in these two 

proportions? 

 

 

http://www.rossmanchance.com/iscam3/glossary.html#observational
http://www.rossmanchance.com/iscam3/glossary.html#experiment
http://www.rossmanchance.com/iscam3/glossary.html#randomassignment
https://www.rossmanchance.com/applets/2021/randomassignment/Subjects.html?subjects=2
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You will notice that the difference in the proportion right-handed is shown in the dotplot in the bottom 

graph. In this graph, one observation corresponds to one repetition of the random assignment, and the 

variable is the difference in proportions of right-handed graders between the two groups. 

 

(h) Press the Randomize button again. Was the difference in proportions that are right-handed the same 

this time? 

 

 

(i) Change the number of repetitions from 1 to 1998 (for 2000 total), and press the Randomize button. 

The dotplot will display the difference between the two proportions of right-handed graders for each of 

the 2,000 repetitions of the random assignment process. Where are these values roughly centered?   

 

 

(j) Press the Show Graphs button and then click on the most extreme dot (positive or negative) in 

the Difference in sample proportions graph. The Group graphs should update to show the groups. 

What difference in proportion of right-handed graders did you find here? Did you ever get an 

absolute difference as large as 0.6667 (a 12/4 split)? Often or rarely? Which is more likely, ending 

up with a 12/4 split in right-handers or ending up with an 8/8 split in right-handers?  

 

 

 

 

 

(k) Does random assignment always equally distribute/balance the right-handed and left-handed graders 

between the two groups?  

 

 

 

(l) Is there a tendency for there to be a similar proportion of right-handed graders in the two groups? 

How are you deciding? What does this tell you about the plausibility of any later difference in the scores 

assigned by the two groups being attributed to right-handed graders being more stringent? 

 

 

 

 

 

Discussion: Having more right-handers than left-handers in the sample isnôt a problem, but a 12/4 

split in right-handers between the treatment groups would be problematic, because then if the 

treatment group that had all right-handed graders showed lower scores, we wouldnôt know whether 

it was because of the writing style or something about right-handers. But with random assignment, 

such an unequal split is unlikely. Instead, the random assignment usually creates an 8/8 split or a 

9/7 split. In this case, we will trust that the groups are balanced on the handedness variable and so 

handedness is not confounded with score. 

 

(m) Maybe older graders tend to give higher scoresé we would like the age distribution to be 

similar between the two treatment groups as well. In the applet, use the pull-down menu to switch 
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from the handedness variable to the age variable. The dotplot now displays the differences in 

average age between Group 1 and Group 2 for these 2000 repetitions. In the long-run, does random 

assignment tend to (on average) equally distribute the age variable between the two groups? 

Explain. 

 

 

 

 

(n) Graders are volunteer high school or college instructors. Suppose college instructors tend to score 

differently than high school instructors. Select the Reveal school? radio button and then select the 

school variable from the pull-down list. The applet shows you this school information for each subject 

and also the differences in the proportions of high school instructors in the two treatment groups. Does 

this variable tend to equalize between the two groups in the long run? Explain. 

 

 

 

 

(o) Suppose there were other variables that might impact scoring accuracy that we might not even keep 

track of, like how much sleep the grader got the night before. Select the ñReveal sleep?ò button and 

select ñSleepò from the pull-down list to display the results for Sleep. Does random assignment 

generally succeed in equalizing this variable between the two groups or is there a tendency for one 

group to always have higher amounts of sleep? Explain. 

 

 

 

 

Discussion: The primary goal of random assignment is to create groups that equalize any potential 

confounding variables between the groups, creating explanatory variable groups that overall differ only 

by the explanatory variable imposed. Note that this ñbalancing outò applies equally well to variables that 

can be observed (such as educational background and age) and variables that may not have been 

recorded (such as amount of sleep) or that cannot be observed in advance (such as when they will grade 

the essays). Although we could have forced variables like age and handedness to be equally distributed 

between the two groups, the virtue of random assignment is that it also tends to balance out variables 

that we might not have thought of before the start of the study and variables that we might not be able to 

see or control (e.g., eyesight). Thus, when we observe a ñstatistically significantò difference in the 

response variable between the two groups at the end of the study, we feel more comfortable attributing 

this difference to the explanatory variable (e.g., style of writing on the essay) because that should have 

been the only difference between the groups.  

 

(p) Is the fact that these graders volunteered to take part in the study a ñconfounding variableò? Explain. 
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Study Conclusions 
The second study determined for each grader whether they would grade the exam written in block 

letters or in cursive letters. Because it was the same exam otherwise, there shouldnôt be any other 

reason for the difference in scores apart from the type of writing. For this reason, because the 

difference was statistically significant, you will soon see that we will be willing to conclude that the 

writing style caused the difference in scores. However, this only tells us about that one essay and in 

the slightly artificial condition of asking all the graders to grade the same essay. We donôt know 

whether the same effect would be found with other essays or conditions. By looking at the 2006 

exams, we know that actual student papers were graded by actual graders, a more realistic setting, but 

also with the potential for confounding variables between the writing style and grade, such as student 

preparation prior to the exam.  

 

Keep in mind that cause-and-effect conclusions are a separate consideration from the generalizability of 

the results to a larger population. From now on we will consider each of these issues in our final 

conclusion as shown in the table below (adapted from Ramsey and Schaferôs The Statistical Sleuth): 

 

 

 

 Splitting  units into groups   

  By random assignment No random 

assignment 

  

 

 

 

 

Selecting 

units from 

population 

Random 

sampling 

A random sample is 

selected from one 

population; units are 

then randomly assigned 

to different treatment 

groups (e.g., survey 

incentives PP 3.3) 

Random samples 

are selected from 

existing distinct 

populations  

(e.g., teen hearing 

loss) 

 

 

 

 

 

Inferences 

can be 

generalized 

to  

populations 

Not 

random 

sampling 

A group of study units is 

found; units are then 

randomly assigned to 

treatment groups  

(e.g., writing style 

study) 

Collections of 

available units 

from distinct 

groups are 

examined 

(e.g., nightlights) 

  

Potential for 

sampling 

bias 

   

 

Can draw cause and 

effect conclusions  

 

 

May be 

confounding 

variables 
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Practice Problem 3.3  

A team of researchers (Singer et al., 2000) used the Survey of Consumer Attitudes to investigate 

whether incentives would improve the response rates on telephone surveys. A national sample of 735 

households was randomly selected, and all 735 of the households were sent an ñadvance letterò 

explaining that the household would be contacted shortly for a telephone survey. However, 368 

households were randomly assigned to receive a monetary incentive along with the advance letter, and 

the other 367 households were assigned to receive only the advance letter.  

(a) Identify the explanatory and response variables. 

(b) Is this an observational study or an experiment? Explain how you are deciding. 

(c) If these researchers find a statistically significant difference in the response rate between these two 

groups, would it be reasonable to draw a cause-and-effect conclusion? Explain (including any additional 

information you would need to know to decide).  

(d) To what population is it reasonable to generalize these results? Explain (including any additional 

information you would need to know to decide).  

 

 

 

 

 

Investigation 3.4: Botox for Back Pain 

 

A 2001 study (Foster, Clapp, Erickson, & Jabbari, Neurology, ñBotulinum toxin A and chronic low back 

pain: A randomized, double-blind studyò) examined the efficacy of botulinum A (botox, used in various 

cosmetic and medical procedures) in lower back pain. An excerpt from the journal article follows:  

Thirty-one consecutive patients with chronic low back pain who met the inclusion criteria were 
studied: 15 received 200 units of botulinum toxin type A, 40 units/site at five lumbar 

paravertebral levels on the side of maximum discomfort, and 16 received normal saline. Each 
ǇŀǘƛŜƴǘΩǎ ōŀǎŜƭƛƴŜ ƭŜǾŜƭ of pain and degree of disability was documented using the visual 

analogue scale (VAS) and the Oswestry Low Back Pain Questionnaire (OLBPQ). The authors 
reevaluated the patients at 3 and 8 weeks (visual analogue scale) and at 8 weeks (OLBPQ). 
 
At 3 weeks, 11 of 15 patients who received botulinum toxin (73.3%) had >50% pain relief vs four 
of 16 (25%) in the saline group (p = 0.012). At 8 weeks, nine of 15 (60%) in the botulinum toxin 
group and two of 16 (12.5%) in the saline group had relief (p = 0.009). Repeat OLBPQ at 8 weeks 
showed improvement in 10 of 15 (66.7%) in the botulinum toxin group vs three of 16 (18.8%) in 
the saline group (p = 0.011). No patient experienced side effects. 
 

(a) Was this an observational study or an experiment? Explain how you are deciding. 

 

 

 

(b) Explain why it was important to use a comparison (ñcontrolò) group in this study (rather than simply 

give botox to all subjects and then measure whether they had experienced pain relief at the end of the 

study). 

  

https://pubmed.ncbi.nlm.nih.gov/11376175/
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(c) Once a control group is formed, explain the purpose of using ñnormal saline.ò 

  

 

 

 

(d) Explain why it was important for the subjects not to know which treatment they were receiving. 

  

 

 

 

(e) Did this study use random assignment, random sampling, both, or neither, and why is knowing the 

type(s) of randomness important? 

 

 

 

 

(f) Explain why standardized measurements of pain were used. Do you think the researchers who 

analyze the effectiveness of Botox should be the ones administering the measurement scales? 

 

 

 

 

 

(g) Why is it important for the published article to outline the ñinclusion criterionò? 

 

 

 

Definition : A randomized, comparative, double-blind experiment includes two or more groups being 

compared, random assignment of ñsubjectsò to groups, and double-blindness (neither the subjects nor 

the evaluators of the response variable knows which treatment group the subject is in, to guard against 

the placebo effect and other subjective biases). These types of studies, brought to the forefront of 

scientific attention by R.A. Fisher (1935), are considered the gold standard for determining cause-and-

effect relationships between variables. 

 

(h) For the night light and near-sightedness study, would it be feasible to conduct a randomized, 

comparative, double-blind experiment? Explain. 

 

 

Keep in mind, it is not always feasible to design such a study. You also need to be cautious of the 

Hawthorne effect ï people involved in a study sometimes act differently just by virtue of being in a 

study ï and other issues of realism and feasibility, such as 

¶ Are some ethnic groups less likely to enroll in such a study? 

¶ Maybe those who volunteer for an early vaccine trial differ systematically from those who 

volunteer for the second drug developed? 

¶ When is it safe to enroll younger children in such drug trials? 

¶ How do we assess the long-term effects of second-hand smoking on pregnant women?  

http://www.rossmanchance.com/iscam3/glossary.html#placebo
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Practice Problem 3.4A 
For each of the following research questions, describe how you would design an observational study to 

address the question and how you would design an experiment. In each case, identify which study you 

feel is more appropriate. In particular, are there any ethical or logistical issues that might prevent you 

from carrying out the suggested experiment? 

(a) Are there effects of second-hand smoke on the health of children? 

(b) Do people tend to spend more money in stores located next to food outlets with pleasing smells than 

in stores not located next to such food outlets? 

(c) Does cell phone use increase the rate of automobile accidents? 

(d) Do people consume different amounts of ice cream depending on the size of the bowl used? 

 

Practice Problem 3.4B 
Researchers conducted a randomized, double-blind trial to determine whether taking large amounts of 

Vitamin E protects against prostate cancer (Journal of the National Cancer Institute, 1998). To study 

this question, they enrolled 29,133 Finnish men, all smokers, between the ages of 50 and 69. The men 

were divided into two groups: One group took vitamin E and a second group took a placebo. The 

researchers followed all the men for eight years and then determined whether they had developed 

prostate cancer. Participants taking vitamin E were significantly less likely to develop prostate cancer. 

(a) Explain what ñrandomizedò means in this study and its purpose. 

(b) Explain what ñdouble-blindò means in the context of this study and its purpose. 

(c) Explain what ñsignificantly less likelyò means in the context of this study. 

(d) Based on this report, is it reasonable to conclude that taking vitamin E causes a reduction in the 

probability of developing prostate cancer? Explain your reasoning. 

(e) Based on this report, to what population is it reasonable to generalize these results? Explain. 

 

Practice Problem 3.4C 
In a study published in the July 2003 issue of the journal Psychosomatic Medicine, researchers reported 

that people who tend to think positive thoughts catch a cold less often than those who tend to think 

negative thoughts. The scientists recruited 334 initially healthy male and female volunteers aged 18 to 

54 years through advertisements in the Pittsburgh area, and they first interviewed them over a two-week 

period to gauge their emotional state, eventually assigning them a numerical score for positive emotions 

and a numerical score for negative emotions. Then the subjects were quarantined before the researchers 

injected rhinovirus, the germ that causes colds, into each subjectôs nose. The subjects were then 

monitored for five days for the development of cold-like symptoms. Subjects scoring in the bottom third 

for positive emotions were three times more likely to catch a cold than those scoring the top third for 

positive emotions. According to the above definitions, is this an observational study or a randomized 

experiment? Would it be valid to draw a cause-and-effect conclusion from their results? Explain

 
 
 
 

  

https://academic.oup.com/jnci/article/90/6/440/887488
https://www.semanticscholar.org/paper/Emotional-Style-and-Susceptibility-to-the-Common-Cohen-Doyle/cd5dc0acf8ff13e669b583d42af3ff425fb5796b
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SECTION 3: COMPARING TWO TREATMENT PROBABILITIES  

 
In the previous section, we saw potential benefits to using random assignment ï creating groups that 
we are willing to consider equivalent. However, there is still the chance that ñluck of the drawò could 
lead to a higher success proportion for the response variable in one group. In this section you will 
explore a method for calculating p-values that addresses how often random assignment could create a 
difference between the treatment groups at least as large as the one observed. 

 

Investigation 3.5: Dolphin Therapy 

 

Antonioli and Reveley (2005) investigated whether swimming with dolphins was therapeutic for patients 

suffering from clinical depression. The researchers recruited 30 subjects aged 18-65 with a clinical 

diagnosis of mild to moderate depression through announcements on the internet, radio, newspapers, and 

hospitals in the U.S. and Honduras. Subjects were required to discontinue use of any antidepressant 

drugs or psychotherapy four weeks prior to the experiment, and throughout the experiment. These 30 

subjects went to an island off the coast of Honduras, where they were randomly assigned to one of two 

treatment groups. Both groups engaged in one hour of swimming and snorkeling each day, but one 

group (Dolphin Therapy) did so in the presence of bottlenose dolphins and the other group (Control) did 

not. At the end of two weeks, each subjectôs level of depression was evaluated, as it had been at the 

beginning of the study, and each subject was categorized as experiencing substantial improvement in 

their depression symptoms or not. (Afterwards, the control group had a 1-day session with the dolphins.) 

 

(a) Identify the observational units and variables in this study. Also indicate which variable is being 

considered the explanatory variable and which the response variable. 

 

 Observational units: 

 

 Explanatory variable: 

 

 Response variable: 

 

 (b) Was this an observational study or an experiment? Explain how you are deciding. 

 

 

 

 

The following two-way table summarizes the results of this experiment: 

 Dolphin Therapy Control Group  Total 

Showed substantial improvement 10 3 13 

Did not show substantial improvement 5 12 17 

Total  15 15 30 

 

Quick Check: What proportion of all subjects showed substantial improvement?  

What proportion of subjects were given dolphin therapy and improved? 

 

(c) Calculate the difference in the conditional proportions of substantial improvement between the two 

explanatory variable groups.  

https://pubmed.ncbi.nlm.nih.gov/16308382/
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(d) Do the data appear to support the claim that dolphin therapy is more effective than the control 

program?  

 

 

 

(e) Suppose swimming with dolphins is no more effective than swimming alone. What could be another 

possible explanation for the difference in these two sample proportions? 

 

 

 

We must ask the same questions we have asked before ï is it possible that this difference has arisen by 

random chance alone if there was no effect of the dolphin therapy? If so, how surprising would it be to 

observe such an extreme difference between the two groups? 

 

One way to define a parameter in this case is to let pdolphin - pcontrol denote the difference in the 

underlying probability of substantial improvement between the two treatment conditions. 

 

(f) State appropriate null and alternative hypotheses to reflect the researchersô conjecture in terms of this 

parameter. 

 

 Ho: 

 

 Ha: 

 

(g) So under the null hypothesis, we are assuming that there is no difference in the treatment effect 

between the two treatments. In other words, whether or not people improved is not related to which 

group they are put in. Explain how you could design a simulation to help address this question, keeping 

in mind that this study involved random assignment not random sampling. Also keep in mind that this 

simulation will assume the null hypothesis is true. 

 

 

 

 

 

 

 

One way to model this situation is by assuming 13 of the 30 people were going to demonstrate 

substantial improvement regardless of whether they swam with or without dolphins. Then the key 

question is how unlikely is it for the random assignment process alone to randomly place 10 or 

more of these 13 improvers into the dolphin therapy group (that is, a difference in the conditional 

proportions that improve of 0.467 or larger)? If the answer is that this observed difference would be very 

surprising if the dolphin and control therapies were equally effective, then we would have strong 

evidence to conclude that dolphin therapy is more effective.  

 

  



Ò Chance/Rossman, 2026 ISCAM IV Investigation 3.5 

 

200 

(h) To model the chance variability inherent in the random assignment process, under the null 

hypothesis, take a set of 30 playing cards or index cards, one for each participant in the study. Designate 

13 of them to represent improvements (e.g., red suited cards, blue colored index cards, or S-labeled 

index cards) and then mark 17 of them to represent non-improvements (e.g., black suited cards, green 

colored index cards, or F-labeled index cards). Shuffle the cards and deal out two groups: 15 of the 

ñsubjectsò to the dolphin therapy group and 15 to the control group. Complete the following two-way 

table to show your ñcould have beenò result under the null hypothesis. 

 

Simulation Repetition #1: Dolphin Therapy Control Group  Total 

Showed substantial improvement   13 (blue) 

Did not show substantial improvement   17 (green) 

Total  15 15 30 

 

Also calculate the difference in the conditional proportions (dolphin ï control) from this first simulated 

repetition, and indicate whether this simulated result is as extreme as the observed result: 

 

 

 

(i) Repeat this hypothetical random assignment two more times and record the ñcould have beenò tables: 

Repetition 2:                Repetition 3: 

 Dolphin Control    Dolphin Control  

Yes    Yes   

No    No   

 

Note: You may have noticed that once you entered the number of improvers in the Dolphin Group into 

the table, the other entries in the table were pre-determined due to the ñfixed margins.ò So for our 

statistic, we could either report the difference in the conditional proportions or the number of successes 

(improvers) in the Dolphin group as these give equivalent information. 

 

(j) Pool your results for the number of successes (blue index cards) assigned to the Dolphin Group for 

your 3 repetitions with the rest of your class and produce a well-labeled dotplot of the null distribution. 

 

 

 

 

 

 

 

 
 

 

(k) What does each dot in the above graph represent? [Hint: Think about what you would have to do to 

add another dot to the graph. How should you label the horizontal axis?] 
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(l) Granted, we have not done an extensive number of repetitions, but howôs it looking so far? Does it 

seem like the actual experimental results (the observed 10/3 split) would be surprising to arise purely 

from the random assignment process under the null hypothesis that dolphin therapy is not effective? 

Explain. 

 

 

 

 

We really need to do this simulated random assignment process hundreds, preferably thousands of times. 

This would be very tedious and time-consuming with cards, so letôs turn to technology 

Open the Dolphin Study applet.  

¶ Confirm that the two-way table displayed by the applet 

matches that of the research study. 

¶ Check Show Shuffle Options and confirm that there are 30 

total ñpeopleò: 13 blue and 17 green.  

¶ Press Shuffle. 

 

Watch as the applet repeats what you did: Shuffle the 30 cards 

and deal out 15 for the ñDolphin therapyò group, separating 

blue cards (successes) from green cards (failures), and 15 for 

the ñControl Groupò; create the table of ñcould have beenò 

simulated results; add a dot to the dotplot for the number of 

improvers (blue cards) randomly assigned to the ñDolphin 

therapyò group (GroupA successes).  

 

  
(m) Now press Shuffle four more times. Does the number of successes vary among the repetitions? 

 

 

(n) Enter 995 for the Number of shuffles. This produces a total of 1,000 repetitions of the simulated 

random assignment process under the null hypothesis (the ñnull distributionò or a ñrandomization 

distributionò). What is the value of the mean of this null distribution? Explain why this center makes 

intuitive sense. 

 

 

 

 

(o) Now we want to compare the observed result from the research study to these ñcould have beenò 

results under the null hypothesis. 

¶ How many improvers were there in the Dolphin therapy group in the actual study?   

¶ Based on the resulting dotplot, does it seem like the actual experimental results would be surprising 

to arise solely from the random assignment process under the null hypothesis that dolphin therapy is 

not effective? Explain. 

   

 

http://www.rossmanchance.com/applets/ChiSqShuffle.html?dolphins=1&count=1


Ò Chance/Rossman, 2026 ISCAM IV Investigation 3.5 

 

202 

(p) In the Count Samples box, enter the observed statistic from the actual study and press Count to 

have the applet count the number of repetitions with 10 or more successes in the Dolphin group. In what 

proportion of your 1000 simulated random assignments were the results as (or more) extreme as the 

actual study?  

 

 

 

(q) We said above that it would be equivalent to look at the difference in the conditional proportions. 

Use the Statistic pull-down menu to select Difference in proportions. How does the null distribution 

(including the mean) change? Does this make sense? How would you estimate the p-value now? How 

does the p-value change? 

 

 

 

 

 

(r) Interpret the p-value you found [Hint: Same reasoning as in Investigation 3.1, but now also focus on 

the source of randomness that was modelled in the simulation.] 

 

 

 

 

 

 

 

(s) Is this empirical p-value small enough to convince you that the experimental data that the researchers 

obtained provide strong evidence that dolphin therapy is effective (i.e., that the null hypothesis is not 

correct)?  

 

 

 

 

(t) Is it reasonable to attribute the observed difference in success proportions to the dolphin therapy, or 

could the difference be due to a confounding variable? Explain. 

 

 

 

 

 

 

(u) To what population is it reasonable to generalize these results? Justify your answer. 
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Discussion: This procedure of randomly reassigning the response variable outcomes to the explanatory 

variable groups is often called a ñrandomization test.ò The goal is to assess the chance variability from 

the random assignment process (as opposed to random sampling), though it is sometimes used to 

approximate the random chance arising from random sampling as well. Use of this procedure models the 

two-way table with fixed row and column totals (e.g., people were going to improve or not regardless of 

which treatment they received). 

 

 

Study Conclusions 
Due to the small p-value (0.01 < p-value < 0.05) from our ñrandomization test,ò we have moderately 

strong evidence that ñluck of the drawò of the random assignment process alone is not a reasonable 

explanation for the higher proportion of subjects who substantially improved in the dolphin therapy 

group compared to the control group. Thus the researchers have moderate evidence that subjects aged 

18ï65 with a clinical diagnosis of mild to moderate depression (who would apply for such a study and 

fit the inclusion criteria) will have a higher probability of substantially reducing their depression 

symptoms if they are allowed to swim with dolphins rather than simply visiting and swimming in 

Honduras. Because this was a randomized comparative experiment, we can conclude that there is 

moderately strong evidence that swimming with dolphins causes a higher probability of experiencing 

substantial improvement in depression symptoms. But with this volunteer sample, we should be 

cautious about generalizing this conclusion beyond the population of people suffering from mild-to-

moderate depression who could afford to take the time to travel to Honduras for two weeks. 

 
Practice Problem 3.5A  

A recent study compared two groups: One group was reminded of the sacrifices that physicians have to 

make as part of their training, and the other group was given no such reminder. All physicians in the 

study were then asked whether they consider it acceptable for physicians to receive free gifts from 

industry representatives. It turned out that 57/120 in the ñsacrifice remindersò group answered that gifts 

are acceptable, compared to 13/60 in the ñno reminderò group. 

(a) Identify the explanatory and response variables in this study. 

(b) Do you believe this study used random assignment? What would that involve?  

(c) Do you believe this study used random sampling? What would that involve? 

(d) Explain how you would carry out a simulation analysis to approximate a p-value for this study. 

[Hint: How many cards? How many of each type? How many would you deal out? What would you 

record? How would you find the p-value?] 

(e) A colleague points out that the sample sizes are not equal in this study, so we canôt draw meaningful 

conclusions. How should you respond? 

 

Practice Problem 3.5B  

How would you find a two-sided p-value for the dolphin study? 
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Investigation 3.6: Is Yawning Contagious? 

 

The folks at MythBusters, a popular television program on the Discovery Channel, investigated whether 

yawning is contagious by recruiting fifty subjects at a local flea market and asking them to sit in one of 

three small rooms for a short period of time. For some of the subjects, the attendee yawned while 

leading them to two of the rooms (planting a yawn ñseedò), whereas for the other subjects the attendee 

did not yawn while leading to a third room. As time passed, the researchers watched (via a hidden 

camera) to see which subjects yawned.  

 

(a) Identify the explanatory variable (EV) and the response variable (RV) in this study. 

 

 EV: 

 

 RV: 

 

(b) Define the relevant parameter of interest, and state the null and alternative hypotheses for this study. 

Be sure to clearly define any symbols that you use. 

 

 Parameter: 

 

 H0: 

 

 Ha: 

 

In the study they found that 10 of 34 subjects who had been given a yawn seed actually yawned 

themselves, compared with 4 of 16 subjects who had not been given a yawn seed. 

 

(c) Create a two-way table summarizing the results, using the explanatory variable as the column 

variable. 

 

   Totals 

    

    

Totals    

 

(d) Explain how you would carry out a simulation analysis to approximate a p-value for this study. 

[Hint: How many cards? How many of each type? How many would you deal out? What would you 

record? How would you find the p-value?] 
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(e) Open the Analyzing Two-way Tables applet.  

¶ Paste in the raw data and 

press Use Data or enter the 

titles and counts of a two-

way table and press Use 

Table. (Or check the 2 ×2 

box and enter the cell 

values and headers) 

¶ Select GroupA Successes 

as the statistic. 

¶ Generate a randomization 

distribution for this statistic. 

 

¶ Check the Show Shuffle Options 

box.  

¶ Set Number of Shuffles to 1000.  

¶ Press Shuffle. 

 

Briefly describe this randomization (null) distribution: What is its shape? What is the mean? What is the 

standard deviation? 

 

 

 

 

 

(f) Specify the observed number of successes in the Count Samples box. Then indicate whether the 

research conjecture expected a larger or smaller number of successes in the seed treatment by choosing 

Greater Than or Less Than from the pull-down menu. Then press the Count button. Report your p-

value.  

 

 

 

 
Exact p-value 
The simulations you have conducted in Investigations 3.5 (Dolphin Therapy) and above approximated 

the p-value for two-way tables arising from random assignment by assuming the row and column totals 

are fixed. In this case, the probability of obtaining a specific number of successes in one group can be 

calculated exactly using the hypergeometric probability distribution. (We used the independent binomial 

distributions with the teen hearing loss study, where we wanted to sample separately from two 

populations and the overall number of successes was not fixed in advance.) 

 

Keep in mind, that under the null hypothesis, we are assuming the group assignments made no 

difference and that there would be 14 successes (ñyawnersò) and 36 failures (ñnon-yawnersò) between 

the two groups regardless. 

 

Because the random assignment makes every configuration of the subjects between the two groups 

equally likely, we determine the probability of any particular outcome for the number of yawners and 

non-yawners by first counting the total number of ways to assign 34 of the subjects to the yawn-seed 

group (and 16 to the no-yawn-seed group) in the denominator. The numerator is then the number of 

ways to get a particular set of configurations for that group, such as those consisting of 10 yawners and 

24 non-yawners.  

http://www.rossmanchance.com/applets/ChiSqShuffle.html?FET=1
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(g) How many ways altogether are there to randomly assign these 50 subjects into one group of 34 

(yawn-seed group) and the remaining group of 16 (no-yawn-seed group)? [Hint: Recall what you saw 

earlier with the binomial distribution and counting the number of ways to obtain S successes and F 

failures in n trials. See the Technical Details in Investigation 1.1.] 

 

 

 

 

(h) Now consider the 14 successes and the 36 failures. How many ways are there to randomly select 10 

of the successes? How many ways are there to randomly assign 24 of the failures to be in the yawn seed 

group? How should you combine these two numbers to calculate the total number of ways to obtain 10 

successes and 24 failures in the yawn-seed group, the configuration that we observed in the study? 

 

  Successes      Failures 

 

 

 

  Total: 

 

(i) To determine the exact probability that random assignment would produce exactly 10 successes and 

24 failures into the group of 34 subjects, divide your calculation in (h) by your calculation in (g). 

 

 

 

 

 

 

(j) Explain why your answer to (i) is not yet the p-value for this study. 

 

 

 

 

 

Result: The probability of obtaining k successes in Group A, with n observations, when sampled from 

a two-way table with N observations, consisting of M successes and N- M failures is: 

 P(X = k) = C(M, k) × C(N- M, n- k) / C(N, n) 

where C(N, n) = N!/[n!(N - n)!] is the number of ways to choose n items from a group of N items, and 

X represents the number of successes randomly selected for group A. X is a hypergeometric random 

variable. Also note E(X) = n(M/N) and SD(X) = )]1(/[))(( 2 --- NNnNMNnM . 

In this study, we had N = 50 subjects and we defined yawning to be success so M = 14. We also 

arbitrarily chose to focus on the yawn-seed group, so n = 34. This calculation works out the same if 

you had defined ñnot yawningò to be a success and/or if you had focused on the 16 people in the no-

yawn-seed group. You just need to make sure you count consistently. 

 

http://www.rossmanchance.com/iscam3/glossary.html#hypergeomtric
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We will continue to define the p-value to be the probability of obtaining results at least as extreme as 

those observed in the actual study. Because we expected more yawners in the yawn-seed group, the p-

value is the probability of randomly assigning at least 10 of the yawners in the yawn-seed group. 

So far you have found P(X = 10) = C(14, 10) × C(36, 24) / C(50, 34) = 0.2545. 

 

(k) Calculate P(X = 11), P(X = 12), P(X = 13), and P(X = 14) using the hypergeometric probability 

formula.  

 

 P(X = 11)              P(X = 12) 

 

 P(X = 13)              P(X = 14) 

 

 Why do we stop at 14? 

 

(l) Sum all five probabilities together (including P(X = 10)) to determine the exact p-value for the 

yawning study. How does this p-value compare to the empirical p-value from the applet simulation? 

Write a one or two sentence interpretation of this p-value. 

 

 Exact p-value:      Comparison: 

 

 Interpretation: 

 

 

Definition:  Using the hypergeometric probabilities to determine a p-value in this fashion for a two-

way table is called Fisherôs Exact Test, named after R. A. Fisher. 

 

(m) Calculate this hypergeometric probability using technology (see Technology Detour). 

 

 

 

(n) Set up and carry out the calculation to determine the exact p-value where you define the success to 

be ñnot yawningò and the group of interest to be the yawn seed group. 

 

 

 

 

 

 

 

(o) Set up and carry out the calculation to determine the exact p-value, where you focus on the number 

that did not yawn in the no-yawn-seed group. Show that you obtain the same exact p-value as before. 

 

 

 

 

 

http://www.rossmanchance.com/iscam3/glossary.html#Fishers
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Technology Detour ς /ŀƭŎǳƭŀǘƛƴƎ IȅǇŜǊƎŜƻƳŜǘǊƛŎ tǊƻōŀōƛƭƛǘƛŜǎ όCƛǎƘŜǊΩǎ 9ȄŀŎǘ ¢Ŝǎǘύ 
 

In JMP: using the Distribution Calculator 

¶ Choose Hypergeometric from the Distribution menu 

¶ Specify the values of  

o Population Size = table total 

o Number of Items = total number of successes  

o Sample Size = group 1 total 

¶ Select Input quantiles and compute probabilities 

¶ Specify the tail probability and enter Qa = number of 

successes in ñgroup Aò 

  
 

 
Keep in mind: To find P(X Ó x) use P(X > x - 1). 

 

 

Analyzing Two-way Tables Applet 

¶ Check the box for Show Fisherôs Exact Test in the lower left corner. 

¶ A check box will appear for determining the two-sided p-value 

 

Discussion: You should see that there are several equivalent ways to set up the probability calculation. 

Make sure it is clear how you define success/failure and which group you are considering ñgroup A.ò 

This will help you determine the numerical values for N, M, and n in the calculation. 

Below is a graph of the Hypergeometric distribution with N = 50, M = 14, and n = 34. 

 

 
Using probability rules, you can show that the expected value of this distribution is nNM ³)/(  = 

(14/50) × 34 = 9.52 yawners in yawn seed group and the standard deviation of the probability 

distribution is the square root of n × (M/N) × (N ï M)/N × (N ï n)/(N ï 1) = 1.496 yawners. 

 

(p) Compare this graph and the mean and standard deviation values to your simulation results. 

 

 

 

http://www.rossmanchance.com/applets/ChiSqShuffle.html?FET=1
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(q) On the MythBusters program, the hosts concluded that, based on the observed difference in 

conditional proportions and the large sample size, there is ñlittle doubt, yawning seems to be 

contagious.ò Do you agree? 

 

 

 

 

 

 

(r) To what population are you willing to generalize these results? Explain your reasoning.  

 

 

 

 

 

Study Conclusions 
With a large p-value of 0.513 (Fisherôs Exact Test), we do not have any evidence that the difference 

between the two groups (with and without yawn seed) was created from something other than the 

random assignment process. If there was nothing to the theory that yawning is contagious, by ñluck of 

the drawò alone, we would expect 10 or more of the yawners to end up in the yawn seed group in 

more than 50% of random assignments. Although the study results were in the conjectured direction, 

the difference between the yawning proportions was not large enough to convince us that the 

probability of yawning is truly larger when a yawn seed is planted. The researchers could try the study 

again with a larger sample size to increase the power of their test. The researchers also may want to be 

cautious in generalizing these results beyond the population of volunteers at a local flea market or 

how naturalistic the setting of leading individuals to a small room to wait is. 
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Practice Problem 3.6A  
(a) For the MythBustersô study (p-value > 0.5), is it reasonable to conclude from this study that we have 

strong evidence that yawning is not contagious? Explain. 

(b) Explain, in this context, what is meant in the Study Conclusions box by ñthe researchers could try the 

study again with a larger sample size to increase the power of their testò and why that is a reasonable 

recommendation here. 

(c) To calculate the p-value here, why are we using the hypergeometric distribution instead of the 

binomial distribution? 

 

Practice Problem 3.6B  
Reconsider the Dolphin Therapy study (Investigation 3.5).  

 Dolphin Therapy Control Group  Total 

Showed substantial improvement 10 3 13 

Did not show substantial improvement 5 12 17 

Total  15 15 30 

Continue to focus on the number of improvers randomly assigned to the dolphin group, and represent 

this value by X. 

(a) When the null hypothesis is true, the random variable X has a hypergeometric distribution. Specify 

the values of N, M, and n. 

(b) Calculating the exact p-value involves finding P(X __________). [Hint: Fill in the blank with an 

inequality symbol and a number.] 

(c) Calculate this exact p-value, either by hand or with technology. Comment on whether this p-value is 

similar to the approximate one from your simulation results. (Be sure itôs clear how you calculated this 

value.) 

(d) Suppose that the dolphin study had involved twice as many subjects, again with half randomly 

assigned to each group, and with the same proportion of improvers in each group. Determine the exact 

p-value in this case, and comment on whether/how it changes from the p-value with the real data. 

Explain why this makes sense. 

 

Practice Problem 3.6C  
(a) Suppose I wanted to treat "not yawning" as a success. Consider Y = number of non-yawners in the 

yawn seed group. Show how to set up the hypergeometric calculation of P(Y = 24) = C( _, _) x C(_, _) / 

C(_, _). 

(b) Use technology to calculate the probability of 24 or fewer non-yawners in the YawnSeed group 

using the hypergeometric distribution. (Include output.) How does this compare to the probability of 10 

or more yawners in the YawnSeed group? 

(c) Suppose I want to find the probability of 4 or fewer yawners in the No Seed group. Identify the 

values of N, M, n, and k. Use technology to calculate the probability of 4 or fewer yawners in the No 

Seed group using the hypergeometric distribution. (Include readable output.) 

(d) In the Yawning study, why was it important that the subjects didn't know what the study was about 

when they were led into the room? 

(e) In the Yawning study, is it a problem that the sample sizes for the Yawn seed and the No Yawn seed 

group aren't equal? Explain. 
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Investigation 3.7: CPR vs. Chest Compressions 

 

For many years, if a person experienced a heart attack and a bystander called 911, the dispatcher 

instructed the bystander in how to administer chest compression plus mouth-to-mouth ventilation (a 

combination known as CPR) until the emergency team arrived. Some researchers believe that giving 

instruction in chest compression alone (CC) would be a more effective approach. In the 1990s, a 

randomized comparative experiment was conducted in Seattle involving 518 cases (Hallstrom, Cobb, 

Johnson, & Copass, New England Journal of Medicine, 2000): In 278 cases, the dispatcher gave 

instructions in standard CPR to the bystander, and in the remaining 240 cases the dispatcher gave 

instructions in CC alone. A total of 64 patients survived to discharge from the hospital: 29 in the CPR 

group and 35 in the CC group. 

 

(a) Identify the observational units, explanatory variable, and response variable. Is this an observational 

study or an experiment? 

 

 Observational units: 

 

 Explanatory:            Response: 

  

 Type of study:  Observational  Experimental 

 

(b) Construct a two-way table to summarize the results of this study. Remember to put the explanatory 

variable in the columns. 

   Total 

    

    

Total     

 

(c) Calculate the difference in the conditional proportions who survived (CC ï CPR). Does this seem to 

be a noteworthy difference to you? 

 

 

 

 

 

(d) Use technology to carry out Fisherôs Exact Test (by calculating the corresponding hypergeometric 

probability) to assess the strength of evidence that the probability of survival is higher with CC alone as 

compared to standard CPR. Write out how to calculate this probability, report the p-value, and interpret 

what it is the probability of. 

 

  Let X represent  

 

 p-value = P(X    ) =       

where X follows a hypergeometric distribution with N =        , M =         , and n =  

  

Interpretation: 

https://www.nejm.org/doi/full/10.1056/NEJM200005253422101
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Because the sample sizes are large in this study, you should not be surprised that the probability 

distribution in (d) is approximately normal. The large sample sizes allow us to approximate the 

hypergeometric distribution with a normal distribution. Thus, with large samples sizes (e.g., at least 5 

successes and at least 5 failures in each group), an alternative to Fisherôs Exact Test is the two-sample z-

test that you studied in Section 3.1. 

 

(e) Use technology to obtain the two-sample z-test statistic and p-value for this study. Compare this p-

value to the one from Fisherôs Exact Test; are they similar? 

 

 

 

 

 

(f) Suggest a way of improving the approximation of the p-value. 

 

 

 

 

(g) (Optional): Compare the normal approximation with a continuity correction to the hypergeometric 

calculation. [Hints: adjust the input value to an appropriate non integer if the technology allows.  See 

also iscamhypernorm(29, 518, 64, 278, TRUE) in R.] 

 

 

 

(h) Do the data from this study provide convincing evidence that CC alone is better than standard CPR 

at the 10% significance level? Explain. How about the 5% level of significance? 

 

 

 

 

 

 

(i) An advantage to using the z-procedures is being able to easily produce a confidence interval for the 

parameter. Use technology to determine a 95% confidence interval for the parameter of interest, and 

then interpret this interval. [Hint: Think carefully about what the relevant parameter is in this study.] 

 

 

 

 

 

(j) Suppose you had defined the parameter by subtracting in the other direction (e.g., CPR ï CC instead 

of CC ï CPR). How would that change: 

 

(i) the observed statistic? 

 

(ii) the standardized statistic? 
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(iii)  the alternative hypothesis? 

 

(iv) the p-value? 

 

  (v) confidence interval? 

 

 

Practice Problem 3.7 
(a) Researchers in the CPR study also examined other response variables. For example, the 911 

dispatcherôs instructions were completely delivered in 62% of episodes assigned to chest compression 

plus mouth-to-mouth compared to 81% of the episodes assigned to chest compression alone.  

(i) Calculate the difference in conditional proportions and compare it to the original study.  

(ii) Without calculating, do you suspect the p-value for comparing this new response variable 

between the two groups will be larger or smaller or about the same as the p-value you 

determined above? Explain your reasoning. 

 

(b) The above study was operationally identical to that of another study and the results of the two studies 

were combined. Of the 399 combined patients randomly assigned to standard CPR, 44 survived to 

discharge from the hospital. Of the 351 combined patients randomly assigned to chest compression 

alone, 47 survived to discharge.  

(i) Calculate the difference in conditional proportions and compare it to the original study.  

(ii)  Without calculating, do you suspect the p-value for this comparison will be larger, smaller, or 

the same as the p-value you determined? Explain your reasoning. 
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SECTION 4: OTHER STATISTICS  

 

Investigation 3.8: Peanut Allergies 

 

Peanut allergies have increased in prevalence in the last decade, but can they be prevented? Even among 

infants with a high risk of allergy? Is it better to avoid the problematic food or to encourage early 

introduction? Du Toit et al. (New England Journal of Medicine, Feb. 2015) randomly assigned U.K. 

infants (4-11 months old) with pre-existing sensitivity to peanut extract to either consume 6 g of peanut 

protein per week or to avoid peanuts until 60 months of age. The table below shows the results for 

infants who were not initially sensitized to peanuts and whether or not the child had developed a peanut 

allergy at 60 months. 

 

 Peanut avoidance Peanut consumption Total 

Peanut allergy 11 2 13 

No allergy 172 193 365 

Total 183 195 378 

 

(a) Calculate the proportion of children who developed a peanut allergy. Then calculate the proportion 

of children developing a peanut allergy in each group. Does this appear to be a large difference to you? 

 

 

 

(b) Use Fisherôs Exact Test to investigate whether these data provide convincing evidence that the 

probability of developing a peanut allergy is larger among children who avoid peanuts for the first 60 

months. [Hint: State the hypotheses in symbols and in words. Define the random variable and outcomes 

of interest in computing your p-value.] Do you consider this strong evidence that the peanut 

consumption effectively deters development of a peanut allergy in this population? 

 

 

 

 

 

 

(c) Would you feel any differently about the magnitude of the difference in proportions if the conditional 

proportions developing a peanut allergy had been 0.500 and 0.55? Explain. 

 

 

 

  

 

Discussion: When the baseline rate (probability) of success is small, an alternative statistic to consider 

rather than the difference in the conditional proportions (which will also have to be small by the nature 

of the data) is the ratio of the conditional proportions. First used with medical studies where ñsuccessò is 

often defined to be an unpleasant event (e.g., death), this ratio was termed the relative risk. 

 

https://www.nejm.org/doi/full/10.1056/nejmoa1414850
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Definition:  The relative risk is the ratio of the conditional proportions, often intentionally set up so 

that the value is larger than one: 

  Relative risk = Proportion of successes in group 1 (the larger proportion) 

               Proportion of successes in group 2 (the smaller proportion) 

The relative risk tells us how many times higher the ñriskò or ñlikelihoodò of ñsuccessò is in group 1 

compared to group 2. 

 

(d) Determine and interpret the ratio of the conditional proportions who developed peanut allergy 

between the peanut avoiders and the peanut consumers in this study. 

 

 

 

 

(e) Because we are now working with a ratio, we can also interpret this statistic in terms of percentage 

change. Subtract one from the relative risk value and multiply by 100% to determine what percentage 

higher the proportion who developed a peanut allergy is in the avoidance group compared to the 

consumption group. 

 

 

 

Of course, now we would also like a confidence interval for the corresponding parameter, the ratio of 

the underlying probabilities of allergy between these two treatments. When we produced confidence 

intervals for other parameters, we examined the sampling distribution of the corresponding statistic to 

see how values of that statistic varied under repeated random sampling. So now letôs examine the 

behavior of the relative risk of conditional proportions using the Analyzing Two-Way Tables applet to 

simulate the random assignment process (as opposed to simulating the random sampling from a 

binomial process) under the (null) assumption that thereôs no difference between the two treatments. 

[See the Technology Detour below for software instructions.] 

 

(f) Generate a null distribution for Relative Risks:  

¶ Check the 2×2 box 

¶ Enter the two-way table into the applet and press Use Table. 

¶ Generate 10,000 random shuffles.  

¶ Use the Statistic pull-down menu to select Relative Risk. 

Describe the behavior of the null distribution of relative risk values.  

 

 

 

(g) Where does the observed value of the relative risk from the actual study fall in the null distribution 

of the relative risks? What proportion of the simulated relative risks are at least this extreme?  

 

 

 

http://www.rossmanchance.com/iscam3/glossary.html#relativerisk
http://www.rossmanchance.com/applets/ChiSqShuffle.html?FET=1
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But can we apply a mathematical model to this distribution? 
(h) Why does it make sense that the mean of the simulated relative risks is close to the value 1? [Hint: 

Remember the assumption behind your simulation analysis.] 

 

 

 

 

(i) You should notice skewness in the distribution of relative risk values. Explain why it is not surprising 

for the distribution of this statistic to be skewed to the right (especially with smaller sample sizes). Note: 

If the number of successes in either group equals zero, the applet adds 0.5 to each cell of the table before 

calculating the relative risk in order to avoid dividing by zero. 

 

 

 

 

(j) In fact, this distribution is usually well modeled by a log normal distribution. To verify this, check 

the ln relative risk  box (in the lower left corner, or choose from pull-down menu) to take the natural log 

of each relative risk value and display a new histogram of these transformed values. Describe the shape 

of this distribution. Is the distribution of the lnrelrisk well modeled by a normal distribution?  

 

 

(k) What is the mean of the simulated lnrelrisk values? Why does this value make sense?  

 

 

 

 

(l) What is the standard deviation of the lnrelrisk values?  

 

 

 

(m) Calculate the observed value of ln() for this study (but donôt round up). Where does this value fall 

(near in the middle or in the tail) of this simulated distribution of lnrelrisk values? Find the empirical p-

value by counting the number of lnrelrisk values at least as extreme. 

 

 

 

 

(n) Has the empirical p-value changed? Explain why this makes sense. [Hint: What does change about 

the distribution when you take the natural log of every value?] 
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While the log transformation does not impact the p-value, it does impact the confidence interval. So far 

you have seen the standard deviation of the null distribution, but that assumes the probability of success 

is the same for both treatments. Instead, we want to find a standard deviation of the ln rel risk values 

without making that assumption. 

 

Theoretical Result: It can be shown that the standard error of the ln relative 

risk is approximated by 
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where A, B, C, and D are the observed counts in the 2×2 table of data, with 

A and B representing the number of ñsuccessesò in the two groups. Having 

this formula allows us to determine the variability from sample to sample 

without conducting the simulation first. 

 

(o) Calculate the value of this standard error of the ln(rel risk) for this study. Interpret this value and 

compare it to the standard deviation from your simulated lnrelrisk values. 

 

 

 

Note: The variability in the statistic under the null hypothesis (as estimated by the simulation) should be 

in the ballpark but not all that close to the variability in the statistic estimated from the data. If we used a 

pooled ὴǶ, modelling the null hypothesis to be true, the results are usually a bit more similar: 

Assuming null hypothesis is true:
Ȣ

 
Ȣ

πȢυτσ.  

In a case like this where we have strong evidence against the null hypothesis, using the observed counts 

is more appropriate. 

 

(p) Now that you have a statistic (ln rel risk) that has a sampling distribution that is approximately 

normal and you have a value for the standard deviation of the statistic from (o), what general formula 

can we use to determine a confidence interval for the parameter? 

 

 

 

 

(q) Calculate the midpoint, 95% margin-of-error, and 95% confidence interval endpoints using the 

observed value of ln(rel risk) as the statistic and using the standard error calculated in (o). 

 

 

 

 

(r) What parameter does the confidence interval in (q) estimate? 

 

 

 

(s) Exponentiate the endpoints of this interval to obtain a confidence interval for the ratio of the 

probabilities of developing a peanut allergy between these two treatments. Interpret this interval. 

 

A B 

C D 

A+C B+D 
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(t) Is zero in this interval? Do we care? What value is of interest instead? 

 

 

(u) Is the midpoint of this confidence interval for the population relative risk equal to the observed value 

of the sample relative risk? Explain why this makes sense. 

 

 

 

 

(v) Compare the confidence interval you just calculated to the one given by the applet if you now check 

the 95% CI for relative risk box. Note: The confidence interval for the relative risk will not necessarily 

be symmetric around the statistic. 

 

 

 

 

(w) Suppose you used this method to construct a confidence interval for each of the 10,000 simulated 

random samples that you generated in (f). Because our simulation assumes the null hypothesis to be true, 

do you expect the value 1 to be in these intervals? All of them? Most of them? What percentage of 

them? Explain. 

 

 

 

 

 

Study Conclusions  
This study provided strong evidence that children with pre-existing sensitivity to peanut extract are 

more likely to develop a peanut allergy by 5 years of age if they avoid consuming peanuts than if they 

consume peanuts (exact one-sided p-value = 0.0074, z-score = 2.66). To estimate the size of the 

difference, focusing on the difference in ñsuccessò probabilities has some limitations. In particular, if 

the probabilities are small it may be difficult for us to interpret the magnitude of the difference 

between the values. Also, we have to be very careful with our language, focusing on the difference in 

the allergy probabilities and not the percentage change. An alternative is to construct a confidence 

interval for the relative risk (ratio of conditional probabilities). An approximation exists (even with 

rather small sample sizes) for a z-interval for the ln(relative risk) which can then be back-transformed 

to an interval for long-run relative risk. Many practitioners prefer focusing on this ratio parameter 

rather than the difference. From this study, we are 95% confident that the ratio of the probabilities of 

peanut allergy is between 1.32 and 26.08. This means that avoiding peanuts rather than consuming 

some 6g/week raises the probability of developing a peanut allergy by between 32% and 2500%. 

 

Note: It can be risky to interpret the relative risk in isolation without considering the absolute risks 

(conditional proportions) as well. For example, doubling a very small probability may not be 

noteworthy, depending on the context. You should also note that the percentage change calculation and 

interpretation depends on which group (e.g., treatment or control) is used as the reference group. 

 

Note: Efficacy is defined as 1 ï risk of vaccinated group/risk of unvaccinated group × 100%. 
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Practice Problem 3.8A 
(a) For the peanut allergy study, find a 95% confidence interval for the probability of not developing a 

peanut allergy comparing the consumption treatment to the avoidance treatment.  

(b) Provide a one-sentence interpretation of the interval in (a). 

(c) Is the interval the same or closely related to the one you found in Investigation 3.8? Does one 

interval provide strong evidence of a treatment effect? Which interval would you report to new parents? 

(d) The article reports that ñthe power to detect a difference in risk of 30 percentage points was 80.0%.ò 

Explain what this means in your own words. 

 
Practice Problem 3.8B 
A multicenter, randomized, double-blind trial involved patients aged 36-65 years who had knee injuries 

consistent with a degenerative medial meniscus tear (Shivonen et al., New England Journal of Medicine, 

2013). Patients received either the most common orthopedic procedure (arthroscopic partial 

meniscectomy, n1 = 70) or sham surgery that simulated the sounds, sensations, and timing of the real 

surgery (n2 = 76). After 12 months, 54 of those in the treatment group reported satisfaction, compared to 

53 in the sham surgery.  

(a) Calculate and interpret a confidence interval for the ratio of the probabilities (relative risk) of 

satisfaction for these two procedures. 

(b) What does your interval in (a) indicate about whether those receiving the orthopedic surgery are 

significantly more likely than those receiving a sham surgery to report satisfaction after 12 months? 

Explain your reasoning. 

 

 

 

{ǳƳƳŀǊȅ ƻŦ LƴŦŜǊŜƴŎŜ ŦƻǊ άwŜƭŀǘƛǾŜ wƛǎƪέ 
 

Statistic: ratio of conditional proportions (typically set up to be larger than one) =   
 

Hypotheses: H0: p1/p2 = 1; Ha: p1/p2  <, >, or Í 1 

p-value: Fisherôs Exact Test or normal approximation on ln() 

Confidence interval for p1/p2: exponentiate endpoints of ù
ú

ø
é
ê

è

+
-+

+
-°

DBBCAA
zpp

1111
*)Ĕ/Ĕln( 21

 

Technology:  

¶ In JMP: From the Contingency Analysis hot spot, choose Relative Risk 
 

 

¶ In Analyzing Two-way Tables applet: Choose Relative Risk as statistic and check 95% CI for 

relative risk box 

  

https://www.nejm.org/doi/full/10.1056/nejmoa1305189
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Technology Detour ς Simulating Random Assignment (two-way tables) 
 

Step 1: Simulate a random sample (number of successes for group 1) using the hypergeometric 

distributionfjmp u 

Step 2: Calculate the number of successes for group 2 (total successes ï number of successes group 1) 

Step 3: Convert the counts to proportions 

Step 4: Calculate the difference in proportions, relative risk etc. 

Keep in mind you can use ñlogò to calculate the natural logs of values. Also recall how you created a 

Boolean expression in Investigation 3.1 to find the p-value from the simulated results. 

 

In Applet: Analyzing Two-way Tables 
In JMP: RAHyperJMP.html 

Investigation 3.9: Smoking and Lung Cancer 

 

After World War II, evidence began mounting that there was a link between cigarette smoking and 

pulmonary carcinoma (lung cancer). In the 1950s, three now classic articles were published on the topic. 

One of these studies was conducted in the United States by Wynder and Graham (ñTobacco Smoking as 

a Possible Etiologic Factor in Bronchiogenic Cancer,ò 1950, Journal of the American Medical 

Association). They found records from a large number of patients with a specific type of lung cancer in 

hospitals in California, Colorado, Missouri, New Jersey, New York, Ohio, Pennsylvania, and Utah. Of 

those in the study, the researchers focused on 605 male patients with this form of lung cancer. Another 

780 male hospital patients with similar age and economic distributions without this type of lung cancer 

were interviewed in St. Louis MO, Boston MA, Cleveland OH, and Hines IL. Subjects (or family 

members) were interviewed to assess their smoking habits, occupation, education, etc. The table below 

classifies them as a non-smoker or light smoker or as an at least a moderate smoker. 

 

Wynder and Graham 
 None or Light smoker 

(0-9 cigarettes per day) 

Moderate to Heavy smoker 

 (10-35+ per day) 
Total 

Lung cancer patients  22 583 605 

Controls 204 576 780 

Total 226 1159 1385 

 

(a) What is the estimate of the baseline rate of lung cancer from this table? Does that seem to be a 

reasonable estimate to you? How is this related to the design of the study? 

 

 

 

 

 

In the previous investigation, we found 3.4% of children in the sample had a peanut allergy. This seems 

like a reasonable estimate for the overall base rate because whether a child developed an allergy was 

observed ñnaturally,ò the frequency of those outcomes was in no way influenced by the researchers. 

However, in this study, the researchers had some control over the breakdown of lung cancer patients and 

control patients.  

http://www.rossmanchance.com/applets/ChiSqShuffle.html?FET=1
https://www.rossmanchance.com/iscam3/data/RAHyperJMP.html
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Definition : There are three main types of observational studies. 

¶ Cross-classification study: The researchers categorize subjects according to both the explanatory 

and the response variable simultaneously. For example, they could take a sample of adult males 

and simultaneously record both their smoking status and whether they have lung cancer. A 

common design is cross-sectional, where all observations are taken at a fixed point in time. 

¶ Cohort study: The researchers identify individuals according to the explanatory variable and then 

observe the outcomes of the response variable. These are usually prospective designs and may 

even follow the subjects (the cohort) for several years. 

¶ Case-control study: The researchers identify observational units in each response variable category 

(the ñcasesò and the ñcontrolsò) and then determine the explanatory variable outcome for each 

observational unit. How the controls are selected is very important in determining the 

comparability of the groups. These are often retrospective designs in that the researchers may need 

to ñlook backò at historical data on the observational units. 

 

(b) Would you classify the Wynder & Graham study as cross-classified, cohort, or case-control? 

Explain. 

 

 

 

An advantage of case-control studies is when you are studying a ñrare event,ò you can ensure a large 

enough number of ñsuccessesò and fairly balanced group sizes. However, a disadvantage is that it does 

not make sense to calculate ñriskò or likelihood of success from a case-control study, because the 

distribution of the response variable has been manipulated/determined by the researcher. 

 

(c) One alternative would be to calculate the relative risk of being in the heavy smoker group (which 

was observed naturally), comparing those with lung cancer to those without lung cancer (control). 

Calculate this value. 

 

 

 Lung cancer patients were     times more likely to be heavy smokers than control patients. 

 

 

(d) The original thought was to calculate the relative risk of being in the lung cancer group for those 

who smoked compared to those who didnôt smoke. Calculate this value. Is it similar to (c)? 

 

 

 Smokers were     times more likely to have lung cancer than non-smokers. 

 

Switching the roles of the explanatory and response often gives very different results for relative risk 

(changing our measure of the strength of the relationship) and often really isnôt the comparison of 

interest stated by the research question. Consequently, conditional proportions of success and relative 

risk are not appropriate statistics to use with case-control studies. Instead, we will consider another 

way to compare the uncertainty of an outcome between two groups. 

 

http://www.rossmanchance.com/iscam3/glossary.html#cross-classification
http://www.rossmanchance.com/iscam3/glossary.html#cohort
http://www.rossmanchance.com/iscam3/glossary.html#casecontrol
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Definition : The odds of success are defined as the ratio of the proportion of ñsuccessesò to the 

proportion of ñfailures,ò which simplifies to the ratio of the number of successes to number of 

failures.  

ὕὨὨί
ὴὶέὴέὶὸὭέὲ έὪ ίόὧὧὩίίὩί

 ὴὶέὴέὶὸὭέὲ έὪ ὪὥὭὰόὶὩί

ὲόάὦὩὶ έὪ ίόὧὧὩίίὩί

 ὲόάὦὩὶ έὪ ὪὥὭὰόὶὩί
 

For example, if the odds are 2-to-1 in favor of an outcome, we expect a success twice as often as a 

failure in the long run, so this corresponds to a probability of 2/3 of the outcome occurring. Similarly, 

if the probability of success is 1/10, then the odds equals (1/10)/(9/10) = 1/9, and a failure is 9 times 

more likely than a success. Itôs important to note how the ñoutcomeò is defined. For example, in horse 

racing, odds are typically presented in terms of ñlosing the race,ò so if a horse is given 2-to-1 odds 

against winning a race, we expect the horse to lose two-thirds of the races in the long run. 

 

Definition:  The odds ratio is another way to compare conditional proportions in a 2 × 2 table. 

Odds ratio = (number of successes in group 1/number of failures in group 1) 

                       (number of successes in group 2/number of failures in group 2) 

Like relative risk, if the odds ratio is 3, this is interpreted as ñthe odds of success in the ótopô group are 

3 times (or 200%) higher than the odds of success in the óbottomô group.ò However, the relative risk 

and the odds ratio are not always similar in value. 

 

(e) Calculate and interpret the odds ratio comparing the odds of being a heavy smoker (rather than light 

smoker) for the lung cancer patients to the odds of being a heavy smoker in the control group. Does this 

match (c)? 

 

 

The odds of being a heavy smoker are     times higher for lung cancer patients than controls.  

 

(f) Calculate and interpret the odds ratio comparing the odds of lung cancer for the smokers to the odds 

of lung cancer for the nonsmokers. Does this match (d) or (e)? 

 

 

 

 The odds of lung cancer are     times higher for smokers than non-smokers. 

 

Key Results: A major disadvantage to relative risk is that your (descriptive) measure of the strength 

of evidence that one group is ñbetterò depends on which outcome you define a success as well as 

which variable you treat as the explanatory and which as the response. But a big advantage to odds 

ratio is that it is invariant to these definitions. (If your odds are 10 times higher to die from lung 

cancer if you are a smoker, then your odds of being a smoker are 10 times higher if you died from 

lung cancer). The only real disadvantage is that the odds ratio is trickier to interpret (ñhigher oddsò vs. 

the more natural ñmore likelyò). Thus, for case-control studies in particular, the odds ratio is the 

preferred statistic. However, when the success proportions are both small, the odds ratio can be used 

to approximate the relative risk. 

 

So we could use either odds ratio from (e) or (f) as the statistic, we should just be consistent. Also notice 

that the odds of not having lung cancer are 1/9.39 = 0.106 times smaller for the light smokers than the 

heavy smokers. 

http://www.rossmanchance.com/iscam3/glossary.html#odds
http://www.rossmanchance.com/iscam3/glossary.html#oddsratio
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Statistical Inference 
Let t (ñtauò) represent the population odds ratio of being a heavy smoker comparing the population of 

lung cancer patients to the population of control patients, keeping in mind that this is equivalent to the 

population odds ratio of interest, but matches the study design, e.g., 

†

“
ρ “
“
ρ “

 

where “ is probability of a lung cancer patient being a heavy smoker and “ is the probability of a 

control patient being a heavy smoker.  

 

(g) State the null and alternative hypotheses in terms of this parameter. 

 

 

 

To simulate outcomes for a case-control study, we can treat the numbers of cases (lung cancer patients) 

and control patients as fixed, and randomly sample from each population, determining the proportion 

that are in group B (e.g., heavy smokers). Under the null hypotheses, we could use 1159/1385 º 0.837 as 

the common probability of success in the Comparing Two Population Proportions applet and generate a 

sampling distribution of odds ratios. 

 

 

 

 

 

 

 

 

 

 

The null distribution of odds ratios has a mean around 1, and set up this way, the observed odds ratio of 

9.385 produces a very small p-value. (This p-value is equivalent to the Fisherôs Exact Test p-value.)  

 

To estimate a confidence interval, we could instead use the sample proportions (583/605 and 576/780) 

as the process probabilities, rather than assuming they are equal. 

 

 

 

 

 

 

 

 

 

 

 

“ = 0.837  

“ = 0.837 

ὴǶ1 

ὴǶ2 

“ = 0.964  

“ = 0.738 

ὴǶ1 

ὴǶ2 

Lung cancer 

(n = 605) 

 

 

Controls 

(n = 780) 

 

Lung cancer 

(n = 605) 

 

 

Controls 

(n = 780) 

http://www.rossmanchance.com/applets/2021/twopopprop/twopopprop.html
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The center of this distribution is now around 10, similar to the observed odds ratio, and the standard 

deviation is around 2.6. We also notice these distributions are slightly skewed to the right. We can again 

use a log-transformation to see whether that creates a more symmetric distribution as was the case for 

relative risk. Doing so for the second case: 

 

 

 

Keep in mind that this distribution does not 

assume the null hypothesis is true, so we 

shouldnôt use this distribution to find a p-value 

directly. But we are very interested in the 

variability of this distribution.  

 

The standard deviation of this distribution is now 

around 0.24. Note that this is not the same as 

ln(2.6). 

 

 

 

Statisticians have also derived a theoretical formula to estimate this standard deviation. 

 

Theoretical Result: The sampling distribution of the sample odds ratio also follows a log-normal 

distribution like the relative risk. Thus, we can construct a confidence interval for the population log-

odds ratio using the normal distribution. The standard error of the sample log-odds ratio (using the 

natural log) is given by the expression: 

 SE(ln odds ratio) = 
DCBA

1111
+++  where A, B, C, and D are the four table counts.  

 

(h) Calculate this standard error (and compare to the simulation results) and then use it (by hand) to find 

an approximate 95% confidence interval for the log odds ratio. [Hint: Remember you have two choices 

for interpreting this parameter.] 

 

 

 

 

 

 

(i) Back-transform the end-points of the interval in (h) and interpret your results. 

 

 

 

 

 

(j) Does the interval found in (i) contain the value one? Discuss the implications of whether or not the 

interval contains the value one. 
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(k) Use technology to verify your calculations. 

 

(l) Summarize (with justification) the conclusions you would draw from this study (using both the p-

value and the confidence interval, and addressing both the population to which you are willing to 

generalize and whether or not you are drawing a cause-and-effect conclusion). 

 

 

 

 

 

 

 

 

 

 

 

 

Study Conclusions  
     Because the baseline incidence of lung cancer in the population is so small, the researchers 

conducted a case-control study to ensure they would have both patients with and without lung cancer 

in their study (matched by age and economic status). In a case-control study, the odds ratio is a more 

meaningful statistic to compare the incidence of lung cancer between the two groups. We find that the 

sample odds of lung cancer are almost ten times larger for the regular smokers compared to the non-

regulars in this study. By the invariance of the odds ratio, this also tells us that the odds of being a 

regular smoker (rather than not) are almost 10 times higher for those with lung cancer. We are 95% 

confident that in the larger populations represented by these samples, the odds of lung cancer are 5.92 

to 15.52 times larger for the regular smokers (Fisherôs Exact Test p-value Ḻ 0.001). If both success 

proportions had been small, we could say this is approximately equal to the relative risk and use the 

words ñ10 times higherò or ñ10 times more likely.ò The full data set (which broke down the second 

category further) also shows that the odds of having lung cancer increase with the amount of smoking 

(light smokers have 2 times the odds, heavy smokers have 11 times the odds, and chain smokers have 

29 times the odds!) - this is called a ñdose-response.ò We see a strong relationship between the size of 

the ñdoseò of smoking and occurrence of lung cancer for these patients.  

     However, this study was criticized for ñretrospective biasò in asking subjects to accurately 

remember, and be willing to tell, details of their lifestyles. This can also be complicated by asking 

these questions of patients who know they have been diagnosed with lung cancer, as their recall may 

be affected by this knowledge. We also have to worry whether hospitalized males are representative 

of the general male population. Other studies around the same time (e.g., Hammond and Horn ï see 

Practice Problem 3.10, Wynder and Cornfield) found similar increases in ñriskò with smoking. 

However, these were all observational studies so critics reasonably argued that other variables such as 

lifestyle, diet, exercise, and genetics could be responsible for both the smoking habits and the 

development of lung cancer. Although there was still much (on-going) research to be done, and these 

studies did not claim to prove that cigarette smoking causes lung cancer, these landmark studies set 

the stage. They also led to many efforts in improving study design and in developing statistical tools 

(such as relative risk and odds ratios) to analyze the results. 
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Practice Problem 3.9A 
A researcher searched court records to find 908 individuals who had been victims of abuse as children 

(11 years or younger). She then found 667 individuals, with similar demographic characteristics, who 

had not been abused as children. Based on a search through subsequent years of court records, she 

determined how many in each of these groups became involved in violent crimes (Widom, 1989). The 

results are shown below: 

  Abuse victim Control  

Involved in violent crime 102 53 

Not involved in violent crime 806 614 

(a) Is this an observational study or an experiment? If observational, which type? 

(b) Calculate and interpret the odds ratio of being involved in a violent crime between these two groups. 

(c) Use the Comparing Two Population Proportions applet to  

¶ Create a sampling distribution for the odds ratio [Hint: Which variable was ñcontrolledò by the 

researcher? What is your estimated common probability of success?] 

¶ Find the empirical p-value (be sure itôs clear how you do so) 

¶ Create a sampling distribution for the log-odds ratio. Does the normal approximation appear 

appropriate? Report the mean and standard deviation of this distribution. 

¶ Find the empirical p-value using the log odds ratio (be sure itôs clear how you do so). How do the 

p-values compare? 

¶ Check the Normal approximation box to approximate the p-value from the normal distribution. 

How does the p-value compare? 

(d) Use the Analyzing Two-way Tables applet to 

¶ Create a randomization distribution for the odds ratio and find the empirical p-value. 

¶ Create a randomization distribution for the log-odds ratio and find the empirical p-value. 

¶ Overlay the normal approximation and report the p-value. 

(e) Report the p-value from Fisherôs Exact Test. Which of the previous p-values is this closest to? Why? 

Do the p-values vary much? Which would you consider the ñbestò? Why? 

(f) Is it reasonable to conclude that being a victim of abuse as a child causes individuals to be more 

likely to be violent toward others afterwards? Explain. 

(g) Calculate and interpret a 95% confidence interval for the population odds ratio. 

(h) Is it reasonable to generalize these results to all abuse and non-abuse victims? Explain. 
 

Practice Problem 3.9B 
(a) Suppose that individuals in Group 1 have a 2/3 probability of success, and those in Group 2 have a 

1/2 probability of success. Calculate and interpret the relative risk of success, comparing Group 1 to 

Group 2.  

(b) Calculate and interpret the odds of success for Group 1. 

(c) Calculate and interpret the odds ratio of success, comparing Group 1 to Group 2. 

(d) Suppose Group 3 has a 0.1 probability of success, and Group 4 has a 0.05 probability of success. 

Repeat questions (a) and (c). 

(e) In which case (Groups 1 and 2, or Groups 3 and 4) are the relative risk and odds ratio more similar? 

Why?  

 

 

 

https://psycnet.apa.org/doiLanding?doi=10.1111%2Fj.1939-0025.1989.tb01671.x
http://www.rossmanchance.com/applets/2021/twopopprop/twopopprop.html
http://www.rossmanchance.com/applets/2021/chisqshuffle/ChiSqShuffle.htm?FET=1&twobytwo=1
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Summary of Inference for Odds Ratio  
 

Statistic:  tĔ =  = (A × D) / (B × C) 

   (typically set up to be larger than one) 

 

Hypotheses:    H0: t = 1 (or ÌÎ† π)  
Ha: t  <, >, or Í 1 (or equivalently using ÌÎ†) 

 

p-value: Fisherôs Exact Test  

You can also use simulation (assuming the probabilities of success are equal) or a normal 

approximation on  

Confidence interval for t: exponential of ù
ú

ø
é
ê

è
+++°

DCBA
z

1111
*)Ĕln(t   

Technology: 

¶ In Two-way Tables applet: Choose Odds Ratio as statistic and check box for 95% CI 

¶ In JMP: From the Contingency Analysis hot spot, choose Odds Ratio 
 

The graphs below show how (a) the probability of success and odds of success are related 

 
and (b) how relative risk and odds ratios are similar when the difference in proportions is small. Also 

note that when the difference in proportions is zero, the relative risk and the odds ratio are both one. 

ln(tĔ) 

 

A B 

C D 
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Investigation 3.10: Sleepy Drivers 

 

Connor et al. (British Medical Journal, May 2002) reported on a study that investigated whether 

sleeplessness is related to car crashes. The researchers identified all drivers or passengers of eligible 

light vehicles who were admitted to a hospital or died as a result of a car crash on public roads in the 

Auckland, New Zealand region between April 1998 and July 1999. Through cluster sampling, they 

identified a sample of 571 drivers who had been involved in a crash resulting in injury and a sample of 

588 drivers who had not been involved in such a crash as representative of people driving on the 

regionôs roads during the study period. The researchers asked the individuals (or proxy interviewees) 

whether they had a full nightôs sleep (at least seven hours mostly between 11pm and 7am) any night 

during the previous week. The researchers found that 61 of the 535 crash drivers who responded and 44 

of the 588 ñno crashò drivers had not gotten at least one full nightôs sleep in the previous week.  

 

(a) Identify the observational units and variables in this study. Which variable would you consider the 

explanatory variable and which the response variable? Was this an observational study or an 

experiment? If observational, would it be considered a case-control, cohort, or cross-classified design? 

  

 Observational units: 

 

 Explanatory variable: 

 

 Response variable: 

 

 Type of study:  

 

(b) Organize these sample data into a 2 × 2 table: 

 

  No full nightôs sleep  

in past week 

(ñsleep deprivedò) 

At least one full nightôs sleep 

in past week 

(ñnot sleep deprivedò) 

Sample sizes 

Crash 
    

535 

No crash 
    

588 

Total 
  

1123 

  

(c) Which statistic (odds ratio or relative risk) is most appropriate to calculate from this table, 

considering how the data were collected? Calculate and interpret this statistic. Does the value of this 

statistic support the researchersô conjecture? Explain. 

 

 

 

 

 

 

 

https://pubmed.ncbi.nlm.nih.gov/12003884/
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Statistical Inference 
(d) Outline the steps of a simulation that models the randomness in this study and helps you assess how 

unusual the statistic is that you calculated in (c) when the null hypothesis is true. Include a statement of 

the null and alternative hypotheses for your choice of parameter. 

 

 

 

 

 

 

 

 

 

 

 

 

(e) Use technology to carry out your simulation and draw your conclusions. [Hint: Be careful of 

rounding issues in finding your p-value, make sure you are including observations as extreme as the 

observed in your count.] 

 

 

 

 

 

 

(f) Calculate and interpret a 95% confidence interval for your choice of parameter. 

 

 

 

 

 

(g) Summarize (with justification) the conclusions you would draw from this study (using both the p-

value and a confidence interval, and addressing both the population you are willing to generalize to and 

whether or not you are drawing a cause-and-effect conclusion). 
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Study Conclusions 
The proportions of drivers who had not gotten a full nightôs sleep in the previous week were 0.107 for 

the case group of drivers who had been involved in a crash, compared to 0.075 for the control group 

who had not. Because these proportions are small, and because of the awkward roles of the 

explanatory and response variables in this study (we would much rather make a statement about the 

proportion of sleepless drivers who are involved in crashes), the odds ratio is a more meaningful 

statistic to calculate. The sample odds of having missed out on a full nightôs sleep were 1.59 times 

higher for the case group than for the control group. By the invariance of the odds ratio, we can also 

state that the sample odds of having an accident are 1.59 times (almost 60%) higher for those who do 

not get a full night sleep than those who do. The empirical p-value (less than 5%) provides moderately 

strong evidence that such an extreme value for the sample odds ratio is unlikely to have arisen by 

chance alone if the proportion of drivers with sleepless nights was 0.09 for both the population of 

ñcasesò and the population of ñcontrols.ò (Using a one-sided Fisherôs Exact Test, we get p-value = 

0.016.) A 95% confidence interval for the population odds ratio extends from 1.06 to 2.39 (1.04 to 

2.45 with R). This interval provides statistically significant evidence that the population odds ratio 

exceeds 1.0 and that, with 95% confidence, the odds of having an accident are about 1 to 2.5 times 

higher for the sleepy drivers than for well rested drivers. We cannot attribute this association to a 

cause-and-effect relationship because this was an observational (case-control) study. We might also 

want to restrict our conclusions to New Zealand drivers. 

 
Practice Problem 3.10 
Another landmark study on smoking began in 1952 (Hammond and Horn, 1958, ñSmoking and death 

ratesðReport on forty-four months of follow-up of 187,783 men: II. Death rates by cause,ò JAMA). 

They used 22,000 American Cancer Society volunteers as interviewers. Each interviewer was to ask 10 

healthy white men between the ages of 50 and 69 to complete a questionnaire on smoking habits. Each 

year during the 44-month follow-up, the interviewer reported whether or not the man had died, and if so, 

how. They ended up tracking 187,783 men in nine states (CA, IL, IA, MI, MN, NJ, NY, PA, WI). 

Almost 188,000 were followed up by the volunteers through October 1955, during which time about 

11,870 of the men had died, 488 from lung cancer. The following table classifies the men as having a 

history of regular cigarette smoking or not and whether or not they died from lung cancer. In this study, 

nonsmokers are grouped with occasional smokers, including pipe- and cigar-only smokers. 

Hammond and Horn 
 Not regular smoker Regular smoker Total 

Lung cancer death 51 397 448 

Alive or other cause of death 108,778 78,557 187,335 

Total 108,829 78,954 187,783 

 

(a) Is this a case-control, cohort, or cross-classified study? 

(b) Calculate and interpret an odds ratio from the two-way table.  

(c) Produce and interpret a 95% confidence interval for the population odds ratio. 

(d) Are these results consistent with the Wynder and Graham study? Explain. 

 

 

 

https://pubmed.ncbi.nlm.nih.gov/12308037/
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Example 3.1: Wording of Questions 

Try these questions yourself before you use the solutions following to check your answers. 

 

Researchers have conjectured that the use of the words ñforbidò and ñallowò can affect peopleôs 

responses to survey questions. Students in an introductory statistics class were randomly assigned to 

answer one of the following questions: 

¶        Should your college allow speeches on campus that might incite violence? 

¶        Should your college forbid speeches on campus that might incite violence? 

  

Of the 11 students who received the first question, 8 responded yes. Of the 14 students who received the 

second question, 12 said no.  

  

(a) Identify the observational units and the explanatory and response variables. 

 

 

 

(b) Is this an observational study or an experiment? If an observational study, suggest a potential 

confounding variable. If an experiment, explain the roles of randomization and blinding in this study.  

 

 

 

 

 

(c) Construct a two-way table to summarize these results. 

 

 

 

 

 

 

 

(d) Construct a segmented bar graph to display these results and comment on the relationship revealed 

by this graph. 

 

 

 

 

 

 

 

 

 

(e) Based on earlier studies, researchers expected people to be less likely to agree to ñforbidò the 

speeches, leading to more no responses (and thus appearing to be in favor of having the speeches), 

whereas they expected people to be comparatively less likely to agree to ñallowò the speeches. Do these 

data provide strong evidence that these students responded more positively toward having such speeches 
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if their question was phrased in terms of ñforbidò rather than ñallowò? Carry out a test of significance 

and explain the decision you would make based on the p-value. Write a paragraph summarizing your 

conclusions including whether a cause-and-effect conclusion can be drawn and the population you are 

willing to generalize these results to. 

 

 

 

 

 

 

 

 

(f) In a 1976 study, one group of subjects was asked, ñDo you think the United States should forbid 

public speeches in favor of communism?ò, whereas another group was asked, ñDo you think the United 

States should allow public speeches in favor of communism?ò Of the 409 subjects randomly asked the 

ñforbidò version, 161 favored the forbidding of communist speeches. Of the 432 subjects asked the 

ñallowò version, 189 favored allowing the speeches. Construct a segmented bar graph for these data and 

comment on whether you believe the p-value for this table will be larger or smaller than that in (e). 

Explain your reasoning. 

 

 

 

 

 

 

 

 

 

 

 

Analysis 
(a) The observational units in this study are the statistics students. The explanatory variable is the word 

choice in the question they responded to (categorical) and the response variable is whether their 

response was in favor of the speeches (ñyesò with the allow question and ñnoò with the forbid question, 

categorical). 

 

(b) This was an experiment because the word choice in the question was randomly assigned to the 

students. Presumably the instructor mixed up the order of the questionnaires prior to passing them out to 

the students. This is important to equalize other variables between these two groups such as political 

inclinations and gender. The students did not know that there were two different forms of the questions, 

so the study was blind. If they had realized that the instructor was focusing on how they responded to the 

two words, they probably would have responded differently eliminating any subconscious effect of the 

word choice. 

 

(c) Two-way table, with the explanatory variable, word choice, as the column variable, and defining a 

ñsuccessò to mean that the student is in favor of such speeches: 
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  Allow Forbid  Total 

Success 8 12 20 

Failures 3 2 5 

Total 11 14 25 

 

(d) Here is the mosaic plot, with word choice along the horizontal axis, and success defined as favoring 

the speeches (yes to the allow question and no to the forbid question). 

 
 

We see that most of these students were in favor of the speeches (80%). There was a slight tendency for 

those responding to the forbid question to appear more in favor (more likely to say no, do not forbid the 

speeches), 0.857 versus 0.727. However, the distributions within the bars look fairly similar and the 

association does not appear to be strong. 

 

(e) The null hypothesis will be that there is no effect due to wording of the question. So if pallow is the 

probability someone says ñyesò to the allow question and if pforbid is the probability someone says no to 

the forbid question:   H0: pallow ï pforbid = 0 

and based on the prior research: Ha: pallow ï pforbid < 0 

 

Fisherôs Exact Test indicates how often we expect to see as few as 8 or fewer successes in the allow 

group (equivalently, at least as many as 12 successes in the forbid group). So if we define X to be the 

number in the allow group in favor of the speeches, X follows a hypergeometric distribution with N = 

25, M = 20, and n = 11. The p-value will be P(X  8). 
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= 0.3783 
 

 

Confirming our calculations using software:  

JMP  
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Note, it would NOT be valid to use the normal approximation here because we do not have at least 5 

failures in both groups (normal approx. p-value equals 0.2149, with continuity correction equals 0.384) 

Thus, if the word choice in the question had no effect, we would get experimental results at least this 

extreme in about 38% of random assignments. This indicates that our experimental data is not surprising 

and does not provide evidence that the wording of the question had an effect on these students. Thus, we 

will not say the word choice in the question made a difference (though if the p-value had been small, 

because this was a randomized experiment, a cause-and-effect conclusion would have been valid). 

Furthermore, we should be hesitant in generalizing these results beyond introductory statistics students 

at this school. We do not know how these students were selected from this school nor whether these 

students might be representative of other college students. Perhaps this is a private school or the students 

tend to be more liberal than at other schools. 

 

(f) If we again look at a segmented bar graph- 

We see that in this study, individuals were less likely to be in 

favor of the speeches in general (52%). More importantly, the 

difference between the two groups is a bit larger (0.606 - 

0.438 = 0.169 in this study, compared to a difference of 0.130 

before), providing stronger evidence that such a difference 

would not happen due to chance alone and thus a smaller p-

value. 

 

    

 
We must also take into account the fact that the group sizes are much, much larger in this study. With 

such large sample sizes, even small differences between the groups may appear statistically significant. 

Thus, with the larger samples and the slightly larger difference in success proportions, the p-value from 

this study will be much smaller than that from the original study.
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Example 3.2: Unbanked households 

Try these questions yourself before you use the solutions following to check your answers. 
 

Some U.S. households rely strictly on cash for the majority of their financial transactions. They use cash 

for many household expenses (e.g., utilities), which can be very inconvenient (and an increasing number 

of businesses no longer accept cash!), and they often must pay higher fees to cash checks they receive. 

They are not able to build credit (e.g., for borrowing money, renting) or earn interest. These are known 

as ñunbankedò or ñunderbankedò households. The Federal Deposit Insurance Corporation (FDIC) 

conducts a survey of the U.S. every two years ñto obtain information about unbanked and underbanked 

households as part of an effort to bring them into the economic mainstream.ò On the 2021 FDIC survey, 

67,899 respondents were asked: Do you (IF OTHERS AGEÓ15 FILL: or anyone else in your household) 

have a checking or savings account now? 

 

If the respondent answered ñNo,ò the household is considered ñunbanked.ò In the 2021 survey, 447 of 

31,653 White households (the householder identifies as White alone and not Hispanic or Latino) 

answered No, and 342 of 4,758 Black households (the householder identifies as Black or African 

American alone and not Hispanic or Latino) answered No. fdic2021.txt 

(a) Carry out a test of significance to determine whether the difference in these sample proportions is 

convincing evidence of a difference in the population proportions. What conclusion does the test allow 

you to draw about the population proportions who are unbanked? 

 

(b) Similarly, we can compare the Hispanic households (the householder identifies as Hispanic or 

Latino, regardless of race) to the Black households in 2021. 

 n proportion unbanked 

Black 4,758 0.072 

Hispanic 4,953 0.060 

How do you think the p-value for comparing these two proportions will compare to what you found in 

(a)? Justify your reasoning. 

 

But these differences could change depending on the income level of the households. Below are the 

same race/ethnicity groups among those households in the ñless than $15,000ò income level. 

Less than $15,000 n proportion unbanked 

White 2,449 0.084 

Black 901 0.194 

Hispanic 609 0.159 

 

(c) Interpret the 0.159 value in context. 

 

 

(d) How do you think the p-value for comparing these White and Black households will compare to 

what you found in (a)? What about comparing the Black and Hispanic households? Justify your 

reasoning. 

https://www.fdic.gov/analysis/household-survey/2021execsum.pdf
https://www.rossmanchance.com/iscam3/data/fdic2021.txt
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What about a higher income level? 

$50,000-$75,000 n proportion unbanked 

White 5,920 0.0060 

Black 819 0.0195 

Hispanic 909 0.0319 

 

(e) How did the overall proportion that are unbanked change with the higher income level for the 

household? Is this what you expected? How will this impact the p-value?  

 

 

(f) Among White, Hispanic, and Black households, does the difference in the proportion that are 

unbanked persist across income levels? 

 

 

 

(g) The difference between the Black and Hispanic households in the $50,000-$75,000 group is less than 

2 percentage points, which seems rather small. Suggest another way to compare these two values. 

 

 

(h) One issue that arises with questions about income is that many households donôt want to disclose this 

information on a survey. In particular, 33,912 of the respondents in this survey did not provide this 

information. How does this impact our comparisons in (d) and (e)? How does this impact the 

generalizability of the results of this study? Explain your reasoning. 

 

 

 

(i) One method to deal with missing observations is to assume they are ñmissing at randomò and to use 

ñdata imputationò to fill in the missing values. For example, a value can be inferred using other 

information provided on the survey (e.g., education, job status) or using information from similar 

households in the dataset (see CPS Technical Paper 77). Provide one reason for and one reason against 

data imputation in this context. 

  

https://www.fdic.gov/analysis/household-survey/2021technotes.pdf
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Analysis 
(a) The response variable, whether a household is considered unbanked, is categorical and binary. 

Suppose we define ñsuccessò as ñunbanked.ò Then we can let pWhite ïpBlack represent the difference in 

the population proportions that would be classified as unbanked. 

H0: pWhite ïpBlack = 0 (there is no difference in the population proportions) 

Ha: pWhite ïpBlack Í 0 (there is a difference) 

Note: The research question was phrased in terms of ñwhether there is a differenceò so we will use a 

two-sided test. 

 

The FDIC, like other government surveys, aims to gather a representative sample. Strategies such as 

weighting and combining results across surveys can also be utilized. In this case, we will treat the White 

and Black households as independent samples from their respective populations. 

  

The sample sizes are large, so the normal distribution would be a reasonable model for the sampling 

distribution of the difference in sample proportions. Using this normal distribution model and assuming 

the null hypothesis is true, we would expect the distribution of the difference in sample proportions to be 

centered at zero, and our estimate of the standard deviation of this distribution is 

Ȣπςρχρ Ȣπςρχ  = 0.0023 

where 0.0217 = (447+342)/(31653 + 4758), the pooled estimate of the proportion of successes. 

 

With this standard error, the observed difference in the sample proportions (0.0141 - 0.0719 = -0.058) is 

more than 25 standard errors from the hypothesized difference of zero. The probability of observing a 

standardized statistic at least this extreme (in either direction) by independent random sampling alone is 

essentially zero. 

 

With such a small p-value (e.g., less than 0.01), we reject the null hypothesis. If the population 

proportions had been equal, this tells us that there is a very small probability of random sampling alone 

leading to sample proportions at least as far apart as those found in the FDIC survey. Therefore, we have 

strong evidence that the population proportions who are unbanked are not the same among Black and 

White households. A 95% confidence interval for the difference in the population proportions is  

(-0.0652, -0.0503). So we are 95% confident that percentage of White households is about 5 to 6.5 

percentage points lower than the percent of Black households in the U.S. This is not a large difference in 

a practical sense, but we donôt believe a difference in sample proportions this large could have arisen by 

random sampling alone (in particular due to the large sample sizes). Note that the imbalance in the two 

sample sizes really does not negatively impact our comparison of the two proportions. 

 

(b) Because the combined sample size is much smaller between these two groups and the two sample 

proportions are much closer together, both of these factors would indicate a larger p-value. The p-value 

for the two-sample z-test does increase to 0.0161, but is still statistically significant even though the 

difference is now only about 1 percentage point. 

 

(c) For households that have a household income below $15,000 and a Black householder, about 15.9% 

of such households in this sample were unbanked. This is a much higher rate than we saw overall. 
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(d) The difference between these two sample proportions is a bit larger (about 11 percentage points), but 

the sample sizes are also much smaller. The smaller sample sizes will increase the p-value. The z-value 

is indeed lower (z = 8.90), but still highly significant. 

 

(e) In the higher income range, the proportion unbanked is much smaller. If most of the respondents are 

in this higher range, this pulls down the overall percentage. The p-value is not necessarily impacted 

much by the lower proportions, the key is the difference in proportions. Even though this is likely 

smaller when comparing smaller numbers, the standard error will also decrease as the overall proportion 

is closer to 0 than 0.50. 

 

(f) In the two income groups we examined, we do see a consistently higher rate of unbanked households 

among Black and Hispanic households compared to White households. We also notice that the 

unbanked rate is similar (and even changes direction) between the Black and Hispanic households 

between income categories. 

 

(g) This is where a relative risk calculation might be more meaningful as the Hispanic proportion is 1.6 

times larger than the Black proportion. 

 

(h) The missing values do decrease the sample sizes quite a bit, which we have seen directly impacts the 

size of the p-value. But perhaps even more problematic, we donôt know whether those who donôt answer 

the income question are systematically different on any of the variables, like financial transactions, than 

those who do answer the question. This can cause the sample proportions to not accurately reflect the 

population proportions. 

 

(i) A key advantage of imputation is you do not have to lose a large proportion of your sample. 

However, it is difficult to check the assumptions behind imputation and whether you are mimicking data 

you have already collected and falsely making the sample appear more homogenous and less variable.
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CHAPTER 3 SUMMARY 
 
In this chapter, you focused on comparing two groups on a categorical variable. You began by extending 

the simulations of sampling from a finite population to consider two independent random samples from 

the same population (same probability of success). You used a normal approximation to again find 

approximate p-values and confidence intervals. You were soon cautioned against jumping to cause-and-

effect conclusions when significant differences are found between the two samples. In particular, 

confounding variables are always a possibility with observational studies. In describing potential 

confounding variables, make sure you explain the connections to both the explanatory variable and the 

response variable, and how the confounding variable provides an alternative explanation to the observed 

difference.  

 

This led us to consider comparative experiments which utilize active imposition of the explanatory 

variable and random assignment to guard against confounding variables. In a properly designed 

experiment, which may include placebos, double-blindness, and other controls, there should not be any 

other substantial differences between the explanatory variable groups. Thus, if you do find a statistically 

significant difference in the response variable, you should feel comfortable attributing that difference to 

the imposed explanatory variable. 

 

With a randomized experiment, our analysis focuses on the randomness induced by random assignment 

to groups. You again approximated p-values through simulation, but this time modeling the random 

assignment process under the null hypothesis. We modelled ñshufflingò the observed responses to the 

explanatory variable groups, and then calculated a statistic with each shuffle to assess the null 

distribution of that statistic under the null hypothesis. The hypergeometric probability distribution was 

seen again, this time as a mathematical model for this random assignment process (leading to Fisherôs 

Exact Test for calculating exact p-values). Again, a normal probability model can also often be applied 

to approximate the p-value and to obtain confidence intervals. Keep in mind that the normal model 

should be applied only with suitably large sample sizes. 

 

Lastly, you considered limitations to the difference in conditional probabilities as the parameter of 

interest and explored properties of relative risk and odds ratios as alternative ways to summarize the 

association between two categorical variables. In particular, with case-control studies, only the odds 

ratio provides a meaningful comparison. You applied your knowledge of simulation methods to obtain 

approximate p-values for these statistics, learning the usefulness of transformations in normalizing 

distributions. This allowed us to apply some normal-based methods for obtaining confidence intervals 

for the population relative risk and population odds ratio. Donôt forget to back-transform these intervals 

to return to the original scale. 
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SUMMARY OF WHAT YOU HAVE LEARNED IN THIS CHAPTER 
¶ How to construct a two-way table 

¶ Examining conditional proportions to explore group differences on a categorical response variable 

¶ How to construct and interpret a segmented bar graph 

¶ How to state hypotheses in terms of the difference in two population proportions 

¶ When and how to use technology to apply two-sample z procedures to compare two sample 

proportions 

¶ Interpretation of the z-confidence interval as the interval of plausible values for the difference in the 

population proportions or process probabilities 

¶ Terminology of observational studies and experiments, including explanatory and response variables 

¶ Being able to distinguish between observational studies and experiments 

¶ Identifying and explaining potential confounding variables in observational studies 

¶ How to carry out random assignment 

¶ The benefits of random assignment 

¶ Approximating p-values using a two-way table simulation 

¶ Calculating exact p-values using the hypergeometric distribution 

¶ Using the normal approximation to obtain p-values and confidence intervals for an underlying 

treatment effect (when and how) 

¶ Factors that affect the statistical significance between the two groups (e.g., sample size, size of 

treatment effect) 

¶ Distinctions between cohort, case-control, and cross-classified studies 

¶ Distinctions (and equivalences) between relative risk and odds ratio (how to calculate, how to 

interpret) 

¶ Confidence intervals for relative risk and odds ratios 

¶ Limitations in the scope of conclusions that can be drawn from different study designs 

 

TECHNOLOGY SUMMARY 
¶ Creating segmented bar graphs (R, Minitab, Excel) or Mosaic plot (JMP, Applet) 

¶ Creating a null distribution of differences in sample proportions, relative risk, odds ratio 

o Simulating independent (binomial) random samples from a common population 

o Simulating random assignment using the Analyzing Two-way Tables applet and using the 

hypergeometric probability distribution 

o Simulating the random sampling associated with a case-control study 

¶ Calculating hypergeometric probabilities 

¶ Two-sample z-procedures 
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Choice of Procedures for Comparing Two Proportions 
 
Study design Two binary variables, but 

not case-control study 

Two binary variables, but 

not case-control study 

Two binary 

variables 

Parameter Difference in population 

proportions (p1-p2) 

Relative Risk (p1/p2) Odds Ratio (t) 

Null Hypothesis H0: p1 - p2 = 0 H0: p1/p2 = 1 H0: t = 1 

 

Simulation ¶ Independent random sampling from binomial processes 

¶ Random assignment with hypergeometric distribution 

Exact p-value 

 
Fisherôs Exact Test 

Can use z 

procedures if 
At least 5 successes and 5 failures in each group 

Confidence 

interval  
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JMP Analysis > Fit Y by X or 

ISCAM Journal file  

Select Relative Risk Select Odds Ratio 

Applets Theory-based Inference > 
Two proportions or Analyzing 
Two-way Tables 

Analyzing Two-way Tables 
applet > Relative Risk 

Analyzing Two-way 
Tables applet > Odds 
ratio 

 
Note: Fisherôs Exact Test is usually considered a reasonable approximation to the p-value from 

independent random sampling.

 
Quick Reference to JMP Commands 
 

Procedure Desired Menu; Hot spots 
Segmented bar graph Fit Y by X (Mosaic Plot) 

Generate data from Binomial Column Formula; Random > Random binomial 

Two proportion z-test/interval Fit Y by X; Two sample test for proportions 

Hypergeometric probability Distribution Calculator 

Create Boolean for values below some number x 
(creating an empirical p-value) 

Column formula; Conditional 

CƛǎƘŜǊΩǎ 9ȄŀŎǘ ¢ŜǎǘΣ ŎƻƴŦƛŘŜƴŎŜ ƛƴǘŜǊǾŀƭ ŦƻǊ ƻŘŘǎ Ǌŀǘƛƻ Fit Y by X; Odds Ratio 

Confidence interval for relative risk Fit Y by X; Relative Risk 
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CHAPTER 4: COMPARISONS WITH QUANTITATIVE VARIABLES  

 

This chapter parallels the previous one in many ways. We will continue to consider studies where the 

goal is to compare a response variable between two groups. The difference here is that these studies will 

involve a quantitative response variable rather than a categorical one. The methods that we employ to 

analyze these data will therefore be different, but you will find that the basic concepts and principles that 

you learned in Chapters 1-3 still apply. These include the principle of starting with numerical and 

graphical summaries to explore the data, the concept of statistical significance in determining whether 

the difference in the distribution of the response variable between the two groups is larger than we 

would reasonably expect from randomness alone, and the importance of considering how the data were 

collected in determining the scope of conclusions that can be drawn from the study. 

 

Section 1: Comparing groups ï Quantitative response 

 Investigation 4.1: Employment discrimination? 

 

Section 2: Comparing two population means 

 Investigation 4.2: The elephants in the room ï Comparing groups 

 Probability Exploration: Simulation of Difference in Sample Means 

 Investigation 4.2 cont: The elephants in the room cont. ï t procedures 

 Investigation 4.3: Left-handedness and life expectancy ï Factors influencing significance 

 Applet Exploration: Guess the p-value 

 

Section 3: Comparing two treatment means 

Investigation 4.4: Lingering effects of sleep deprivation ï Randomization tests 

 Investigation 4.5: Lingering effects of sleep deprivation (cont.) ï Two-sample t-tests 

 Investigation 4.6: Ice cream serving sizes ï Two-sample t-confidence interval  

Investigation 4.7: Cloud seeding ï Strategies for non-normal data 

 

Section 4: Matched Pairs Designs 

 Investigation 4.8: Speed it upï Independent vs. paired design, technology 

 Investigation 4.9: Speed it up (cont.) ï Inference (simulation, paired t-test) 

 Investigation 4.10: Comparison shopping ï Application 

 Investigation 4.11: Smoke alarms ï McNemarôs test (paired categorical data) 

 

Example 4.1: Age Discrimination? ï Randomization test  

Example 4.2: Speed Limit Changes ï Two-sample t-procedures 

Example 4.3: Distracted Driving? (cont.) ï Paired t-procedures 

Example 4.4: Comparison Shopping in the Future ï Power for paired vs. independent samples 

 

Chapter 4 Summary 
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SECTION 1: COMPARING GROUPS ï QUANTITATIVE RE SPONSE 

 
In this chapter, we will focus on comparing two groups on a quantitative response variable. Again, the 
reasoning is still the same as in Ch. 1 ï 3, but we will see some small changes in the details. We start 
with a small investigation to review key ideas and then we parallel Chapter 3 in first considering random 
sampling and then random assignment, both for scope of conclusions but also for how we will design 
our simulation.  

 

Investigation 4.1: Employment Discrimination? 

 

Robert Martin turned 55 in 1991. Earlier in that same year, the Westvaco Corporation, which makes 

paper products, decided to downsize. They ended up laying off roughly half of the 50 employees in the 

engineering department where Martin worked, including Martin. Later that year, Martin went to court, 

claiming that he had been fired because of his age. A major piece of evidence in Martinôs case was 

based on a statistical analysis of the relationship between the ages of the workers and whether they lost 

their jobs. 

 

Part of the data analysis presented at his trial concerned the ten hourly workers who were at risk of 

layoff in the second of five rounds of reductions. At the beginning of Round 2 of the layoffs, there were 

ten employees in this group. Their ages were 25, 33, 35, 38, 48, 53, 55, 55, 56, 64. Three were chosen 

for layoff: the two 55-year-olds (including Martin) and the 64-year old.  

 

(a) Create side-by-side stemplots of the ages of the employees who were retained and laid off by adding 

ñleavesò (years) to the appropriate stems (decades) (e.g., add a 3 and a 5 to the 3 stem for the 33 and 35-

year-olds). 

Laid off  Retained 

 2  

 3  

 4  

 5  

 6  

 

Comment on whether these data provide preliminary evidence that the layoff decisions were not made at 

random. What aspects of the age distributions support or contradict this claim? 

 

 

 

(b) Itôs possible that the employers just randomly decided which three employees to lay off. How would 

you expect the behavior of these stemplots to compare if the layoff decisions had been made completely 

at random? 

 

 

 

(c) Describe how you could generate one ñcould have beenò observation under this assumption that the 

lay-off decisions are made completely at random. 

 

(d) How many different ways are there to randomly choose 3 of the 10 people to lay off? 

https://law.justia.com/cases/federal/district-courts/FSupp/850/83/2132206/
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To find a p-value, we just need to decide which of these 120 outcomes are as or more ñextremeò than the 

observed outcome. 

 

Approach 1: We could simply list out the outcomes that we consider more extreme and count them. 

 

(e) The ages of the laid-off individuals were 551, 552, and 64. Which other sets of 3 ages from the 10 

would you consider as or more extreme? Briefly justify your choices. 

 

 

 

 

 

(f) Use your answer to (e) to determine an ñexactò p-value. How do you interpret this value and what do 

you conclude? 

 

 

 

Approach 2: Approach 1 focuses on who was laid off and who was not, but does not fully consider how 

old they were. Rather than ignoring this information, we could instead focus on the difference in the 

ages assigned to the two groups. 

 

(g) Calculate the difference in the average age of those laid off and those not laid off for the observed 

data. 

 

 

 

(h) Identify any outcomes that have a larger difference in the average age between those laid off/not. Are 

the same outcomes still the most extreme? Does the p-value change? 

 

 

 

 

(i) Remind the lawyers what limitations there are to the conclusions that can be made in this study. 
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Below is a graph of all possible differences in means.  

 
 

(j) What is roughly the average? Is the distribution symmetric? 

 

 

Discussion: Although we might suspect the distribution to be centered at zero, the graph is not expected 

to be symmetric because the group sizes are unequal and we subtracted laid-off ï retained. Also, the 

data set is small so there will be ñgranularityò between the possible values for the difference. In fact, 

other possible choices of statistics (e.g., difference in medians) would look even ñstranger.ò But those 

details are less important, we can still use these values to determine a p-value.  

 

Study Conclusions 
In this analysis, you assumed a null hypothesis ï the lay-offs are made completely at random ï and 

you considered all 120 possible assignments of 7 people to be retained and 3 people to be laid off. 

(You could have flipped a coin for each employee, but that would lay off 50% in the long-run rather 

than fixing 3 to be laid off.) Of these 120 possible assignments, we want to know how many are ñat 

least as extremeò as the observed result. If we focus on the outcomes where 3 of the 4 oldest people 

end up in the laid-off group, only the 551, 56, 64 and 552, 56, 64 combinations have a difference in 

means (17.33 years, which can happen two ways) larger than what we observed (16.86). The 551, 552, 

56 combination and the 53, 56, 64 combination donôt have quite as large a difference in means (13.04 

and 16.38 respectively). So this finds an exact p-value = 3/120 = 0.025, which tells us that if these 

decisions had been made completely at random, there is a 2.5% chance we would see a combination 

of ages at least as extreme as the actual outcome as measured by the difference in group means. This 

is moderate evidence that the decision-making process was not at random. If you do find this evidence 

compelling, you must keep in mind the observational nature of the data; we cannot draw any cause-

and-effect conclusions about the reasons for the non-random lay-off decisions. 

 

Discussion: In the rest of this chapter, you will focus on comparing groups on a quantitative response 

variable. The reasoning process of statistical significance remains the same ï how often would random 

chance give me a result at least as extreme? Your analysis will still focus on two key ideas: How were 

the groups formed (e.g., random assignment vs. random sampling), or are we modelling hypothetical 

randomness? And choice of statistic for comparing the two groups. With large sample sizes we wonôt be 

able to list out all the outcomes so we will focus more on simulation and mathematical models. The 

latter will also again allow us to use a convenient confidence interval formula. Once you have a p-value 

or confidence interval, you interpret them in the same way as in previous chapters, while also 

considering the limitations of the study design. 

  

Practice Problem 4.1 
Suppose the following individuals were laid off: 25, 35, 38. What would be the exact p-value if the 

alternative hypothesis was that there was a bias against the younger employees? Explain.
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SECTION 2: COMPARING TWO POPULATION MEANS  

 
In this section, we want to focus on quantitative data arising from two independent random samples. 
For example, in the first investigation you will compare the average travel distances of African and 
Asian elephants. For statistical inference, we need to explore how statistics like the difference in 
sample means behave under random sampling. We will first explore a hypothetical situation and then 
we discuss a theoretical result justifying use of a t-distribution for the reference distribution in finding p-
values and confidence intervals. 

   

Investigation 4.2: The Elephants in the Room 

 

Researchers Holdgate et al. (2016) studied walking behavior of elephants in North American zoos to see 

whether there is a difference in average distance traveled by African and Asian elephants in captivity. 

They put GPS loggers on 33 African elephants and 23 Asian elephants, and measured the distance (in 

kilometers) the elephants walked per day. 

 

(a) Identify the observational units and variable of interest. Is the variable quantitative or categorical? 

Which graphs and numbers might you use to compare these two species? 

 

 

 

Descriptive Statistics 
(b) Open the elephants.txt data file. First, look at the data by creating a graph of distances separated by 

species. When using graphs to compare groups it is especially important that comparative graphs be 

drawn on the same scale. Note: These data are stacked as each column is a different variable (species 

and distance). 

 

Technology Detour ς Comparative Graphs 
In Descriptive Statistics applet  

¶ Copy the data to the clipboard. In the applet, check the Stacked box. Press Clear and paste the 

data into the Sample data window and press Use Data.  (Or type elephants.txt in the empty Paste 

data window.) 

¶ Use the Separate by pull-down menu to select the Species categorical variable 

¶ You have radio button options for Histograms and Boxplots. 

  

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC4944962/
http://www.rossmanchance.com/iscam3/data/Elephants.txt
http://www.rossmanchance.com/applets/Dotplot.html
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In JMP 

¶ Choose Analyze > Distribution and specify both the 

quantitative variable (Y, Columns) and the categorical 

variable (By).  
¶ Press OK . 
¶ Use the Distributions hot spot to select Stack 
¶ (See also File > Preferences) 
OR 

¶ Select Graph > Graph Builder .  

¶ Drag Distance to the X axis and Species to the Y axis 

¶ Use the icons across the top to change to boxplots and 

histograms. 

¶ Press Done to complete the graph. 

¶ See also Analyze > Tabulate. 
 

 
 

 

 

 

Note: When comparing groups, some boxplot displays vary the other dimension of the box size by 

relative sample size. 

 

(c) According to the boxplots, were there any ñoutlierò elephants? Explain how you know.  

 

 

 

 

(d) What is a limitation to using only boxplots to compare these two distributions? 

 

 

 

(e) Explore the differences in the walking distances between the African and Asian elephants. Which 

species tended to walk more? Which species showed greater variability? Which distribution is more 

symmetric? 

 

 

 

And we can calculate separate summary statistics for the two species: 

 

Technology Detour ς Numerical Summaries 
In Descriptive Statistics applet 

¶ Check the Mean: Actual and Std dev: Actual boxes (at least) 
 

 

In JMP 

¶ Choose Analyze > Distribution and specify both the quantitative variable (Y, Columns) and the 

categorical variable (By).  
¶ Press OK . 
¶ Use the Distributions hot spot to select Stack. 

 

http://www.rossmanchance.com/applets/Dotplot.html
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(f) Determine the sample sizes, sample means, and the sample standard deviations for each group and 

record these below, using appropriate symbols.  

      n    Mean     SD   Skew   

 African 

 

 Asian 

 

(g) Do you think the difference in sample means is going to be statistically significant? What does 

statistical significance mean in this context? (What null and alternative hypotheses can we test?) 

 

 

 

 

 

 

Discussion: Before we can address statistical significance, we need more information as to how much 

we expect a difference in sample means to vary from sample to sample (e.g., what if we had lots of 

different zoos, each with random samples of each type of elephant). We will take a detour to explore this 

in a case where we have the populations to begin with to see some rather familiar results. 

(h) Outline the simulation steps we need to use. 

 

 

 

 

 

Probability Exploration: Simulation of Distribution of Difference in Sample Means 
The file NBASalaries2026.txt contains season salaries (in millions of dollars) for all NBA basketball 
players at the start of the 2025-26 season (downloaded from http://www.espn.com/nba/salaries July 
2026). Players without a team affiliation or without a listed salary were not included in the data set. 
 
(a) Do you expect salary data to be symmetric or skewed, and if skewed, in which direction? Explain. 
 
 
 
(b) Which do you suspect will be larger, the mean or median salary? Explain. 
 
 
(c) Open the NBASalaries2026_2.txt file and paste the two columns into the Sampling from Two 
Populations applet. What are the values of the means, standard deviations, and skewness values? 
What symbols can we use to represent these values? Are the shapes of the distributions as you 
expected? 
 
 
(d) Select a random sample of 20 players from each conference: 

¶ Check the Show Sampling Options box. 

http://www.rossmanchance.com/iscam3/data/NBASalaries2026.txt
http://www.espn.com/nba/salaries
http://www.rossmanchance.com/iscam3/data/NBASalaries2026_2.txt
http://www.rossmanchance.com/applets/2021/twopopmodels/TwoPopSampling.html
http://www.rossmanchance.com/applets/2021/twopopmodels/TwoPopSampling.html
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¶ Specify sample sizes of 20 for each sample and press Draw Samples. 

¶ Select the Plot radio button. 
Record the sample means and sample standard deviations for your samples. How do the sample results 
compare to the population results? What about the shapes of the samples? 
 
 
(e) Calculate your difference in means and pool with the rest of your class.  
 
 
 
 

 
 
(f) Describe the shape of the sampling distribution of the difference in sample means.  How does the 
distribution of the differences in sample means compare to the shape of the salary distributions 
themselves?  
 
 
(g) What is the approximate center of this distribution? Is this what you expected? 
 
 
(h) But of course, what you really want to know about is the variability. Is there more or less variability 
in this distribution compared to the variability in each population (part (c))?  
(i) We know there should be less variability because we are talking about sample means rather than 
individual observations. But how much variability do we expect to find in the distribution of sample 
means taken from the Western conference? What about the Eastern conference? Is the variability in 
the difference in sample means larger or smaller than in the individual distributions? 
 
 
 
(j) To confirm these observations, we need to take a lot more samples. In the applet, change the 
Number of Samples to 999 for a total of 1,000 and press Draw Samples. The applet will calculate and 
graph the difference in sample means for each repetition. Examine and describe the distribution of the 
differences of sample means. [Hint: Reconsider questions (f), (g), and (h).] 
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Key Result: A theorem similar to the Central Limit Theorem indicates that if we have two infinite, 
normally distributed populations, with means ˃1 and ˃ 2 and standard deviations „ and „, and we 
take independent random samples from each population, the sampling distribution of ὢ ὢ will 

follow a normal distribution with mean ˃1 ς ˃ 2 and standard deviation „Ⱦὲ  „Ⱦὲ. 

 
This is a nice theoretical result, but we seldom meet these conditions exactly. 
(k) Identify two characteristics of our NBA salary populations that do not agree with this statement. 
 
 
 
A third, but perhaps the biggest, issue is that the population standard deviations are unknown.  
 
(l) Suggest a formula for estimating the standard deviation of the difference in sample means. 
 
 
 
 

So then what we really need to know about is the distribution of 
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(m) In the applet, use the Statistic pull-down menu to select the t-statistic and then examine the 
distribution of this statistic. Is it approximately normal? Where is it centered? Use the check box to 
Overlay t distribution, is the t distribution a good model for this sampling distribution? 
 
 
 
 

 

 

 

Technology Detour ς Selecting Independent Random Samples 
Step 1: Take a random sample of n1 observations from first population 

Step 2: Take a random sample of n2 observations from second population 

Step 3: Compute difference in sample means or other statistic and create sampling distribution of statistic 

You should also look at graphs of the individual samples as well as the final sampling distribution, find 

the mean and standard deviation, compare to a normal distribution. 
 

In Applet: Sampling from Two Populations 
 

In JMP: IndependentSamplesJMP 
 

 

  

http://www.rossmanchance.com/applets/TwoBoot5.html
https://www.rossmanchance.com/iscam3/data/IndependentSamplesJMP.html
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Discussion: The sample sizes of 20 for each group appear to be large enough for a t-distribution (even a 

normal distribution) to reasonably approximate the distribution of this statistic. If the population 

distributions had themselves been normally distributed (and large), then a t-distribution will be a good 

approximation of the statistic for any sample sizes. The more skewed the population shapes, the larger 

the sample sizes need to be for you to safely use the t-distribution. Notice even with these very skewed 

populations, because their shapes and sample sizes were similar, we didnôt need very large sample sizes 

at all for the standardized statistic to follow a t distribution. One remaining question is what to use for 

the degrees of freedom for the t-distribution. In the one-sample case (Chapter 2) we used n ï 1. For two 

samples, itôs actually more complicated. The Welch-Satterthwaite approximation for degrees of freedom 

involves the sample sizes and the unknown population standard deviations, though it doesnôt always 

result in integer values. We will leave this calculation up to technology. You only need to realize that the 

degrees of freedom are related to the sample sizes and as the sample sizes becomes large, the t-

distribution loses more and more of the heaviness in the tails and approaches the (standard) normal 

distribution. If you need to determine a p-value or critical value ñby hand,ò we suggest using the 

following simple approximation for the degrees of freedom: min (n1 ï 1, n2 ï 1), the smaller of the two 

sample sizes minus one.  

In this case, we could use 19 as the approximate 

degrees of freedom. Notice that this sample size 

is large enough that the t-distribution looks a lot 

like the normal distribution as well, which 

should agree with your observation in (m). But 

we will continue to use the t-distribution rather 

than the normal distribution to still account for 

additional variation from our estimates of the 

population standard deviations.  
     ă t-statistics Ą 

Especially when the population shapes are similar and the sample sizes are similar, the t-

distribution provides a pretty good approximation to the sampling distribution of ( ὢ ὢ

 ‘ ‘  Ⱦ ὛȾὲ ὛȾὲ , even for non-normal populations. 

 

Summary of Two-sample t Procedures 
 

Parameter: m1 - m2 = the difference in the population means 

  

To test H0: m1 - m2 = d0 

Standardized statistic: 
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Approximate degrees of freedom: 

Compare this to a t-distribution with 

degrees of freedom equal to the smaller of 

the two sample sizes minus one:  

min(n1, n2) ï 1. 

 

Technical conditions: These procedures are considered valid if the sample distributions are 

reasonably symmetric or the sample sizes are both at least 20. Also consider whether you are 

sampling from a random process or large populations. 

https://www.rossmanchance.com/iscam3/glossary_files/Satterthwaite.htm
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Using Technology to Carry out the Two-Sample t-Tests 
In using technology, you need to consider how the data are available: Do you have the ñraw dataò 

(meaning all the individual data values) or just the summary statistics (sample sizes, means, SDs)? Most 

software packages will assume raw data is ñstackedò ï each column represents a different variable (all 

response variable values in one column, the explanatory variable in a second column). Also notice that 

being able to run the t-test with only the summary data is one advantage the t-test has over the 

simulation. But also keep in mind that the t-output is valid only when the population distributions are 

normal or the sample sizes are large. When reporting your results, make sure you specify which 

technology you used, because different software use different degrees of freedom. You will also need to 

watch for the direction of subtraction that the software packages use automatically (often alphabetical by 

group name). 

 

There is also a version of the two-sample t-test that makes an additional assumption ï the population 

standard deviations are equal. The standardized statistic has the following form: 
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, a pooled estimate of the common SD. 

This ñpooled t-testò has some advantages (namely higher power), when the population standard 

deviations are equal. However, this additional condition can be difficult to assess from your sample data. 

The benefits do not appear to outweigh the risks of applying this assumption when you shouldnôt. So in 

this text we will focus on ñunpooled t-testsò only. 

 

Technology Detour - Two-Sample t-Test (unpooled, summary data) 
 
In JMP 

¶ ISCAM Journal file: Hypothesis Test for 

Two Means 

¶ Choose the t-test and Unequal Variances 

¶ Specify the alternative hypothesis and the 

sample means and sample standard 

deviations and press Enter. 

¶ There is no simple CI calculator 
  

 

 

In Theory-Based Inference Applet 

¶ Use the pull-down menu to select ñTwo means.ò 

¶ Specify the summary statistics. Press Calculate. 

(You will see a visual representation of the sample 

means and standard deviations.) 

¶ Check the box for Test of Significance. Specify the 

hypothesized difference and the direction of the 

alternative hypothesis. Press Calculate. 
  

 

Technology Detour - Two-Sample t-Test (unpooled, raw data) 
 

In JMP (stacked data) 

http://www.rossmanchance.com/iscam3/glossary.html#pooledt
http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
https://www.rossmanchance.com/applets/2021/tbia/TBIA.html
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¶ Choose Analyze > Fit Y by X 

¶ Specify the response variable (Y, Response) and the explanatory variable (X, Factor), press OK . 

¶ Use the hot spot to select t Test. The output will include the 95% confidence interval, the t 

standardized statistic (and df), and 3 p-values. Pick the p-value that matches your alternative 

hypothesis. 

o To change the confidence level, use the hot spot to select Set ♪ level to 1-C.  
 
In Theory-Based Inference applet 

¶ Use the pull-down menu to select ñTwo means.ò 

¶ Copy the data to the clipboard, check the Paste data box, select 

the Stacked box if thatôs the data format (explanatory variable 

in first column), press Clear, click in the data window and 

paste the data. Press Use data. 

¶ Check the Test of Significance box. 

¶ Specify the hypothesized difference and the direction of the 

alternative hypothesis. 

¶ Press Calculate. 
 

  

 

Technology Detour ς Unstacked data (each column is a group) 
 

In Theory-Based Inference applet 

¶ Press Clear and donôt check the Stacked button before pasting the data in. 
 

In JMP 

¶ Analyze > Distribution and use By Conference 
   

 

Investigation 4.2: The Elephants in the Room cont. 

(i) Are the technical conditions met for the t-procedures to be valid for these data? 

 

 

 

(j) Use technology to decide whether there is a statistically significant difference between the average 

walking distance of the African and Asian elephant populations. State the hypotheses, define any 

symbols you use, report the test-statistic and p-value. Include one-sentence interpretations of both the 

standardized statistic and the p-value in context. What conclusion do you draw? 

(k) Also approximate a 95% confidence interval and interpret this interval in context. [Hint: When 

interpreting a confidence interval for the difference, you should always clarify the direction of 

subtraction and which population parameter is larger.] 

 

 

 

 

 

 

 

https://www.rossmanchance.com/applets/2021/tbia/TBIA.html
https://www.rossmanchance.com/applets/2021/tbia/TBIA.html
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Study Conclusions 
In this study, the mean distance walked is similar for these two species (5.40 vs. 5.30 km) and the 

sample sizes are not super large (33 and 23), with a fair bit of variation in walking distances within 

each species (sAfrican = 1.47 vs sAsian = 3.41 km). For these reasons, we do not expect a small p-value. 

The distributions are fairly symmetric so the unpooled t-test should be valid (the standard deviations 

are not very similar, so we would not feel comfortable assuming equal population variances). The 

unpooled t-test statistic of 0.131 is small, yielding a two-sided p-value of 0.897. We fail to reject the 

null hypothesis that the population mean walking distances are the same. These data do not provide 

convincing evidence of a difference in walking distances, on average, between Asian and African 

elephants in American zoos. A 95% confidence interval tells us that itôs plausible that, in these two 

populations, African elephants average up to 1.45 km less to 1.65 km more than Asian elephants. It 

might be interesting to further explore the larger variation in walking distances among the Asian 

elephants. We should also be aware that we have sampled a large fraction of the populations and 

should consider some ñfinite population correctionsò which would only further increase the standard 

deviation. 

 
Discussion: Keep in mind that the t-tests only tell us about whether the centers of the distributions are 

significantly different. They donôt help us analyze other potentially interesting differences in the two 

distributions. 
 
Practice Problem 4.2A 
¶ Open the Sampling from Two Sample Bootstrapping applet. 

¶ Enter elephants.txt in the data window and press Use Data (twice). 

¶ Check Show Sampling Options 

¶ Press Bootstrap Samples  

¶ Look at the Plot display. 

(a) Include a screen capture of your bootstrap sample and verify you have selected 23 Asian elephants 

and 33 African elephants. 

(b) Identify any elephants that were selected more than once, and explain how you can tell, AND how 

you can tell that the two groups were not pooled together before sampling. 

(c) Now check the Pooled box and press Bootstrap Samples. Include a screen capture of your bootstrap 

sample. 

(d) Identify any elephants that were selected more than once, and explain how you can tell, AND how 

you can tell that the two groups were pooled together before sampling. (Feel free to generate a different 

sample if another one would make your point better.) 

(e) Which simulation should we use for a test of significance, and which for a confidence interval? 

Briefly explain why. 

 

Practice Problem 4.2B 
(a) Use the Two sample bootstrapping applet (see also Exploration 2.9) to simulate a null distribution for 

the difference in medians. Do you think a t-approximation would be valid for this statistic? Why or why 

not. 
(b) Approximate a p-value. Is your conclusion similar as in the analysis with means? 

(c) Has your analysis proven that there is no difference in the median walking distances between these 

two species? Explain. 

https://www.rossmanchance.com/applets/2021/twoboot/TwoBoot.html?hideExtras=2
http://www.rossmanchance.com/applets/TwoBoot2.html?hideExtras=2
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Practice Problem 4.2C 
Suppose our data had been  

 
(a) Conjecture how this will impact the p-value and confidence interval. Explain your reasoning. 

(b) Use technology to check your conjecture. Were you correct? 

(c) Do you consider the t-procedures more valid here than for the actual study? Explain. 
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Investigation 4.3: Left-Handedness and Life Expectancy 

 

Psychologist Stanley Coren has conducted several studies investigating the life expectancy of left-

handers compared to right-handers, believing that the stress of being left-handed in a right-handed world 

leads to earlier deaths among the left-handers. In one study Coren and Halpern (1991) sent surveys to 

thousands of next-of-kin of recently deceased southern Californians and asked whether the person had 

been right-handed or left-handed. They were very careful in how they collected their data. First, they 

consulted a bereavement counselor who suggested that they not contact anyone unless at least 9 months 

had passed since the death. The counselor also suggested that they make the contact as gentle as possible 

and not follow up or press people for responses. The researchers also decided that they would not 

contact next of kin if the death had been a result of murder or suicide or if the deceased was a child age 

6 or younger. They received 987 replies and found that the average age of right-handed people at death 

was 75 years and for left-handed people it was 66 years.  

 

(a) Is this an observational study or an experiment?  

 

 

 

(b) Did the researchers take a random sample of left-handers and an independent random sample of 

right-handers? Is it reasonable to consider these samples independent? 

 

 

 

 

Even though the researchers did not take a random sample of left-handers and a separate random sample 

of right-handers, we are still willing to consider these samples as independent because the results for one 

group should have no effect on the results for the other group. In a situation with two independent 

random samples, we can apply the two-sample t-test to make inferences about the difference in the 

population means. 

 

(c) The summary of the study reported the sample means; what additional information do we need to 

assess the statistical significance of their difference? Why is this information important?  

 

 

 

(d) Let mL represent the mean lifetime for the population of left-handers and let mR represent the mean 

lifetime for the population of right-handers. State the null and alternative hypotheses for Coren and 

Halpernôs study (based on the research conjecture).  

 

 

 

 

 

The table below lists some guesses for the sample size breakdown (based on estimates of the proportion 

of the population that are left-handed) and the sample standard deviations.  

 

https://pubmed.ncbi.nlm.nih.gov/2006231/
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Scenario  Sample sizes Sample 

means 

Sample 

SDs 

t-statistic p-value Significant 

at 1% level? 

1 
left 99 (10% of 987) 66 15    

right  888 75 15 

2 
left 50 (5% of 987) 66 15    

right  937 75 15 

3 
left 50 (5% of 987) 66 25    

right  937 75 25 

4 
left 10 (1% of 987) 66 25    

right  977 75 25 

5 
left 99 (10% of 987) 66 50    

right  888 75 50 

 

(e) For the following pairs of scenarios from the table above, which do you believe will result in the 

lower p-value, that is, stronger evidence against the null hypothesis? Explain briefly. 

 

 Scenario 2 vs. 3 

 

 

 Scenario 3 vs. 4 

 

 

(f) Use technology (see preceding Technology Detour) to carry out the two-sample t-tests for these 

hypotheses, using the sample sizes, sample means, and sample standard deviations given in the table 

above. For each of these five scenarios, report the resulting standardized statistic, p-value, and whether 

or not the difference is statistically significant with a significance level of a = 0.01 in the table above. 

 

(g) Summarize what your analysis reveals about the effects of the sample size breakdown and the 

sample standard deviations on the values of the t-statistic and p-value. 

 

 

 

 

 

 

(h) Considering the five scenarios of sample sizes and standard deviations used in the table, which 

scenario do you think is most realistic for this study of left- and right-handersô lifetimes? Explain, based 

on the context for these data. 

 

 

 

(i) Based on your analyses and how these data were collected, are you convinced that being left-handed 

causes individuals to die sooner on average than being right-handed? How should you phrase your 

conclusion? 
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(j) Part of the motivation for this research was an earlier study by Porac and Coren (1981) that surveyed 

5147 men and women of all ages in North America. They found that 15% of ten-year-olds were left-

handed, compared to only 5% of fifty-year-olds and less than 1% of eighty-year-olds. At the age of 85, 

right-handers outnumbered left-handers by a margin of 200 to 1. Suggest another explanation for these 

puzzling findings that actually provides a counter-argument to the conclusion from the 1991 Coren and 

Halpern study that left-handers tend to live shorter lives than right-handers. 

 

 

 

 

 

 

 

 

 

 

 

 

Study Conclusions  
     The difference in the sample mean lifetimes does appear to be statistically significant for all 

reasonable choices of the sample sizes and the sample standard deviations, so we have strong 

evidence that left-handers do tend to have shorter life spans than right-handers. However, there are 

numerous cautions to heed when drawing conclusions from such a study. This was a retrospective 

study with voluntary response, and in fact the researchers reported that they tended to hear from the 

left-handed relatives more often than right-handers, and they only heard from fewer than half of the 

families contacted. There is also no information given about the proportion of left-handers in the two 

southern California counties studied or the average ages of their residents now. In particular, one 

explanation for the lower percentage of left-handers among the elderly is not that they have died 

younger but that it used to be quite common practice to strongly encourage left-handed children to 

switch to being right-handed. Nowadays, that is less common (in fact many athletes love having this 

advantage!), and so now there is a higher percentage of left-handers among younger age groups. This 

helps to explain why the left-handers who had died would tend to be younger. In other words, maybe 

the average age difference between living left-handers and right-handers is also nine years.  

These studies have actually become hot topics for debate as some other studies have not been able 

to replicate Coren and Halpernôs results. Other prospective longitudinal studies in the United States 

(Marks and Williams, 1991; Wolf, DôAgostino, and Cobb, 1991) have not found a significant 

difference in age at death. Still others have found connections between handedness and accident rates, 

lower birth rates, cancer, alcohol misuse, smoking, and schizophrenia. Alas, we donôt see any 

randomized, comparative experiments being conducted to answer these questions in the near future! 

 

Discussion: You should have found that larger variability in each sample (so a larger SE) produces a 

larger p-value and therefore less convincing evidence that the population means differ. Or to put this in a 

more positive light: Reducing variability within groups makes it easier to distinguish between the 

groups. You should also have found that a bigger discrepancy in sample sizes between the two groups 

produces a larger p-value and therefore less convincing evidence that the population means differ. 
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Practice Problem 4.3A 
(a) If all else stays the same but the difference in the means between the groups is larger, will the p-

value be larger or smaller? 

(b) If all else stays the same but the sample sizes within the groups are larger, will the p-value be larger 

or smaller? 

 

Practice Problem 4.3B 
Recall the study on childrenôs television viewing habits for two schools in San Jose, CA from Practice 

Problem 2.6B (Robinson, 1999). The researcher wanted to study whether a new classroom curriculum 

could reduce childrenôs television viewing habits, which might in turn help to prevent obesity. One of 

the schools, chosen at random, incorporated an 18-lesson, 6-month classroom curriculum designed to 

reduce watching television and playing video games, whereas the other school made no changes to its 

curriculum. Both before and after the curriculum intervention, all children were asked to report how 

many hours per week they spent on these activities. 

 

The following summary statistics pertain to the reports of television watching, in hours per week, prior 

to the intervention: 

Baseline Sample size Sample mean Sample SD 

Control group 103 15.46 15.02 

Intervention group 95 15.35 13.17 

 Approximate two-sided p-value: 0.956 

(a) Do you think the researchers are happy or unhappy about the size of this p-value? Explain. 

 

Suppose that the summary statistics at baseline had instead been the following: 

 Sample size Sample mean Sample SD 

Control group 103 14.46 15.02 

Intervention group 95 8.80 13.17 

(b) Without performing any calculations, how should the p-value for these data compare (larger or 

smaller) to the p-value from the actual baseline results? Explain. 

 

Suppose that the summary statistics at the beginning of the study had instead been the following: 

 Sample size Sample mean Sample SD 

Control group 103 15.46 13.82 

Intervention group 95 15.35 10.41 

(c) Without performing any calculations, how should the p-value for these data compare (larger or 

smaller) to the actual baseline results? Explain. 

(d) Suppose the researchers decide to look at a subset of children in this study that belong to the same 

social-economic class (with the expectation that their television watching habits will be more similar to 

each other). Discuss one advantage and one disadvantage to this approach in terms of detecting a 

difference between the control group and the intervention group at the conclusion of the study. [Hints: 

Relate to your answer in (c)?]

 

  

https://jamanetwork.com/journals/jama/fullarticle/192031
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Applet Exploration: Guess the p-value 
 

Open the Guess the p-value applet.

 

(a) Press Draw New Samples to generate data 

from two populations. Based on the resulting 

data, enter a guess for the p-value for a two-

sample t-test on these data and then press Check 

Guess. 

 

How close was your guess? Were you surprised 

by the actual value? In what way? How might 

you guess differently the next time?  

 

 

 

(b) Press the Draw New Samples button, enter your guess for the value of the p-value for these data and 

press Enter. Describe how close you were and what adjustments you might make in your thinking. 

 

 

 

 

(c) Repeat this process for a total of 10 pairs of samples (you do not need to record your results but you 

should try to learn from the reveal of the actual values as you make your guesses). Do you think your 

guessing ability improved by the last guess? Explain. 

 

 

 

 

(d) Now check the Edit population parameters box and press Draw New Samples. Press Check 

Guess and now use the slider to create a larger and larger difference between the two population means. 

How does this impact the p-value? 

 

 

 

(e) Now use the slider to create a larger/smaller (common) population standard deviation. How does this 

impact the p-value? 

 

 

 

 

(f) Use the applet to explore the impact of the sample sizes. Summarize what you learn. 

 

 

 

  

http://www.rossmanchance.com/applets/GuessPvalue.html
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SECTION 3: COMPARING TWO TREATMENT MEANS  

 
The previous section focused on quantitative data arising from two independent random samples. This section 
will focus on quantitative data arising from randomized experiments. We will again consider simulation-based, 
exact, and theory-based p-values, as well as what assumptions we need to make for confidence intervals. 

   

Investigation 4.4: Lingering Effects of Sleep Deprivation 

 

Researchers have established that sleep deprivation has a harmful effect on visual learning (the subject 

does not consolidate information to improve on the task). Stickgold, James, and Hobson (2000) 

investigated whether subjects could ñmake upò for sleep deprivation by getting a full nightôs sleep in 

subsequent nights. This study involved randomly assigning 21 subjects (volunteers between the ages of 

18 and 25) to one of two groups: one group was deprived of sleep on the night following training with a 

visual discrimination task, and the other group was permitted unrestricted sleep on that first night. Both 

groups were allowed unrestricted sleep on the following two nights, and then were re-tested on the third 

day. Subjectsô performance on the test was recorded as the minimum time (in milliseconds) between 

stimuli appearing on a computer screen for which they could accurately report what they had seen on the 

screen. Previous studies had shown that subjects deprived of sleep performed significantly worse the 

following day, but it was not clear how long these negative effects would last. The data presented here 

are the improvements in reaction times (in milliseconds), so a negative value indicates a decrease in 

performance. 

Sleep deprivation group (n = 11): -10.7, 4.5, 2.2, 21.3, -14.7, -10.7, 9.6, 2.4, 21.8, 7.2, 10.0 

 Unrestricted sleep group (n = 10): 25.2, 14.5, -7.0, 12.6, 34.5, 45.6, 11.6, 18.6, 12.1, 30.5 

 

Study Design 
(a) Is this an experiment or an observational study? Explain. 

 

 

 

(b) Identify the explanatory (EV) and response (RV) variables. Also classify each as being categorical or 

quantitative. 

 

 EV:                      type: 

 

 RV:                      type: 

 
(c) Write out the null and alternative hypotheses, in words, for this research study. 

 

 

 

 

 

(d) Is your alternative hypothesis one-sided or two-sided? What does this imply about the types of 

response values you would expect to see in each treatment group? [Hint: Positive or negative?] 

  

https://www.nature.com/articles/nn1200_1237
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Descriptive Statistics 
The following dotplots reveal the distributions of improvements between the two groups: 

 
 

(e) Do these data provide preliminary evidence that the harmful effects of sleep deprivation linger three 

days later? Explain your reasoning. [Hints: Are all the improvement scores in one group higher than all 

the improvement scores in the other group? Is there a tendency for higher improvement scores in one 

group three days later?] 

 

 

 

 

 

(f) There are several ways we could choose to measure the tendency observed in (e). A common choice 

of statistic is of course the difference in group means. Calculate this statistic by subtracting the 

ñdeprivedò groupôs value from the ñunrestrictedò groupôs value. 

 

 Observed difference in sample means: x unrestricted - x deprived =  

 

(g) Is it possible that the differences seen here could have occurred just by chance variation, due to the 

random assignment of subjects to groups, even if there were really no effect of the sleep condition on 

improvement? 

 

 

 

(h) As usual, we want to know how plausible it is for us to obtain a difference in sample means at least 

as extreme as 15.92 by chance alone. What is the source of ñchanceò in this study? 

 
 
 
 
(i) Outline the steps of a simulation analysis that would explore the ñcould have beenò outcomes under 

the null hypothesis by modelling the randomness described in (h). 
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Statistical Inference 
As with the ñdolphin therapyò experiment from Chapter 3, we again need to judge the strength of 

evidence that the experimental data provide in support of the researchersô conjecture that sleep 

deprivation has a harmful effect on learning. We are now working with a quantitative response variable 

rather than a categorical one, but we will use the same basic logic of statistical significance: We will ask 

whether the observed experimental results are very unlikely to have occurred by chance variation if the 

explanatory variable has no effect, that is, if the values in the two groups are interchangeable. To 

simulate this randomization test: We will take the observed response variable outcomes, randomly 

distribute these numerical values between the two groups, compute the statistic of interest (e.g., the 

difference in group means), repeat this process a large number of times, and see how often the random 

assignment process alone produces a difference in group means as extreme as in the actual research 

study. This is similar to what you considered in Investigation 4.1. However, this time it is not really 

feasible to list out all possible C(21,10) = 352,716 random assignments and consider the value of the 

statistic for each one, so we will simulate a large number of random assignments instead. Note, we need 

to know the value of (ὼӶ ὼӶ, not just the ñnumber of successesò as with the dolphin therapy study. 

 

(j) Take a set of 21 index cards, and write each of the improvement values on a card. Then shuffle the 

cards and deal out 10 of them to represent the subjects randomly assigned to the ñunrestricted sleepò 

group and 11 to represent the ñsleep deprived group.ò Calculate the mean of the improvements in each 

group. Then calculate the difference in group means, subtracting in the same order as before.  

 

Simulated difference in means (ὼӶunrestricted - ὼӶdeprived): 

 

(k) Is your simulated result for the difference in means as extreme as the actual experimental result? 

Explain. Why is looking at this one simulated difference not enough to assess statistical significance? 

 

 

 

 

(l) Combine your results with your classmates to produce a dotplot of the difference in group means.  

 

 

 

 

 

 

 
 

Simulating more repetitions would provide a better understanding of how significant (i.e., unlikely to 

have happened by random assignment alone) the observed experimental results are. In other words, 

more repetitions will enable us to approximate the p-value more accurately. We will again turn to 

technology to perform the simulation more quickly and efficiently. 
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(m) Open the Comparing Groups (Quantitative) applet.  

You will see dotplots of the research results. 

Verify the calculation of the observed difference 

in group means. (This applet subtracts the top 

row from the bottom row.) 

 

¶ Check the Show Shuffle Options box. 

¶ Select the Plot radio button. 

¶ Press the Shuffle Responses button. 

 

The applet combines all the scores into one pile, 

reassigns the group labels (red and black 

coloring) at random, and then redistributes the 

observations to the two treatment groups, just 

like you did with the index cards. 

 

What did you find for the difference in group 

means?  

 

Is this more extreme than the observed 

difference in group means in the research study? 

 
 

 

 

(n) Press Shuffle Responses four more times. With each new ñcould have beenò result (each new 

random assignment), the applet calculates the difference in group means and adds a dot to the dotplot to 

the right. Identify what each dot represents in the dotplot on the far right. 

 

 

 

(o) As we conduct more and more repetitions, what do you expect the mean of this null distribution of 

difference in group means to be close to? Explain. 

 

 

 

(p) Change the Number of repetitions from 1 to 995 (to produce a total of 1,000 repetitions). Press 

Shuffle Responses. Describe the shape, mean, and standard deviation of the resulting dotplot. Explain 

what is represented by this standard deviation. 

 

 Shape:         Mean: 

 

 Standard deviation:     Interpretation: 

 

 

(q) Now enter the observed difference in group means (question (f)) from the research study into the 

Count Samples box, use the Greater Than option (to match our alternative hypothesis), and press the 

Count button. What does the applet report for the empirical p-value? 

http://www.rossmanchance.com/applets/AnovaShuffle.htm?hideExtras=2
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(r) Provide an interpretation of this p-value in context (make sure you address the statistic, the source of 

the randomness in the study, and what you mean by ñmore extremeò). 

 

 

 

 

 

 

 

Conclusions 
(s) Significance: What conclusion would you draw from this simulation analysis regarding the question 

of whether the learning improvements in the sleep deprived group are statistically significantly lower 

(on average) than those in the unrestricted sleep group? Also explain the reasoning process by which 

your conclusion follows from the simulation results. 

 

 

 

 

 

(t) Causation: Does the design of this study allow you to conclude that the reduction in improvement 

scores is caused by the sleep deprivation? Explain. 

 

 

 

 

 

(u) Generalizability: To what ñpopulationò is it reasonable to generalize these results? 

 

 

 

 

 
 

Exact p-value? 
Although not as convenient as before, we can determine the exact p-value for this randomization test by 

considering all the different possible random assignments of these 21 subjects into groups of 11 and 10, 

determining the difference in means (or medians) for each, and then counting how many are at least as 

extreme as the observed difference of 15.92.  

 

The following histogram (produced using the combn function in R, from the combinat package, 

assuming imprvs  contains the response variable values) shows the distribution of all 352,716 possible 

differences in group means. 
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indice s = 1:21  

allcombs = combn(21, 10 )  

 

diffs = 1:ncol(allcombs)  

 

for (i in 1:ncol(allcombs)){  

 group1=imprvs[allcombs[,i]]  

 group2=imprvs[setdiff(indices,  

         allcombs[,i])]  

 diffs[i]=mean(group1) - mean(group2)  

}  

 

hist(diffs)  
abline(v= 15.92, col=2)  

 

approx. run time: 1 min 

 

(v) Do your simulation results reasonably approximate this null distribution?  

 

 

 

(w) It turns out that 2533 of the 352,716 different random assignments produce a difference in group 

means of 15.92 milliseconds or larger. Use this information to determine the exact p-value of this 

randomization test. Is the approximate p-value from your simulation close? 

 
 
 
 
 

Discussion: The exact randomization distribution consists of every possible random assignment and 

calculates the statistic of interest (e.g., difference in means) for each one. Then we simply count how 

many of the configurations result in a value of the statistic at least as extreme (as defined by the 

alternative hypothesis) as the actual observed result. As you might expect, it can be extremely tedious, 

even with computers, to list out all of these possible random assignments. And these group sizes are 

relatively small! One shortcut is to only count how many assignments give results more extreme than the 

one observed, but as you will see we can often appeal to a mathematical model as well. 

 

Note: You can carry out these simulations in software as well, see the Technology Detour below. 
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Technology Detour ς Simulating a Randomization Test for a Quantitative Response 
 

Step 1: Randomly reorder the group membership labels (keeping the same number in each group) 

Step 2: Calculate the new difference in means (or other statistic) using the reordered group labels 

Step 3: Repeat Steps 1 and 2 many times. 

Look at the distribution of the statistic, including the mean and standard deviation, and count how 

many of the simulated statistics as or more extreme as the observed.  

 

Applet: Comparing Groups (Quantitative) 
In JMP: RandomizationTestQuantJMP.html 

 

Study Conclusions 
These data come from a randomized, comparative experiment. The dotplots and descriptive statistics 

reveal that, even three days later, the sleep-deprived subjects tended (on average) to have lower 

improvements than those permitted unrestricted sleep. To investigate whether this difference is larger 

than could be expected from random assignment alone (assuming no real difference between the two 

treatment conditions, our null hypothesis), you simulated a randomization test by assigning the 21 

measurements (improvement scores) to the two groups at random. You should have found that 

random assignment alone rarely produced differences in group means as extreme as in the actual 

study (the ñexactò p-value is less than 0.01). Thus, we have fairly strong evidence that the average 

learning improvement is genuinely lower for the sleep deprived subjects. Moreover, because this was 

a randomized comparative experiment and not an observational study, we can draw a causal 

conclusion that the sleep deprivation was the cause of the lower learning improvements. However, the 

subjects were college-aged volunteers, so we may not want to generalize these results to a much 

different population. 

 
Practice Problem 4.4A 
(a) Consider Figure 1 in the Stickgold et al. study. What information was the graph intending to convey? 

(b) What important details are not conveyed in Figure 1 that dotplots would have shown better? 

(c) Explain how the simulation analysis conducted in this investigation differs from Investigation 4.2. 

(What is the random process being simulated? What assumptions are underlying the simulation?) 

 

Practice Problem 4.4B 
(a) Produce numerical and graphical summaries for the data in FakeSleepDeprivation.txt, representing a 

new set of 21 responses for the sleep deprivation study. Comment on how the shapes, centers, and 

variability for the two distributions compare between these data and the original data. 

(b) Use technology (see Technology Detour) to carry out a randomization test to compare the 

improvements for the sleep deprived and unrestricted sleep groups using the hypothetical data. Indicate 

how you approximated the p-value. 

(c) How does the p-value for the hypothetical data compare to the p-value for the original data? Explain 

why this makes sense based on what you learned about how the data sets compared in (a).

  

http://www.rossmanchance.com/applets/AnovaShuffle.htm?hideExtras=2
https://www.rossmanchance.com/iscam3/data/RandomizationTestQuantJMP.html
https://www.nature.com/articles/nn1200_1237/figures/1
http://www.rossmanchance.com/iscam2/data/FakeSleepDeprivation.txt
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Investigation 4.5: Lingering Effects of Sleep Deprivation (cont.) 

 

Reconsider the exact randomization distribution of the differences in sample means for the Sleep 

Deprivation study. Previously you determined simulation-based p-values and the exact p-value. Now we 

will explore modeling the randomization distribution of the difference in sample means with a 

probability distribution. 

 
 

(a) Does this distribution appear to be well modeled by a normal distribution? 

 

(b) Suppose you want to use the normal model to approximate the p-value for obtaining a difference in 

means of 15.92 or larger under the null hypothesis or to compute a confidence interval. What other 

information do you need to know? 

 

 

 

In Investigation 4.2, we estimated the standard error of the difference in sample means using the sample 

standard deviations: 

ὛὉὢ ὢ
ί

ὲ

ί

ὲ
 

 

(c) For the sleep deprivation data, the sample standard deviations are: 

    sunrestricted = 14.73 ms and sdeprived = 12.17 ms 

Use these values to compute the standard error for the difference in sample means. Compare this to the 

standard deviation you observed in the applet/for the exact randomization distribution. In particular, 

does this formula appear to over- or under-estimate the variability? 

 

    Standard error =    

 

  Comparison:  
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Discussion: In Investigation 4.2, we stated that ὛὈὢ ὢ  „Ⱦὲ  „Ⱦὲȟ because under the 

assumption that the two samples are independent, variances add. In a randomization test, however, the 

two samples are not independent: If one group gets all of the large responses, the other group must have 

all of the small responses and the difference in group means will be large. Consequently, the standard 

error formula from Investigation 4.2 will underestimate the shuffle-to-shuffle variation in the statistic. 

The discrepancy between the standard deviations for the difference in means is largest when the groups 

are more different: When we shuffle the responses back to the groups, any value can go into either 

group, but if there is a genuine difference between the treatments, then a score of 40 would be unlikely 

to come from say the deprived treatment. So how do we estimate the standard deviation of the 

randomization distribution? Turns out, we are less concerned with that. What we really want to be able 

to do is predict the behavior of the standardized statistic. 

 

But what about the t-statistic?  
(d) Calculate the two-sample t-statistic from Investigation 4.2 and give a one-sentence interpretation. 

ὸ
ὼӶ ὼӶ π

ί
ὲ

ί

ὲ

 

  

(e) Use the Comparing Groups (Quantitative) applet to create a re-randomization null distribution. 

Change the Statistic pull-down menu to t-statistic and find the p-value using the value in (d). Is this the 

same p-value we found when we used the difference in means as the statistic (Inv 4.4(q))? 

 

 

 

(f) If we use similar code to that in Investigation 4.4 to find the exact distribution of these t-statistics, we 

can find the exact p-value for the t-statistic is 0.00748. Is this similar to the simulation results? 

 

 

 

(g) Check the box to Overlay the t distribution. Does it appear to be a reasonable model for the 

simulated null distribution? Does the p-value from the t-distribution appear to reasonably approximate 

the exact p-value? 

 

 

 

 

 

 

Discussion: The t-distribution comes to the rescue again, compensating for the underestimation in the 

variability, and in most situations (moderate and large sample sizes) gives an adequate approximation to 

the exact randomization distribution. Note the applet reports 17.56 as the degrees of freedom. This 

comes from the Welch-Satterthwaite approximation because the exact degrees of freedom are unknown 

in this case.  

 

http://www.rossmanchance.com/applets/AnovaShuffle.htm?hideExtras=2
https://www.rossmanchance.com/iscam3/glossary_files/Satterthwaite.htm
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We will consider the t distribution to be a reasonable approximation for the randomization distribution 

of the t statistic as long as either (similar to what you witnessed in Investigation 4.2): 

¶ The data in both groups are symmetric and bell-shaped. When this is the case, we have evidence 

that the ñtreatment populationsò are normally distributed. When this is true, the randomization 

distribution of the differences in group means will also follow a normal distribution. 

OR 

¶ The two sample sizes are large. Typically, the sample sizes can be as small as 5, especially if the 

two groups have similar sample sizes and similar distribution shapes, but conventionally 20 is 

used as cut-off for how large each sample should be to use this approximation. Examine graphs 

of your data first. If the sample distributions are not symmetric or have unusual observations, 

you will want larger sample sizes.  

In summary, we will often apply the same two-sample t-procedures to both randomized experiments and 

to independent random samples. The distinction between these two sources of randomness will be most 

important in drawing your final conclusions (e.g., causation, generalizability). The advantage to the t-

procedures over the exact randomization distribution is convenience, especially in calculating a 

confidence interval. 

 

(h) Using the 95% t-confidence interval (ὼӶ ὼӶ  ° t* , we find (3.44, 28.40). 

Write a one-sentence interpretation of this interval in context, being especially clear how you are 

defining the parameter for this randomized experiment. 

 

 

 

 

 

 

 

 

 

 

 

Study Conclusions 
The approximate p-value from the (unpooled, independent samples) two-sample t-test (0.0076, df = 

17.56) also provides very strong evidence that the observed difference between the two groups did not 

arise by chance alone. Therefore, if we were to perform unlimited administrations of the same training 

and reaction time test under the exact same conditions, we have convincing evidence that the long-run 

mean of all improvement scores that an individual would have under sleep deprivation is lower, three 

days later, than the theoretical mean of all improvement scores that an individual would have with 

unrestricted sleep (i.e., ɛsleepdeprived < ɛunrestricted). We are 95% confident that the long-run mean 

improvement under the ñno restrictionò treatment is 3.44 to 28.40 ms faster than the long-run mean 

improvement under the ñsleep deprivationò treatment. However, we still need to worry about what 

larger population these individuals represent.  
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Practice Problem 4.5 
Recall the study on childrenôs television viewing habits from Practice Problems 2.6B and 4.3. One 

school incorporated a new curriculum, the other school did not. 

(a) Explain how the randomization in this study could be improved (in principle, even if difficult in 

practice, keeping in mind the goal of random assignment in general). 

The following summary statistics pertain to the reports of television watching at the conclusion of the 

study: 

Follow-up Sample size Sample mean Sample SD 

Control group n1 = 103 ὼӶ = 14.46 s1 = 13.82 

Intervention group n2 = 95 ὼӶ = 8.80 s2 = 10.41 

(b) The researchers want to decide whether the long-run mean number of hours of television viewing per 

week is lower after 6 months with the intervention than without the intervention. State the null and 

alternative hypotheses. If you use any symbols, make sure you clearly define them first. 

(c) Carry out a two-sample t-test. Include your output (indicating how found) and provide a one-

sentence interpretation of the p-value in context (make sure you address the statistic, the source of the 

randomness in the study, and what you mean by ñmore extremeò). 

(d) Summarize your conclusion from this test, including a discussion of causation and generalizability. 

(e) The population distributions are likely skewed (bounded below by zero, SD similar to mean). 

Explain why the nonnormality of these distributions does not hinder the validity of using this t-test 

procedure.

  

Investigation 4.6: Ice Cream Serving Sizes 

 

Researchers conducted a study in which they invited members of the Department of Food Science and 

Nutritional Science (faculty, graduate students, and staff) at a large midwestern university to an ice 

cream social (Mindless Eating: Why we eat more than we think, Wansink et al., 2006). The participants 

were randomly given either a 17- or a 34-ounce bowl. Participants individually helped themselves to the 

available ice cream in the cafeteria line, unaware that other participants had been given different-sized 

bowls. The suspicion was that even nutrition experts would tend to take more ice cream when given a 

larger bowl. Sample results for the actual volumes of ice cream taken (in ounces) are summarized in the 

following table: 
 

 Sample size Sample mean Sample SD 

17-ounce bowl 20 4.38 2.05 

34-ounce bowl 17 5.81 2.26 

 

 (a) Identify the explanatory and response variables in this study. 

  

 Explanatory:            Response: 

 

(b) Specify the null and alternative hypotheses for this research study, in symbols and in words, defining 

the parameter of interest in context. 

 

 

 

http://www.brianwansink.com/uploads/5/5/8/1/55817101/intro.___chapter_1_-_mindless_eating.pdf
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(c) Would it be possible for you to carry out a randomization test using simulation with the information 

presented here? Explain. 

 

 

 

(d) Use technology to carry out a two-sample t-test to determine whether individuals given a 34-oz bowl 

have a tendency to serve themselves more ice cream than individuals given a 17-oz bowl. Be sure to 

report your standardized statistic and p-value. Also determine a 95% t-confidence interval for the 

difference in the long-run average serving size. State conclusion that addresses the statistical 

significance of the data, the magnitude of the difference in the population, whether you are willing to 

draw a cause-and-effect conclusion, and the population to which you are willing to generalize the 

results. 

 

 

 

 

 

 

 

 

 

(e) Is your confidence interval calculation consistent with the p-value you found with the test of 

significance? Explain.  

 

 

 

 

Study Conclusions 
In this study, we find that the observed difference in the average serving size taken by nutrition 

experts using a 34-oz bowl is significantly larger than for those using the 17-oz bowl (p-value º 

0.027). In fact, we can say that we are 95% confident that if we were to repeat these identical 

conditions indefinitely, those using the larger bowls would take on average up to 2.8555 more ounces 

of ice cream. However, the two-sided p-value is larger than 0.05, so our 95% CI does include zero, 

and itôs plausible that those using the smaller bowls will take on average up to 0.0255 more ounces of 

ice cream in the long-run.  

 

Practice Problem 4.6 
(a) Calculate and interpret a 99% confidence interval for the ice cream data. 

(b) How will this interval change if we lower the confidence level to 90%? Explain, without performing 

a calculation. 

(c) How will the width and/or midpoint of this interval change if both sample standard deviations are 

doubled? Be as specific as possible, and explain without determining the new confidence interval. 

(d) How will the width and/or midpoint of this interval change if both sample sizes are doubled? Be as 

specific as possible, and explain without determining the new confidence interval. 

(e) How will the width and/or midpoint of this interval change if both sample means are increased by 

two ounces? Be as specific as possible, and explain without determining the new confidence interval. 
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Investigation 4.7: Cloud Seeding  

 

The 2024 movie Twisters mentions how injecting silver iodide into clouds can convert atmospheric 

moisture into rain. Scientists have long considered this for increasing rainfall in drought regions. In one 

study, researchers in southern Florida explored whether injecting silver iodide into cumulus clouds 

would lead to increased rainfall. On each of 52 days that were judged to be suitable for cloud seeding, a 

target cloud was identified and a plane flew through the target cloud in order to seed it. Randomization 

was used to determine whether or not to load a seeding mechanism and seed the target cloud with silver 

iodide on that day. Radar was used to measure the volume of rainfall from the selected cloud during the 

next 24 hours. The results below and in CloudSeeding.txt (from Simpson, Olsen, and Eden, 1975) 

measure rainfall in volume units of acre-feet, ñheightò of rain across one acre.  

 

Unseeded: 
1.0 4.9 4.9 11.5 17.3 21.7 24.4 26.1 26.3 28.6 29.0 36.6 41.1 

47.3 68.5 81.2 87.0 95.0 147.8 163.0 244.3 321.2 345.5 372.4 830.1 1202.6 

 

Seeded: 
4.1 7.7 17.5 31.4 32.7 40.6 92.4 115.3 118.3 119.0 129.6 198.6 200.7 

242.5 255.0 274.7 274.7 302.8 334.1 430.0 489.1 703.4 978.0 1656.0 1697.8 2745.6 

 

(a) Identify the observational/experimental units, explanatory variable, and response variable. 

 

 Observational/experimental units: 

 

 Explanatory: 

 

 Response: 

 

(b) Is this an experiment or an observational study? Explain.  

 

 

 

 

Below are graphical displays and summary statistics for these two distributions 

 

http://www.rossmanchance.com/iscam2/data/CloudSeeding.txt
https://www.jstor.org/stable/1268346
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Variable  treatment  N N*  Mean  SE Mean StDev Minimum  Q1 Median  Q3 Maximum  Skewness 

rainfall seeded 26 0 442 128 651 4 79 222 445 2746 2.44 

  unseeded 26 0 164.6 54.6 278.4 1.0 23.7 44.2 183.3 1202.6 2.79 

 

(c) Based on the graphs and summary statistics, is there preliminary evidence that cloud seeding is 

effective? (Include a calculation of the difference in the group means and in the group medians.) 

 

 

 

 

(d) Would it be reasonable to apply a two-sample t-test to assess the statistical significance of the 

difference in the sample means? Explain. 

 

 

 

 

 

(e) Regardless of your answer to (d), carry out a two-sample t-test and a confidence interval to determine 

the strength of evidence of higher average rainfall with the seeded clouds. 

 

 

 

 

 

(f) But if we donôt totally trust these results, what other approaches have you learned that could be 

applied here instead of a two-sample t-test to assess the statistical significance of the difference in group 

means? 
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Choice of Statistic 
One approach to compensate for the skewness and outliers in these rainfall distributions is to analyze the 

difference in medians instead of the difference in means. Fortunately, an advantage of the randomization 

test is that it applies just as well, and just as easily, to comparing medians. 

 

(g) Modify the previous code from the Technology Detour in Investigation 4.4 (remember to load/attach 

the CloudSeeding.txt data, to match the sample sizes in the actual study, and to consider the difference in 

medians as the statistic), or use the Comparing Groups (Quantitative) applet, to calculate an empirical p-

value for the difference in medians for this study. [Hint: What is the observed difference?] Report the p-

value and your conclusion about the effect of cloud seeding on median rainfall amounts.  

 
 

 

 

 

(h) Would it be reasonable to model the randomization distribution for the difference in medians with a 

normal or t-distribution? Explain. What about creating a confidence interval using statistic + 2SD? What 

would this interval tell you? 

 

 

 

 

Although we can certainly use simulation this way to approximate the p-value, it is not feasible to find 

the ñexactò randomization distribution for a data set of this size. We also notice that the distribution of 

the difference in medians has less ñsmoothnessò than the distribution of the differences in means, as 

certain combinations of values are just not possible from a discrete distribution. 

 

Another approach you saw earlier is to transform the data first.  

(i) Determine the (natural) logged rainfall values. 

¶ In JMP: recall creating a new column with a formula for log(rainfall)  
  

(j) Create dotplots and/or histograms of ln rainfall amounts by treatment.  

   Would you consider the shapes of the distributions to be more symmetric than the original data?  

 

   Would you consider the variability to now be more similar between the two groups?  

 

   Is there still evidence of a positive shift in (ln) rainfall amounts for the seeded clouds? 

 

(k) Would you consider it more reasonable to apply two-sample t-procedures to the transformed rainfall 

amounts than the original data? Explain. 

 

 

(l) Calculate the one-sided p-value and the (two-sided) 95% confidence interval based on these data. 

[Hint: Pay attention to the direction of subtraction by the technology.] 

 

http://www.rossmanchance.com/iscam2/data/CloudSeeding.txt
http://www.rossmanchance.com/applets/AnovaShuffle.htm?hideExtras=2
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(m) How does this p-value compare to what you found from simulating a randomization distribution for 

the difference in medians? What conclusion would you draw from this p-value? 

 

 

Discussion: It is fairly straight-forward to ñback-transformò our transformation by exponentiating the 

endpoints of the interval. But we will again focus on the median rather than the mean as the transformed 

parameter. Also exponentiating an interval for a difference really gives us a ratio in the original scaling 

[em1-m2
 = e m1/ e m2]. In other words, if group 1 is 2 points higher than group 2 on the log scale (m1 = m2 + 

2), then group 1 is e m2+2 = e m2(e2) or 7.4 times higher in the original scale (or 100 times larger on the log 

base 10 scale). Therefore, once we apply the back-transformation, we really have an interval of plausible 

values for the multiplicative change in the median of the response variable. 

 

(n) Perform the back-transformations and interpret the new confidence interval in terms of a ratio of 

treatment medians. 

 

 

 

 

 

Study Conclusions  
The rainfall distributions reveal that the rainfall amounts from the seeded clouds have a larger mean 

and larger variability than from unseeded clouds, and both groups have very right-skewed 

distributions of rainfall with several high outliers. As both the centers and spreads change, perhaps the 

treatment effect is more of a percentage change than a simple shift. A two-sample t-test may not be 

valid for these data. We could consider a randomization test on the medians, but there is no theory-

based confidence interval. This is a situation where a ln-transformation is likely to be helpful in 

rescaling the data so that the t-procedures are more valid. Examining graphs of the transformed data 

confirm that the variability is now more similar and both shapes are symmetric. The two-sample t-test 

applied to the ln-transformed data can thus be used as an approximation to the randomization test. 

Also, the confidence interval for the difference in the ln rainfall can be back-transformed to provide a 

statement about the multiplicative treatment effect of cloud seeding: We are 95% confident that the 

median volume of rainfall on days when clouds are seeded is 1.3 to 7.7 times larger when clouds are 

seeded as opposed to when they are not seeded. (Increasing from 164.59 to 441.98 acre-feet in the 

sample.) Because random assignment was used to assign the clouds to the seeding conditions, it is 

safe to interpret this as evidence that the seeding causes larger rainfall amounts on average. 

 

Although the transformation again gives us a comparison of medians, which is often preferable with 

skewed data and/or outliers, keep in mind, sometimes we really prefer the parameter to be a mean than a 

median, such as when you want to focus on the ñtotalò amount (population mean × population size). 

 

Practice Problem 4.7 
(a) Compare these two analyses using medians to a two-sample t-test and a two-sample t-confidence 

interval on the original data. 

(b) Examine the randomization distribution for the difference in means (and/or t-statistic). Do the t 

procedures end up being a reasonable approach for these data? 
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SECTION 4: MATCHED PAIRS DESIGNS  

 
In this section, you will again compare two sets of quantitative observations but with one key difference 
in how the data were collected. You will see advantages to collecting data with a ñpairedò design, and 
then you will investigate how to make the corresponding changes in the appropriate analyses.  
 

Investigation 4.8: Speed It Up  

 

Student researchers (Coutin & Heffler, 2021) wanted to know whether listening to up-tempo music 

causes college students to tend to type faster. To collect their data (number of words typed correctly in 

one minute), the students planned to use the 60-second Easy-Text typing test (TypingTest.com). They 

recruited 34 college students from groups they were associated with on campus (e.g., athletic teams, 

musical groups). For the up-tempo music they selected Overture to Candide performed by the London 

Symphony Orchestra. 

 

Let ɛnomusic represent the population mean typing speed without the music and ɛmusic the population mean 

typing speed with the music. 

 

(a) State the student researchersô null and alternative hypotheses in symbols and in words. 

 

 

 

 

Design 
(b)  Describe a completely randomized design for conducting this study. Identify the experimental units 

and variables of interest. Classify the variables as explanatory and response, as well as quantitative or 

categorical.  

 

Design:  

 

 

 

Experimental units:  

 

Explanatory variable:               Type:  

 

Response variable:                Type: 

 

(c) Identify some precautions you would take in carrying out this design. 
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Consider the following results for the number of words per minute by each participant. 

 

 
 

(d) Do you see much of a difference between the two distributions? What is the observed difference in 

the sample means? Do you think this difference in sample means will be statistically significant? 

Explain. 

 

 

 

 

(e) Is a two-sample t-test likely valid for these data? Explain. 

 

 

 

 

The one-sided p-value from a two-sample t-test is 0.2299, failing to provide convincing evidence that 

the average typing speed is faster with (this) music than the average typing speed without music. But 

maybe there is a genuine difference and our sample sizes are just too small to detect it.  

 

(f) Suppose everything else remained the same but the sample sizes had been 34 in each group. How 

would that impact the p-value? By a lot or by a little? Would the difference now be statistically 

significant? 

 

 

 

 

Increasing the sample size helps reduce the ñrandom chanceò variation in our statistic, but does not 

reduce the person-to-person variation in typing speeds. When the person-to-person variation is large, it 

will still be difficult for us to detect the underlying difference in treatment means even if one truly 

exists. If the actual difference in typing speeds is 4 words per minute on average, we would need sample 

sizes on the order of 100 participants, in each group, to have at least 80% power. 

 

(g) Sketch curves illustrating this power calculation. 
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But there is another way we can improve the design of this study for detecting differences in typing 

speeds without using any additional people! 

 

(h)  How could you modify the experimental design to give you a better chance of detecting a difference 

in the average typing speeds between the two treatments if one exists? Be sure to explain why you 

believe this new design will be advantageous in detecting a difference between the two treatments. 

 

 

 

 

 

(i) How will randomness be used in this new study design and why is that important? 

 

 

 

 

(j) In your new study design, what response variable will you measure on each individual? Will it 

be quantitative or categorical? 

 

 

 

 

Definition:  In a paired design, rather than splitting the observational units into two distinct groups, 

they are paired in a way where we expect the observations within a pair to be more similar to each 

other than to observations in other pairs. This can explain some variation in the response variable. 

For example, we can have each person take the typing test both with and without music. This allows us 

to compare the two typing speeds for each individual to each other, which should be very similar apart 

from the music, and to account for variation in typing speeds across individuals. 

 

(k) Should the participants be given an identical typing test both times? Explain. 

 

 

 

 

(l) The students originally wanted to compare music students to athletes. Explain how you could create 

a paired design using information on whether the participant was a music student or an athlete. Do you 

think this design will be as effective as the above design? Explain. 
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Practice Problem 4.8A 
Suppose that a baseball manager wants to study whether a player can run from second base to home 

plate more quickly by taking a wide angle around third base or a narrow angle. Forty players are 

available to use as subjects in an experiment.  

(a) Suggest a completely randomized design and a paired design for this research question and explain 

why a paired design is likely to be more effective. 

(b) Suppose the players arrive for the study at different times. The manager decides to pair the first two 

arrivers and have them each do a different angle. The manager continues pairing the next two players as 

they arrive, etc. Is this a paired design? Is the paired design likely to be more effective than the 

completely randomized design in this case? 

 

Practice Problem 4.8B  
For each of the following research study designs, indicate whether the data collection plan will result in 

two independent samples (completely randomized design) or ñdependentò samples (matched-pairs 

design).  

(a) A farmer wants to see whether referring to cows by name increases their milk production. He selects 

half of his cows at random, gives them names, and frequently calls them by name. The other half of his 

cows he does not call by name. Then he measured the milk production of each cow over one week.  

(b) A farmer wants to know whether hand-milking or machine-milking tends to produce more milk from 

cows. He examines records of how much milk the cows have produced in the past, and orders them from 

most to least productive. For the top two milk producers, randomly assign one to hand-milking and the 

other to machine-milking. Do the same for the next two and the next two and so on.  

(c) You wonder whether students at your school tend to drive newer cars than faculty at your school. 

You take a random sample of 20 students and a random sample of 20 faculty members, and ask each 

person how old their car is.  

(d) To investigate whether knee surgery is effective, you randomly assign half of the subjects to receive 

knee surgery and the other half to undergo a ñplaceboò operation.  

(e) To investigate the effectiveness of an online language study program, participants were assigned to 

enroll in a six-week summer session, after which their language skills were assessed, and then to spend 

six-weeks using an online program (Duolingo), after which their language skills were assessed. 
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Investigation 4.9: Speed It Up (cont.) 
 

Recall that student researchers wanted to compare the mean typing speed with and without up-tempo 

music. 

 H0: ɛmusic - ɛno music = 0 (no difference in the long run average speed) 

 Ha: ɛmusic - ɛno music > 0 (on average typing speed is faster with up-tempo music) 

 

Below are the results from the studentsô paired design. 

 
 

(a) Compare these results to the results in Investigation 4.8. What has changed? Will these changes 

impact the p-value? If so, how? 

 

 

 

 

(b) Explain why we canôt do a randomization test or a two-sample t-test with these data. 

 

 

 

 

Key Idea: When the data are paired (e.g., repeat observations on the same observational unit) 

we should not treat the two samples as independent. This ignores the information that two 

measurements were taken for each observational unit (we couldnôt mix up the values in the 

second column without altering the information in the data). 

 

As suggested in Investigation 4.8(j), we can use the differences as the response variable. 
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(c) Summarize what you learn about the distribution of differences. 

 

 

 

 

 

(d) How does the mean of the differences (ὼӶ  compare to the difference in means (ὼӶ

ὼӶ ? 

 

 

 

(e) How does the standard deviation of the differences compare to the standard deviations of the original 

typing speeds in the two groups? What does this tell you about the effectiveness of the pairing in this 

context? 

 

 

 

 

(f) Define an appropriate parameter for investigating comparing typing speeds with and without music. 

State a null and an alternative hypothesis about this parameter. 

 

 

 

 

It actually doesnôt matter whether we use the ñdifference in meansò or the ñmean differenceò as our 

statistic/parameter. What is important is how we estimate the chance variation in that statistic, assuming 

the null hypothesis is true. 

 

Simulation 
(g) Outline (pseudo-code) how you could use a coin to simulate a randomization test for paired data to 

compare the two sets of measurements to assess how unusual it is for the average difference in typing 

speeds to be at least this extreme just by chance. Keep in mind that you want the simulation to mimic the 

randomization process used in the study design, assuming the presence/absence of music does not affect 

typing speed. 
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Copy and paste the original raw data (TypingMusic.txt) into the Matched Pairs applet (or type 

TypingMusic.txt into the data window and press Use Data twice): 

¶ View the data window, with one column for the 

speeds with music and a second column for the 

speeds without music (each row is one person). 

You can also include an initial column of 

identifiers (e.g., student IDs or initials). The 

dotplots should then show both sets of data, 

connecting the paired observations, and their 

differences. 

 

(h) How many ñhigh outliersò (fastest typers) are 

there in each condition? Are they related to each 

other? 

 

 

¶ Check the Randomize box and press 

Randomize. 

For each pair, the applet will virtually ñflip a 

coinò and if the coin lands heads, the two 

observations for that person will change positions. 

The new dotplots and the new set of differences 

for these rearranged values will be displayed. The 

mean of these differences will appear in the 

bottom dotplot. 

¶ Uncheck Animate. 

¶ Press Randomize four more times to get a sense 

of the variability in the mean difference from 

repetition to repetition. 

¶ Change the number of repetitions from 1 to 995 

(for a total of 1000) and press Randomize. 

¶ What do you notice about the high outliers after 

each shuffle? 

 
 

 

 

 

 

 

 

 

 

(i) Explain what distribution is being displayed in the bottom (grey) dotplot (what order of subtraction 

did the applet use?).  

 

 

 

(j) Where is the mean of the distribution of the average differences? Why should you expect that?  

 

 

 

(k) How surprising does our observed value for the mean difference appear to be, under the simulationôs 

assumption that presence/absence of up-tempo music does not affect typing speed? 

  

http://www.rossmanchance.com/iscam3/data/typingMusic.txt
http://www.rossmanchance.com/applets/MatchedPairs/MatchedPairs.htm
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(l) Use the applet to determine the proportion of simulated Average Differences that are more extreme 

than what we observed, and report the empirical p-value. [Hint: Be sure to consider the alternative 

hypothesis when deciding what to consider as ñmore extreme.ò] What conclusion will you come to 

based on this p-value? Can you draw a cause-and-effect conclusion? For what population? 

 

 

 

 

 

 
Mathematical Model 
(m) Does the randomization distribution appear that it would be reasonably well-modeled by a normal 

distribution? If you change the Statistic from Avg Difference to t-statistic (and check the Overlay t 

distribution  box), do the standardized statistics appear well-modeled by a t-distribution? 

 

 

 

 

Definitions: A paired t-test standardizes the mean of the differences from a matched-pairs design. 

ὸ ὼӶ πȾί Ⱦὲ  

where ὼӶ  is the sample mean of differences and sdiff is the sample standard deviation of the 

differences. The standardized statistic above assumes the hypothesized difference is zero, but this can 

be changed.  

 

Technical conditions: When the distribution of differences is normally distributed or the sample size 

is large (e.g., n > 30 pairs of observations), this t-statistic is well modeled by a t-distribution with  

n - 1 degrees of freedom. 

 

A paired t-confidence interval for md has the form ὼӶ ὸᶻ  

 

Note: These are a special case of the one-sample t-procedures that can be applied to a single sample 

of quantitative data (see Investigation 2.5). In this case, variable of interest is the difference in the 

quantitative response for each observational unit pair.  

 

(n) Use the summary statistics to calculate, by hand, and then interpret the value of this standardized 

statistic. 

 

 

 

(o) Using the Overlay t distribution  in the applet, how does the p-value compare to the empirical p-

value from the simulated paired-randomization test? Do the t-procedures appear to be valid for these 

data? 

 

 

 

http://www.rossmanchance.com/iscam3/glossary.html#pairedttest
http://www.rossmanchance.com/iscam3/glossary.html#pairedtinterval
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(p) Use the check box to display the 95% CI for average difference. Report and interpret this interval 

in context. Is the confidence interval consistent with the p-value? What additional information is 

provided by the confidence interval? 

 

 

 

(q) Verify your results using software. 

 

Technology Detour ς Paired t-tests 
 

In JMP 

¶ Choose Analyze > Specialized Modeling > Matched 

Pairs 

¶ Specify the two columns in the Y, Paired Response box 

and press OK . 

 

The output will include the standardized statistic (t-Ratio), p-values, and confidence interval 

endpoints. 

 

Discussion: To compare two groups on a quantitative variable, a more powerful study design than 

randomly assigning individuals to two groups, if possible, is to pair individuals (or take two 

measurements on each individual) and measure both responses in each pair (See Example 4.4). This 

pairing accounts for the variability from individual to individual and allows for a more direct 

comparison between the two conditions of interest. For example, if two measurements are taken on each 

individual, there should not be any other systematic differences between the measurements other than 

the treatment effect. Randomizing will still be important in determining the order of the two treatments, 

thereby eliminating order as a potential confounding variable. By accounting for the variability in 

individuals, this should increase the power of the test of significance, making it easier to detect a 

difference between the two conditions if one really exists. To analyze such data, perform a matched-

pairs randomization test or a (one sample) t-test on the differences. 

 

Note: The standard error of the n difference in means is equivalent to ὛὉὢ ὢ   , 

which shows how the positive correlation between the two sets of measurements (r) reduces the 

estimated standard error of the statistic. 

 

Study Conclusions  
A paired experiment comparing typing speeds with and without up-tempo classical music (Overture 

to Candide performed by the London Symphony Orchestra) found participants were significantly 

faster on average with the music. A paired t-test on the mean difference gives a one-sided p-value of 

0.006, similar to the simulation-based p-value using ñrandom swappingò of the speeds to represent 

no difference between the two treatment conditions. We are 95% confident that participants like 

those in this study (e.g., college students, music students or athletes willing to help out a friend) 

type, on average, 0.63 to 4.61 more words per minute when listening to the up-tempo music. This 

evidence is much stronger than when we only compared the participants on their first tests, because 

of both effectively doubling the sample size and also reducing the amount of ñunexplained 

variationò in the response variable. The person-to-person variation in typing speeds was around 15 



Ò Chance/Rossman, 2026 ISCAM IV Investigation 4.9 

 

 

286 

wpm, compared to the person-to-person variation in difference in typing speeds which was around 5 

wpm. A further analysis could compare the average improvement with music between the music 

students and the athletes. 

 
Practice Problem 4.9A 
(a) Use statistical software to determine the power of detecting a difference of 5 wpm in a two-sample t-

test if the sample standard deviations are 15 wpm. (You can assume a 5% level of significance and a 

one-sided alternative, as well as a total sample size of 34.) 

(b) Repeat (a) assuming the sample standard deviations are 5 wpm. 

(c) Use statistical software to determine the power of detecting a difference of 5 wpm in a one-sample 

paired t-test assuming the sample standard deviation of the differences is 5 wpm. 

(d) How does the power of the paired t-test compare to the power of the two-sample t-test? (Cite 

appropriate evidence.) 

 

 

Practice Problem 4.9B 
Scientists have long been interested in whether there are physiological indicators of diseases such as 

schizophrenia. In a 1990 study by Suddath et. al., reported in Ramsey and Schafer (2002), researchers 

used magnetic resonance imaging to measure the volumes of various regions of the brain for a sample of 

15 monozygotic twins, where one twin was affected by schizophrenia and the other not (ñunaffectedò). 

The twins were found in a search through the United States and Canada, the ages ranged from 25 to 44 

years, with 8 male and 7 female pairs. The data (in cubic centimeters) for the left hippocampus region of 

the brain are in hippocampus.txt. The primary research question is whether the data provide evidence of 

a difference in hippocampus volumes between those affected by schizophrenia and those unaffected. 

(a) Calculate the difference in hippocampus volumes for each pair of twins (unaffected - affected). 

(b) Calculate and interpret a 95% confidence interval for the mean volume difference using the paired t-

interval. Also comment on the validity of this procedure.  

(c) Based on this confidence interval, is there statistically significant evidence that the mean difference 

in left hippocampus volumes is different from zero? Explain.

 

 

  

https://www.nejm.org/doi/full/10.1056/nejm199003223221201
http://www.rossmanchance.com/iscam2/data/hippocampus.txt
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Investigation 4.10: Comparison Shopping 

 

A student group at Cal Poly carried out a study to compare the prices at two different local grocery 

stores. The inventory list for Scolariôs (a privately-owned local store) was broken into 32 sheets, each 

with 30 items. A number between 01 and 30 was randomly generated, 17, and the 17th item on each 

sheet was selected. Each student was then responsible for obtaining the price of that item at both 

Scolariôs and Lucky Supermarkets (which advertises itself as a discount grocery store). If the exact item 

was not available at both stores, the item was adjusted slightly (size or brand name) so that the identical 

item could be priced at both stores. Students gathered two prices for the 29 items that were found at both 

stores (two were found at Lucky but not Scolariôs). The data are available in shoppingData.txt. 
 

(a) Identify the observational units, response variable, population, and sample in this study. Which store 

do you suspect will have lower prices? 

 

 Observational units:           Response variable: 

 

Population: 

 

 Sample: 

 

 Initial conjecture: 

 

(b) Was this an experimental study or an observational study? Was this a simple random sample? Was it 

a probability sample? What is the advantage of this procedure over a simple random sample? Are there 

any disadvantages in selecting the sample this way? 

 

 

 

 

(c) Did these students use independent samples or a paired design to collect their data? 

 

 

(d) Define the parameter of interest and state the null and alternative hypotheses corresponding to your 

initial conjecture. 

 

 

 

 

Descriptive statistics for the itemsô prices (in dollars) at each store, and for the differences in prices, as 

well as dotplots of the 3 distributions. 

 
 

http://www.rossmanchance.com/iscam3/data/shoppingData.txt
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After further investigation on the outliers among the differences, only the milk was found to be recorded 

incorrectly, two different sizes, and it was removed from the data set. 

 

(e) Does the pairing appear to have been useful here? Discuss both why you suspect pairing will be 

beneficial in this context and any evidence in the above output. 

 

 

 

 

(f) Would applying a paired t-test appear to be appropriate for these data? Explain. 

 

 

 

 

Below is the output from R of a one-sided paired t-test and a 95% confidence interval (with milk 

removed): 
with(shopping Data , t.test(Luckys, Scolaris, paired = TRUE , 

alternative="less" ) )  

t = - 1.7435, df = 27, p - value = 0.04631  

alternative hypothesis: true difference in means is less than 0  

sample estimates:  

mean of the differences              - 0.1182  

95 percent confidence interval: - 0. 2573  0.0209  

 

(g) What conclusions can you draw from this output? Be sure to address significance, causation, 

generalizability, and confidence. 

 

 

 

 

 

 

(h) Calculate (by hand) a 90% prediction interval (Investigation 2.6) based on this sample. Include a 

one-sentence summary of what this interval says. 

 

 

 

flour yogurt Crest milk 
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(i) How does the width of this prediction interval in (h) compare to the width of the confidence interval 

for the population mean price difference in (g)? Explain why this makes sense. [Hint: Which is harder to 

predict, the mean or the next observation?] 

 

 

 

 

 

(j) Which interval, the prediction interval or the confidence interval, do you find more useful here? 

Explain. 

 

 

 

 

Study Conclusions   
An important first step in data analysis is always to explore your data! With these data, we found 

some unusual observations and upon further investigation realized that one data value had been 

recorded in error (e.g., milk). In this case, we would be justified in removing this observation 

from the data file (we did not have any justification for removing the other outliers). After 

cleaning the data, we found that the price differences were slightly skewed to the left with a few 

outliers (flour, toothpaste, and frozen yogurt). The average price difference (Lucky ï Scolariôs) 

was -$0.118, with a standard deviation of $0.359. The median price difference was $0. So 

though the sample did not show a strong tendency for one store to have lower prices, the sample 

mean difference was in the conjectured direction. A one-sided paired t-test found that the mean 

price difference between these two stores was significantly less than 0 (t-value = -1.74, p-value 

= 0.046) at the 10% level of significance, and even (barely) at the 5% level. A 95% confidence 

interval contained zero (as the two-sided p-value would be larger than 0.05). A 90% confidence 

interval for the mean price difference was (-0.234, -0.003). We can be 90% confident that, on 

average, items at Scolariôs cost between 0.3 cents and 23 cents more than items at Lucky. This 

seems like a small savings but could become practically significant for a very large shopping 

trip. (Note, the average savings is not the same as the savings we would expect on an individual 

item.) In fact, we are 90% confident that an individual item will be anywhere from 74 cents more 

expensive at Scolariôs to 50 cents more expensive at Lucky. We feel comfortable generalizing 

these conclusions to the population of all products common to the two stores because the data 

were randomly selected using a probability method (systematic random sampling). 

 

Practice Problem 4.10A 
For the shopping study: 

(a) Why do the confidence interval and p-value give ñconflictingò conclusions for these data? 

(b) Predict how the analysis will change if we donôt remove milk from the data set. 

(c) Carry out a paired t-test on the 29 observations (with milk). What do you learn? 

(d) Which analysis (with or without milk) would you present to a customer? Explain. 
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Practice Problem 4.10B 
If you feel the t-procedures are not likely to be valid, another approach is a sign test (e.g., Investigation 

2.7, Example 2.2). Remove all products that have zero price difference (the ties) and count how many 

products are more expensive at Scolariôs vs. Lucky. Is this significantly more than half? You can use a 

binomial test or one proportion z-test (if valid) to decide and/or a confidence interval to estimate the 

probability a product is more expensive at Scolariôs (for all the products that do have a price difference). 

 
Practice Problem 4.10C 
A more recent data set was collected comparing 36 items at Kroger and Food Lion in Salem, VA over 

the internet during summer, 2021 (shopping2021.txt). Food Lion advertises that it is less expensive than 

Kroger in general. Do you agree? Write a paragraph describing your analysis steps and conclusions. 

 

Practice Problem 4.10D 
(a) Reconsider the hippocampus values from Practice Problem 4.9B (hippocampus.txt). Calculate and 

interpret a 95% prediction interval using these data. 

(b) Do you believe this is a valid procedure for these data? Explain. 

 
 

 

Summary of Procedures for Paired Differences 

 

Test of H0: md = m0 

¶ Randomization test (randomizing the sign of the difference) 

¶ Paired t-test (Valid with n > 30 or normal population of differences) 

 Standardized (test) statistic: ὸ
Ӷ  

Ѝ

   

 Degrees of freedom = n - 1 

 

t-Confidence interval for md: ὼӶ ὸᶻ
Ѝ  

 

Valid with n > 30 or normal population of differences 

 
Technology: 

¶ JMP:  Analyze > Specialized Modeling > Matched Pairs 
 

The paired t-test is equivalent to a one-sample t-test on the differences. Also keep in mind that 

even if the original distributions are skewed, the differences could still be more normally 

distributed. 

 

http://www.rossmanchance.com/iscam3/glossary.html#signtest
https://www.rossmanchance.com/iscam3/data/shopping2021.txt
http://www.rossmanchance.com/iscam2/data/hippocampus.txt
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Investigation 4.11: Smoke Alarms 

 

A study published in the journal Pediatrics (Smith et al., 2006) addressed the important issue of how to 

awaken children during a house fire so they can escape safely. Researchers worked with a volunteer 

sample of 24 healthy children aged 6-12 by training them to perform a simulated self-rescue escape 

procedure when they heard an alarm. Researchers then compared the childrenôs reactions to two kinds of 

alarms: a conventional smoke alarm and a personalized recording of the motherôs voice saying the 

childôs name and urging him or her to wake up. All 24 children were exposed to both kinds of alarms, 

with the order determined randomly. 

 

Child #  
Response to  
mother voice  

Response to  
conventional  

Child #  
Response to  
mother voice  

Response to  
conventional  

1 wake wake 13 wake wake 

2 wake wake 14 wake wake 

3 wake wake 15 wake not 

4 wake wake 16 wake not 

5 wake wake 17 wake not 

6 wake wake 18 wake not 

7 wake wake 19 wake not 

8 wake wake 20 wake not 

9 wake wake 21 wake not 

10 wake wake 22 wake not 

11 wake wake 23 wake not 

12 wake wake 24 not not 

 

(a) Identify the observational units, explanatory variable, and response variable. Are the variables 

quantitative or categorical? Is this an observational study or an experiment? If this is an experiment, how 

was randomization used/completely randomized or paired? 

 

 Observational units: 

 

 Explanatory variable:               Type: 

 

 Response variable:                Type: 

 

 Type of Study: 

 

 Randomness: 

 

(b) What proportion of children woke up to the conventional alarm and what proportion woke up to the 

motherôs voice? Does this provide preliminary evidence that the motherôs voice alarm is more effective? 

State the hypotheses of interest. Could you make a two-way table for these data? Could we carry out 

Fisherôs Exact Test or a two-sample z-test to assess statistical significance? 

 

 

 

 

https://pubmed.ncbi.nlm.nih.gov/17015555/
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The initial analysis reveals the proportion waking to the motherôs voice was larger than the proportion 

that woke to the conventional alarm, but we canôt consider these two independent samples ï itôs the 

same children! This is again a matched pairs design, but with a categorical response.  

 

(c) Consider the data table. Suppose we conducted a simulation analysis by shuffling the response 

variable outcomes back to the explanatory variable outcomes. Whatôs going to happen in many of the 

cases? 

 

 

 

As before, with a matched pairs design we will focus on the differences in responses. First, we need an 

appropriate way to organize the data. We can do this with a two-way table looking at the two variables 

measured on each child ï whether or not woke up to momôs voice and whether or not woke up to the 

conventional alarm. 

 

(d) Complete the following table. [Hint: what should your table total be?] 

 

 Awakened to  

conventional alarm 

Did not awaken to  

conventional alarm 

Row total 

Awakened to motherôs voice    

Did not awaken to motherôs voice    

Column total    

 

(e) How many children responded differently to the two alarms? (We will treat these ñnon-tiesò as our 

sample size.) 

 

(f) Of the children you identified in (e), how many woke to the momôs voice alarm only? What 

proportion of the children you identified in (e) is this? 

 

 

(g) Suppose there was no difference in the effectiveness of the two alarms in the long-run. If a child does 

react differently to the two alarms (wakes to one but not the other), how often would you expect the 

ñsuccess alarmò to be the motherôs voice in the long run? 

 

 

 

(h) Let p represent the probability of waking to the motherôs voice alarm when a child wakes to only one 

of the two alarms. State appropriate null and alternative hypotheses in terms of  ́for deciding whether 

the motherôs voice is the more effective alarm. 

 

 

 

 

(i) Use a method discussed previously in this text to assess whether there is statistically significant 

evidence that the motherôs voice is more effective than the conventional alarm. Be sure it is clear how 

you are finding the p-value (e.g., simulation, exact, theory-based?) 
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This test, using the binomial distribution to look at the distribution of the number of successes in the off-

diagonal cells, is called McNemarôs Test.  

 

(j) Summarize your conclusion for this smoke alarm study, and explain the reasoning process by which 

it follows. 

 

 

 

 

 

 

 

 

Study Conclusions 
In this study, nine children reacted differently to the two alarms. If there were no effect from the type 

of alarm, we would expect half the children to respond to the motherôs voice but not the conventional 

alarm and the other half of the children to respond to the conventional alarm but not the motherôs 

voice. Instead, all 9 of the one-alarm children responded to the motherôs voice but not the 

conventional alarm. This provides evidence that the motherôs voice is more effective than the 

conventional alarm. To see whether this difference is statistically significant, we can calculate the 

binomial probability (assuming n = 9 and p = 0.5) to determine the exact p-value P(X > 9) = 0.00195. 

(Or we could use simulation for one proportion. The sample size n = 9 is too small to use a theory-

based approach.) This provides strong evidence (p-value < 0.05) that the observed result did not arise 

from the randomness in the process alone (which alarm was tested first). Because this was a 

randomized matched-pairs experiment, we will attribute this difference to the type of alarm. Keep in 

mind that this was a sample of volunteers and may not represent a larger population of children. 

 

Practice Problem 4.11 
Another aspect of this same study considered not just whether the child woke up but whether he/she 

successfully escaped from the house within 5 minutes of the alarm sounding. The article reports that 20 

children escaped when they heard the motherôs voice, and only 9 escaped when they heard the 

conventional tone.  

(a) Describe what additional information you need before you can analyze the data as you did above. 

(b) Two children did not escape to either kind of alarm. Use this information to complete the following 

table: 

 Escaped to  

conventional alarm 

Did not escape to  

conventional alarm 

Total 

Escaped to motherôs voice   20 

Did not escape to motherôs voice    

Total 9  24 

(c) Conduct a simulation analysis (with the One Proportion Inference applet) of these data. Be sure to 

describe how you use the applet, and report an approximate p-value. 

(d) Use the binomial distribution to calculate the exact p-value for this test.  

(e) Summarize your conclusion from this ñescaping within 5 minutesò aspect of the study, and explain 

the reasoning process behind your conclusion. 
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Example 4.1: Age Discrimination? 

Try these questions yourself before you use the solutions following to check your answers. 

 
In Investigation 4.1, you considered the case of Robert Martin and whether the sample of 10 employees 

in his department provided evidence of age discrimination. Suppose we decide to focus on the long-run 

difference in mean ages for those laid-off and those retained for the decision making process used by 

this company. 

 

(a) State the null and alternative hypotheses, in symbols, for this study. [Hint: Define your symbols.] 

 

 

 

 

 

(b) Recall the observed value of the sample statistic. 

 

(c) Simulate a randomization test for these data and state your conclusion at the 0.01 level of 

significance. 

 

 

 

(d) Carry out a two-sample t-test for these data and hypotheses, and state your conclusion at the 0.01 

level of significance.  

 

 

 

 

(e) Do these analyses reach the same conclusion? If not, which analysis should be used? Explain. 

 

 

 

 

 

 

Analysis 
(a) Let mfired - mnot fired represent the difference in the average age of people that would be laid-off, in the 

long run (by the overall process), and the average age of the people who would be retained. (Donôt 

worry too much at this point about which stage of the firing process this analysis considers. Just keep in 

mind that we are trying to say something beyond the observed means. We believe there is some 

underlying difference in means and these data provide an estimate.) 

 

 H0: mfired - mnot fired = 0 (no overall difference in the average ages of those getting fired and not) 

Ha: mfired - mnot fired > 0 (those getting fired will tend to have higher ages than those not) 

 

(b) ὼӶ ὼӶ = 58.00 ï 41.14 = 16.86 years 
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(c) Using the Comparing Groups (Quantitative) applet (remembering to match the direction of 

subtraction, which may vary depending on how you pasted the data in), the output below shows an 

empirical p-value of 0.0225. Because 0.0225 > 0.01, we would not reject the null hypothesis at the 0.01 

level and conclude that this firing process was not more likely to fire individuals with larger ages. 

 
Note: You could also carry out this simulation using software, e.g., in R 

> I = 10000; diff = 0     
> for (i in 1:I){        
 rerandom = sample(age)  

 diff[i] = mean(rerandom[1:3]) - mean(rerandom[4:10])  
    }           

  

(d) A two-sample t-test using software: 

JMP 

 
Now p-value < 0.01, and we would reject the null hypothesis at the 0.01 level and conclude that this 

firing process was more likely to fire individuals with larger ages. 

 

(e) The two-sample t-test yields a much smaller p-value, about 0.006, which implies much stronger 

evidence of an underlying age difference between the two populations (fired and not fired). However, 

because of the small sample sizes (especially with the unbalanced groups), we would have major 
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concerns about using the t-procedures for this study. The empirical p-value from the simulated 

randomization test is more trustworthy. In fact, in this study, itôs probably more work than we need to 

do, because with only 120 possible combinations it is not unreasonable to calculate the exact p-value.

 

Example 4.2: Speed Limit Changes 

Try these questions yourself before you use the solutions following to check your answers. 

 

In 1995, the National Highway System Designation Act abolished the federal mandate of 55 miles per 

hour maximum speed limit and allowed states to establish their own limits. Of the 50 states (plus District 

of Columbia), 32 increased their speed limits in 1996. The data in TrafficFatalities.txt shows the 

percentage change in interstate highway traffic fatalities from 1995 to 1996 and whether or not the state 

increased their speed limit. (Data from the National Highway Traffic Safety Administration as reported 

in Ramsey and Schafer, 2002.) 

  

(a) Identify the observational units and response variable of interest. Is this a randomized experiment or 

an observational study? 

 

 

 

 

(b) Produce numerical and graphical summaries of these data and describe how the two groups compare. 

 

 

 

 

 

 

 

(c) Are the technical conditions for a two-sample t-test met for this study? Explain. 

 

 

 

 

(d) Carry out a two-sample t-test to determine whether the average percentage change in interstate 

highway traffic fatalities is significantly higher in states that increased their speed limit. If you find a 

significant difference, estimate its magnitude with a confidence interval. 

 

 

(e) Discuss what the p-value in (d) measures. 

  

http://www.rossmanchance.com/iscam2/data/TrafficFatalities.txt
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Analysis 
(a) The observational units are the 50 states and the District of Columbia. The response variable of 

interest is the percentage change in traffic fatalities from 1995 to 1996 (quantitative). This is an 

observational study because the researchers did not randomly assign which states would increase their 

speed limits. 

(b) The following graphical display is dotplots of the percentage change in traffic fatalities for each state 

(and D.C.) in the two groups on the same scale: 

 
Because the distributions are reasonably symmetric, it makes sense to report the means and standard 

deviations as the numerical summaries: 

 No increase  x no = -8.53%  sno = 31% 

 Increase   x yes = 13.69% syes = 22% 

 

These results indicate that there is a tendency for the percentage change in traffic fatalities to be higher 

in those states that increase their speed limits. This tendency is also seen in stacked boxplots: 

 

 
 

The boxplots also reveal an outlier, the District of Columbia, which did not change its speed limit and 

had an unusually high decrease in the percentage change of accidents.  

 

These summaries also reveal that the two sample distributions are reasonably similar in shape and 

variability. 

(c) In considering the technical conditions, we see that the sample sizes (19 and 32) are reasonably large. 

Coupled with the normal shaped sample distributions, the normality/large sample size conditions appear 

to be satisfied for us to use the t-distribution. 

 

(d) Let mno - myes represent the true ñeffectò of increasing the speed limit on the traffic fatality rate (states 

that didnôt change speed limit ï states that did change speed limit) 

H0: mno - myes = 0 there is no true effect from increasing the speed limit  
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Ha: mno - myes < 0 increasing the speed limit leads to an increase in traffic fatalities (higher average 

percentage change with increase in speed limit) 

 

We can apply a randomization test that would look at what would happen if these groups were mixed up 

with no difference between the ñnoò group and the ñyesò group.  

 

 
We can also approximate this randomization distribution with the two-sample t-procedure. 

 In this case, the (unpooled) standardized statistic will be 

32
22

19
31

69.1353.8

22

+

--
=t  = -2.74 

If we approximate the degrees of freedom by min(19 - 1, 32 - 1) = 18, then we find the one-sided p-

value to be: 

T probability calculator applet

 

JMP 

 
Note: Our ñby handò method (using df = 18) is conservative in that the p-value found will be 

larger than the actual p-value as seen here. 
 

 

Such a small p-value (0.005 < 0.01) reveals that we would observe such a large difference in group 

means by random assignment alone if there was no treatment effect only about 5 times in 1000, 
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convincing us that the observed difference in the group means is larger than what we would expect just 

from random assignment. We have strong evidence that something other than ñrandom chanceò led to 

this difference. However, we cannot attribute the difference solely to the speed limit change because this 

was not actually a randomized experiment. As the states self-selected, there could be confounding 

variables that help to explain the larger increase in fatality rates in states that increased their speed limit. 

 

Because we rejected the null hypothesis, we are also interested in examining a confidence interval to 

estimate the size of the treatment effect. We first approximate the t* critical value for say 95% 

confidence, again using min(19 - 1, 32 - 1) = 18 as the degrees of freedom. 

  
Then the 95% confidence interval can be calculated, 

32
21

19
31101.269.1353.8

22

+°--  = -22.2 ° 16.85 or (-39.05, -5.35) 

We are 95% confident that the true ñtreatment effectò is in this interval or that the mean percentage 

increase in traffic fatality rates is between 5.4 percentage points to 39.1 percentage points higher in 

states that increase their speed limit compared to states that do not increase their speed limit (continuing 

to be careful not to state this as a cause and effect relationship). 

Before we complete this analysis, it is worthwhile to investigate the amount of influence that the 

outlier (the District of Columbia) has on the results, especially because D.C. does have different 

characteristics from the states in general. The updated R output (two-sided p-value) is below: 

 
 As we might have guessed, the mean increase in fatalities for the ñNoò group has increased so that 

the difference in the group means is less extreme. This leads to a less extreme standardized statistic and 

a larger p-value (one-sided p-value = 0.01785/2 = 0.0089) so somewhat weaker evidence against the null 

hypothesis in favor of the one-sided alternative hypothesis. 

(e) The other technical condition is that we have independent random samples or random assignment to 

groups. We do not have either in this study, because we are examining the population of all states (and 

D.C.), and the states self-selected whether they changed their speed limit. Thus, any p-value we 

calculate is in a sense hypothetical because we have all the states here, we might ask the question: would 
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the two groups look this different if whether or not they increased their speed limit had been assigned at 

random?  

So the above p-value measures how often we would see a difference in group means at least this 

large based on random assignment to the two groups if there were no true treatment effect. Al though this 

p-value is hypothetical, we still have some sense that the difference observed between the groups is 

larger than we would expect to see ñby chanceò even in a situation like this where it is not feasible to 

carry out a true randomized experiment. This gives some information that can be used in policy 

decisions but we must be careful not to overstate the attribution to the speed limit change. 
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Example 4.3: Distracted Driving? 

Try these questions yourself before you use the solutions following to check your answers. 

 
Recall the Distracted Driving study from Example 2.2. The reaction times (in milliseconds) for 16 

students appear below and in the file driving.txt. 
Subject A B C D E F G H I  J K L M N O P 

Cell  636 623 615 672 601 600 542 554 543 520 609 559 595 565 573 554 

Control  604 556 540 522 459 544 513 470 556 531 599 537 619 536 554 467 

 

(a) Analyze the differences in reaction times (cell phone minus control) for these subjects. Include 

numerical and graphical summaries of the distribution of differences. Comment on what this descriptive 

analysis reveals about whether talking on a cell phone tends to produce slower reaction times. 

 

 

 

 

(b) State the appropriate null and alternative hypotheses to be tested, in order to investigate the research 

question of whether talking on a cell phone tends to produce slower reaction times. 

 

 

 

 

(c) Conduct a simulation analysis of a randomization test for testing these hypotheses. Report the 

empirical p-value. Summarize the conclusion that you would draw from this analysis. 

 

 

 

 

(d) Comment on whether the conditions for applying a paired t-test and t-interval are satisfied for these 

data. 

 

 

 

 

(e) Conduct a paired t-test of these hypotheses. Report the value of the standardized statistic and the p-

value. Indicate your test decision at the 0.05 and 0.01 significance levels, and summarize your 

conclusion. 

 

 

 

(f) Produce and interpret a 95% t-confidence interval for the population mean difference. Also produce 

and interpret a 95% prediction interval. Comment on how these two intervals compare. 

 

 

 

(g) Compare these analyses to that in Example 2.2. Which analysis would you recommend and why? 

http://www.rossmanchance.com/iscam2/data/driving.txt
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Analysis 
(a) Analyzing the differences 

 

The sample mean difference in reaction times (cell minus control) is dx  = 47.125 milliseconds, with a 

standard deviation of sd = 51.331 milliseconds. The dotplot reveals that most of the differences are 

positive, suggesting that subjects talking on a cell phone tend to take longer to react than subjects 

listening to a book-on-tape. 

 

(b) The null hypothesis says that the mean reaction time is the same among cell phone users as among 

book-on-tape listeners (H0: mcell ï mcontrol = 0). The alternative says that the mean reaction time is larger 

among cell phone users than among book-on-tape listeners (Ha: mcell ï mcontrol > 0). 

 

(c) We can carry out the simulation easily with the applet or with R. 

 

Copying and pasting the data into the Matched Pairs applet 

with 1,000 repetitions we get the results shown here. 

 
Using R to carry out the simulation instead: 
MeanDiffs=0  

for (i in 1:10000){  

 multiplier=sample(c( - 1,1), 16,    

+    replace=TRUE)  

 RandomizedData=differences*multiplier  

 MeanDiffs[i]=mean(RandomizedData)  

 }  

 
From R: The empirical p-value is the proportion of these 10,000 repetitions in which the mean difference 

is 47.125 or more, because 47.125 is the value of the sample mean difference from the actual 

experimental data. None of the 10,000 repetitions produced such a large mean difference, so the 

empirical p-value is 0. The simulation therefore shows that we would almost never get a result as 

extreme as the actual experiment did, if there were really no difference between reactions to cell phone 
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vs. book-on-tape, so we have extremely strong evidence that the cell phone really does increase reaction 

times. 

 

(d) Because the sample size (16) is fairly small, the t-procedures are valid only if the population of 

differences follows a normal distribution. The dotplot of differences from these 16 subjects looks 

roughly symmetric, so the t-procedures are probably valid to apply here. 

 

(e) The standardized statistic is ὼӶ πȾί Ⱦὲ  = 
16331.51

125.47
 å 3.67. The p-value is the 

probability that a t-distribution with 15 degrees of freedom is 3.67 or larger; R reveals this p-value to be 

0.001137. This p-value is very small, so we would reject the null hypothesis at the 0.05 and 0.01 

significance levels. The experimental data provide very strong evidence that talking on a cell phone does 

cause an increase in mean reaction time, as compared to listening to a book-on-tape. The cause/effect 

conclusion is justified because this is a randomized experiment with a very small p-value. 

 

Note: This evidence is stronger than what we saw with the sign test in Example 2.2. 

 

(f) A 95% confidence interval for the population mean difference md is: ὼӶ ὸᶻ ί Ⱦὲ , 

which is 47.125 ± 2.131(51.331)/Ѝρφ, which is 47.125 ± 27.347, which is (19.778, 74.472). We can be 

95% confident that the mean reaction time while talking on a cell phone is between roughly 20 and 75 

milliseconds longer than when listening to a book-on-tape. 

A 95% prediction interval for the difference in reaction times for a particular subject is: ὼӶ

ὸᶻ ί ρ ρȾὲ , which is 47.125 ± 2.131(51.331)ρ ρȾρφ , which is 47.125 ± 112.753, 

which is (-65.628, 159.878). We can be 95% confident that an individual subject will react anywhere 

from 65 milliseconds more quickly to 160 milliseconds more slowly talking on a cell phone as compared 

to listening to a book-on-tape. 

 

(g) An advantage of the sign test from Chapter 2 is we donôt need to rely on large sample sizes or 

normality of the differences for the procedure to be valid. However, by ignoring some information in the 

data, we would expect this procedure to have lower power and we lose information about the size of the 

difference. The conditions for the t-procedure seem to be satisfactorily met here. 
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Example 4.4: Comparison Shopping in the Future 

Try these questions yourself before you use the solutions following to check your answers. 

 
Recall Investigation 4.10 comparing prices for items common to two different grocery stores. For that 

dataset, the evidence against the null hypothesis was not particularly strong, perhaps due to the small 

sample size. Suppose you wanted to replicate your own study at two new stores. How would you design 

the study? In particular, how many items should you select from each store? The answer to the latter 

question is really a question about power. Suppose you plan to conduct a two-sided test with a 5% level 

of significance; if there is a $0.20 average price difference, what sample size do you need to have power 

0.80 of rejecting the null hypothesis? What assumptions do you need to make to calculate power? How 

does your answer change depending on whether you do an independent samples design or a paired 

design? 

 

 

 
 
 
 
 
 

Analysis 
The original study had access to an inventory list and was able to use a systematic sample to select one 

item from each of 32 pages. This required the students to find each item in the store, but each student 

was only given one item to find. If you needed to find all the items yourself, you might consider a 

multistage sampling plan where you number the aisles, randomly select an aisle, then within the aisle 

you could randomly select a side, and then randomly select a shelf, and then randomly select a distance 

down the aisle. This randomly selects and finds the items all in one step! You could then find those same 

items at the second store (matched pairs) or repeat this process at the second store (independent 

samples). 

 

In order to carry out our power calculations, we need to make a few more assumptions. We were already 

told that we want to use a two-sided alternative with ‌ = 0.05. If we are doing a two-sample design, the 

distribution of differences in sample means will be approximately normal if the sample sizes are large 

enough (especially because we expect these price distributions to be skewed to the right), with standard 

deviation „Ⱦὲ „Ⱦὲ . So step one is to determine „ and „, but of course we canôt know their 
values exactly, but we really just need ballpark values for now. In the earlier study, we had sample 

standard deviations of $1.66 and $1.74. We will be a bit conservative and will assume $2.00 for both 

stores. 

 

For illustration, letôs assume ‘ ‘ = $2.50, with „ = „ = 2, and n1 = n2 = 30, with population 

distributions that are skewed to the right. The simulation model (below, Two Populations  applet) tells us 

that we would want to see about an $0.79 difference in the sample means to be convinced to reject the 

null hypothesis. This is our rejection region. And then if the second population mean is ‘= $2.70, we 

will find a difference in sample means at least as extreme as $0.79 in about 14% of samples, well  below 

the desired 80%! 

http://www.rossmanchance.com/applets/TwoPopulations.html?population=model
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Assuming null hypothesis (Ⱨ Ⱨ  

 
Assuming Ⱨ Ⱨ  Ȣ   
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One solution to this embarrassingly lower power is to increase the sample size. Turning to software, 

JMP and R report a necessary sample size of 1,571 products at each store.  

  

  
 Another alternative is a paired design and a one-sample t-test. Suppose we assume ‘ πȟ„ πȢυπ 
(note, we are assuming a much smaller standard deviation in the differences than in the product prices, 

similar to what was observed in Investigation 4.10, the main advantage of the matched pairs design), and 

want to detect a mean price difference of $0.20 with 80% power. Software tells us, we need just 52 

products. 

  

  

 

There is a huge improvement with the paired design, though our probability of detecting a difference is 

still only 80% when the average difference is actually 20 cents. This probability drops to about 53% 

with 28 items, so itôs important to aim for more observations than your power calculation reveals to 

account for attrition in the sample. But keep in mind that for a very small difference, especially with lots 

of natural variation in the responses, a very large sample size would be needed and may not be practical. 

Itôs important to discuss ñwhat is a meaningful difference to detectò with the subject matter experts. 
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CHAPTER 4 SUMMARY 
 

In this chapter, you have again focused on comparing the outcomes for different groups, but for 

quantitative data. The tools for descriptive statistics are the same as in Chapter 2 (e.g., means, medians, 

standard deviations, interquartile ranges, dotplots, histograms, and boxplots).  

 

After exploring and comparing the groups descriptively, it may be appropriate to ask whether the 

differences observed could have arisen ñby chance alone.ò In other words, is the observed difference 

large enough to convince us that it arose from a genuine difference in the groups instead of from the 

randomness inherent in designing the experiment or in selecting the samples? Analogous to comparing 

proportions in Chapter 3, we used simulation to approximate how often we would obtain a difference in 

means at least as extreme as observed just by chance (random sampling or random assignment). Then 

we learned of a ñlarge sampleò approach we can use in either case to approximate the null distribution of 

the standardized statistic, yielding the two-sample t-test. Keep in mind that the logic of statistical 

significance hasnôt changed ï we assume there is no effect or no population difference and determine 

how often we would get a sample difference result at least as extreme as what was observed. You saw 

that this chance is strongly affected by the amount of variability within the groups. It is very important 

when reporting on your statistical study that you also mention the sample sizes. This helps you evaluate 

the power and practical significance of the study results. You were also reminded that no matter how 

small a p-value is, we cannot draw cause-and-effect conclusions unless the data came from a properly 

designed randomized experiment. 

 

You will often have the choice between a randomization-based test or the t-procedures. The advantage 

to the randomization procedures is they allow us to work with many types of statistics (such as median 

and trimmed mean) where we do not have theoretical results on the large sample behavior of the 

randomization distribution. The advantage of the t-procedures is the ease in calculating confidence 

intervals. It is always important to consider the technical conditions of an inference procedure before 

applying the procedure (e.g., make sure you really have two independent samples). If the conditions are 

not met, transformations may be one way of rescaling the data to be more appropriate for t procedures. If  

data are paired, then you should consider one-sample procedures on the differences. Such pairing is 

often very useful in increasing the efficiency of the study. These t-procedures are quite robust in 

calculating p-values and confidence intervals. 

 

Always keep in mind the importance of considering whether there is random sampling and/or random 

assignment in the study design and how that impacts the scope of conclusions that you can draw from 

your study. 

 
SUMMARY OF WHAT YOU HAVE LEARNED IN THIS CHAPTER 
¶ Stating hypotheses in terms of comparing two population or underlying treatment means 

¶ The reasoning process behind a randomization test 

o Calculating and interpreting p-values 

¶ Two-sample t-procedures for comparing two groups 

o When appropriate to apply, why helpful 

o How to interpret results 

o Alternative approaches if not valid (e.g., data transformations) 
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¶ Using technology to calculate two-sample t-procedures 

¶ Factors that affect the significance of the comparison (e.g., sample size, size of difference, and 

within-group variability) 

¶ Methods for reducing within-group variability 

¶ Matched-pairs designs and analyses 

 

TECHNOLOGY SUMMARY 
¶ Simulating a randomization test for different statistics 

¶ Two-sample t-procedures 

¶ Paired t-procedures 

 

 

Quick Reference to JMP Commands 
 

Procedure Desired Menu; Hot spot 
Stacked histograms (unstacked data) Analyze > Distribution 

Stack data Tables > Stack 

Parallel Dotplots (stacked data) Analyze > Fit Y by X (response, explanatory) 

Parallel Histograms (stacked data) Analyze > Fit Y by X; Display Options > Histograms 

Parallel Boxplots (stacked data) Analyze > Fit Y by X; Display Options > Boxplots 

Numerical Summaries Analyze > Fit Y by X; Means and Std Dev 

two-sample t-procedures Analyze > Fit Y by X; t Test 

two-sample t- procedures (summary data) Journal file: Hypothesis Test for Two Means; t-test and 
Unequal Variances 

Paired t-test Analyze > Matched Pairs 
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Choice of Procedures for Comparing Two Means 
Study design Randomized experiment 

or independent random 

samples 

Randomized experiment 

or independent random 

samples 

Matched pairs 

design 

Parameter Difference in population 

means or treatment means 

(m1 - m2) 

Difference in population 

medians or treatment 

medians 

Mean difference 

Null Hypothesis H0: m1 - m2 = 0 H0: population medians 

equal 
H0: ‘  = 0 

Simulation Randomly reassign response values between groups (see 

Comparing Groups (Quantitative) applet) or Sampling 

from Two Populations ï Quantitative applet 

 

Flip a coin to see 

whether to flip the 

order of the 

observations 

Exact p-value All possible random assignments 

Valid to use t-

procedures if 

Both sample sizes at least 

20 or both population 

distributions normal 

N/A 

At least 30 

differences or 

differences are normal 

Standardized 

(Test) Statistic 
t0 

Ӷ Ӷ

 

 
N/A 

ὸ
ὼӶ π

ίȾὲ 
 

Confidence 

interval  (ὼӶ ὼӶ) ° t*

2

2
2

1

2
1

n

s

n

s
+  

 
ὼӶὸᶻ ί

Ѝὲ
 

Prediction 

interval  

  
ὼӶὸᶻ ί ρ ρȾὲ 

 

    

JMP Analyze > Fit Y by X > t Test  Analyze > Matched 
Pairs 

TBI applet Two means  One mean 
(differences) 

 

Note: You can also consider transforming the data before applying normal-based methods.

https://www.rossmanchance.com/applets/2021/anovashuffle/AnovaShuffle.htm
https://www.rossmanchance.com/applets/2021/twopopmodels/TwoPopSampling.html
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CHAPTER 5: COMPARING SEVERAL POPULATIONS, EXPLORING RELATIONSHIPS  

 
The idea of comparing two groups has been a recurring theme throughout this course. In the previous 

chapters, you have been limited to exploring two groups at a time. You saw that often the same analysis 

techniques apply whether the data have been collected as independent random samples or from a randomized 

experiment, although this data collection distinction strongly influences the scope of conclusions that you 

can draw from the study. You will see a similar pattern in this chapter as you extend your analyses to 

exploring two or more groups. In particular, you will study a procedure for comparing a categorical response 

variable across several groups and a procedure for comparing a quantitative response variable across several 

groups. You will also study the important notion of association between variables, first with categorical 

variables and then for studies in which both variables are quantitative. In this latter case, you will also learn a 

new set of numerical and graphical summaries for describing these relationships. 

 

Section 1: Two Categorical Variables 

 Investigation 5.1: Dr. Spockôs trial ï Chi-squared test for homogeneity of proportions 

Investigation 5.1A: Newspaper credibility decline ï Comparing distributions 

Investigation 5.2: A moral tale ï Randomized experiment 

Investigation 5.3: Nightlights and near-sightedness (cont.) ï Chi-squared test for association 

  

Section 2: Comparing Several Population Means 

 Investigation 5.4: Disability discrimination ï Reasoning of ANOVA 

 Investigation 5.5: Restaurant spending and music ï ANOVA practice 

 Applet Exploration: Exploring ANOVA 

 

Section 3: Two Quantitative Variables 

 Investigation 5.6: Cat jumping ï Scatterplots 

 Investigation 5.7: Drive for show, putt for dough ï Correlation coefficients 

 Applet Exploration: Correlation guessing game 

 Investigation 5.8: Height and foot size ï Least squares regression 

 Applet Exploration: Behavior of regression lines ï Resistance 

 Excel Exploration: Minimization criteria 

 Investigation 5.9: Money-making movies ï Application 

 

Section 4: Inference for Regression 

 Investigation 5.10: Running out of time ï Inference for regression (sampling) 

 Investigation 5.11: Running out of time (cont.) ï Inference for regression (shuffling) 

 Investigation 5.12: Boysô heights ï Regression model 

 Investigation 5.13: Cat jumping (cont.) ï Confidence intervals for regression 

 Investigation 5.14: Housing prices ï Transformations 

 Technology Exploration: The regression effect
 

Example 5.1: Internet Use by Region 

Example 5.2: Lifetimes of Notables 

Example 5.3: Physical Education Class Performance 

Example 5.4: Comparing Popular Diets 
 

Chapter 5 Summary  
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SECTION 1: TWO CATEGORICAL VARIABLES  

 
In Chapter 3 you learned inference procedures for assessing whether two population proportions are 
equal and whether two categorical variables are independent. Those methods were limited to binary 
variables. In this section, you will expand on your earlier techniques to allow for more than two 
categories in each categorical variable. 

 

Investigation 5.1: Dr. Spockôs Trial 

 

The well-known pediatrician and child development author Dr. Benjamin Spock was also an anti-

Vietnam War activist. In 1968 he was put on trial and convicted on charges of conspiracy to violate the 

Selective Service Act (encouraging young men to avoid the draft). The case was tried by Judge Ford in 

Bostonôs Federal court house. A peculiar aspect of this case was that his jury contained no women. A 

lawyer writing about the case that same year in the Chicago Law Review said, ñOf all defendants at such 

trials, Dr. Spock, who had given wise and welcome advice on child-rearing to millions of mothers, 

would have liked women on his juryò (Zeisel, 1969). The opinion polls also showed that women were 

generally more opposed to the Vietnam War than men. 

In the Boston District Court, jurors are selected in three stages. The Clerk of the Court is 

supposed to select 300 names at random from the City Directory and put a slip with each of these names 

into a box. The City Directory is renewed annually by a census of households visited by the police, and 

it lists all adult individuals in the Boston area. In Dr. Spockôs trial, this sample included only 102 

women, even though 53% of the eligible jurors in the district were female. At the next stage, the judge 

selects 30 or more names from those in the box which will constitute the ñvenire.ò Judge Ford chose 100 

potential jurors out of these 300 people. His choices included only 9 women. Finally, 12 actual jurors are 

selected after interrogation by both the prosecutor and the defense counsel. Only one potential female 

juror came before the court and she was dismissed by the prosecution.  

In filing his appeal, Spockôs lawyers argued that Judge Ford had a history of venires in which 

women were systematically underrepresented. They compared the gender breakdown of this judgeôs 

venires with the venires of six other judges in the same Boston court from a recent sample of court 

cases. Records revealed the following data: 

 

 Judge 1 Judge 2 Judge 3 Judge 4 Judge 5 Judge 6 Judge 7 Total 

Women on jury list 119 197 118 77 30 149 86 776 

Men on jury list  235 533 287 149 81 403 511 2199 

Total 354 730 405 226 111 552 597 2975 

 

Descriptive Statistics 
(a) Calculate the proportion of women on the jury list for each judge. Also create a segmented bar graph 

or mosaic plot to compare these distributions. How do the judges compare? 

 

 

 

 

 

https://chicagounbound.uchicago.edu/cgi/viewcontent.cgi?article=12016&context=journal_articles
http://www.rossmanchance.com/iscam3/glossary.html#segmented
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(b) Let pi represent the (long-run) probability of judge i selecting a female for the jury list. State a null 

and an alternative hypothesis for testing whether these data provide reason to doubt that the probability 

of women on jury lists is the same for all seven judges. 

 

 

 

 

 

 

Note: Your null hypothesis states only that the probabilities are equal; you are not specifying a particular 

value for this common probability. The alternative hypothesis can state only that at least one probability 

differs from the rest. 

If the null hypothesis is true, then the long-run probability of a woman on the jury panel equals 

the same value for all seven judges. 

 

Standardized (Test) Statistic 
(c) Suggest a standardized statistic (formula based on your observed sample data) for assessing the 

strength of evidence against the null hypothesis. [Hint: Write your statistic as a formula or rule for 

obtaining one number that takes into account information in the sample relevant to comparing all seven 

groups.] 

 

 

 

 

 

(d) One possibility is to compare all the sample proportions to each other. We can do this by looking at 

all the pairwise differences, e.g., ὴǶ   ὴǶ Ƞ  ὴǶ   ὴǶ Ƞ ὴǶ   ὴǶ Ƞ,é . 

How many such pairs are there? Could we simply sum these differences? 

 

 

 

 

Definition:  One possible statistic for measuring how much the sample proportions differ from each 

other is the Mean Group Difference, which finds the absolute value of each pairwise difference  

ȿὴǶ ὴǶȿ, sums these up, and divides by the number of differences.  

 

(e) What types of values do you expect this statistic to have when the null hypothesis is true? What 

about if the null hypothesis is false? 

 

 

 

Although we could consider using the Mean Group Difference statistic here, a more common choice of 

statistic is the chi-squared statistic. Rather than looking at all the differences among the groups, it 

focuses on how each cell count differs from the óexpected valueô for that cell under the null hypothesis, 

and sums this up across all the cells. This statistic generally has more power than the Mean Group 

Difference statistic and a nice predictable theoretical distribution. 

http://www.rossmanchance.com/iscam3/glossary.html#MeanAbsDiff
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(f) Assuming the null hypothesis is true, and each judge has the same probability of a female juror in his 

pool, suggest an estimate for this common (across all judges) probability that a juror is female. 

 

 

 

(g) How many jurors were on Judge 1ôs list? If you suppose the long-run proportion of women in his 

juries was 0.261, how many of these jurors would you expect to be female? How many would you 

expect to be male? (Recall: An ñexpected valueò does not need to be an integer.) 

 

 Female: 

 

 Male: 

 

(h) How many of the jurors on Judge 2ôs list would you expect to be female if his long-run proportion 

was also 0.261? How many would you expect to be male? 

 

 Female: 

 

 Male: 

 

(i) Enter your expected counts below the observed counts in the following table.  

  Judge 

1 

Judge 

2 

Judge 

3 

Judge 

4 

Judge 

5 

Judge 

6 

Judge 

7 

Women on jury list 
Observed 

Expected 

119 

 

197 118 

105.71 

77 

58.99 

30 

28.97 

149 

144.07 

86 

155.82 

Men on jury list  
Observed 

Expected 

235 

 

533 

 

287 

299.30 

149 

167.01 

81 

82.03 

403 

407.93 

511 

441.18 

 Total 354 730 405 226 111 552 597 

 

(j) Are the observed counts equal to the expected counts in each cell of the table? Is it possible that the 

long-run probability of a female jury panel member is the same for each judge, and the differences 

between the observed counts and the expected counts found in the table are due to random chance 

alone? 

 

 

 

 

 

The Chi-squared test statistic is used to compare the observed and expected counts in a two-way table: 

( )
ä
=
ä
=

-
=C

r

i

c

j ij

ijij

ectedexp

ectedexpobserved

1 1

2
2   

where r = number of rows and c = number of columns. This standardized statistic looks at the 

discrepancy between the observed and expected counts for each cell, squares the difference to ensure a 

positive contribution, ñstandardizesò by dividing by the expected count, and then sums across all cells. 

http://www.rossmanchance.com/iscam3/glossary.html#chisqteststat
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(k) Calculate this standardized statistic for the above two-way table. [Hint: Fill in the missing terms for 

the first two judges and then sum all of values together.] 

 

18.441

)18.441511(

93.407

)93.407403(

03.82

)03.8281(

01.167

)01.167149(

30.299

)30.299287(

82.155

)82.15586(

07.144

)07.144149(

97.28

)97.2830(

99.58

)99.5877(

71.105

)71.105118(

22222

22222
2

-
+

-
+

-
+

-
+

-
+++

-
+

-
+

-
+

-
+

-
++=C

 

 

 

(l) What types of chi-squared statistic values (large, small, positive, negative) constitute evidence against 

the null hypothesis of equal long-run probabilities? Explain. 

 
 
 

Null Distribution 
In order to approximate the p-value of this test, we need to examine how the standardized statistic varies 

under the null hypothesis of equal probabilities. We will once again explore this null distribution first by 

simulating a large number of random samples where the probability of a juror being female is the same 

for each judge (under the null hypothesis). 

 

(m) Outline the steps you would use to generate random data for each judge under the null hypothesis 

that the probability of a juror being female is the same for each judge. 

 

 

 

(n) Use the Analyzing Two-Way Tables - Sampling applet. [See the Technology Detour for instructions 

on carrying out this simulation using other packages.] 

¶ In the data window type: Spock.txt 

¶ Press Use Data.  Notice that the data loads in the two-way table format. 

¶ Press the Use Table button and confirm the segmented bar graph (which you can stretch longer) 

¶ Check the Show Sampling Options box.  

o The default is to assume “ = 7762975  0.261 for the probability a juror is female for 

each judge 

¶  Specify 1000 for the Number of Samples and press Draw Samples.  Use the pull-down menu to 

switch the Statistic to the ɯ value. 

 

(o) Describe the shape, center, and variability of the simulated null distribution.  

 

 

 

 

=+++++++

++++++=C

02.1106.001.095.151.0

22.3117.004.053.545.12

https://www.rossmanchance.com/applets/2021/test/ChiSqSample.htm
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(p) Based on your simulation, determine the proportion of simulated standardized statistic values that are 

as large or larger than the standardized statistic value you computed in (k). Does this empirical p-value 

provide convincing evidence that the difference between observed and expected counts that you 

observed is larger than we would expect by chance? What do you conclude about whether the seven 

judges all had the same long-run probability of a juror being female? Explain. 

 

 

 

 

Mathematical Model 
Rather than rely on simulation to produce (approximate) p-values for this test, we can use a probability 

model to approximate the sampling distribution of the chi-squared test statistic. We just need to find the 

right one. 

  

(q) Does the normal probability distribution appear to adequately predict the behavior of the simulated 

null distribution of the chi-square statistic? 

 

 

(r) Check the Overlay Chi-squared distribution box.  Does this model appear to adequately predict the 

behavior of the simulated null distribution of this standardized statistic? 

 

 

 

The Chi-squared distribution is skewed to the right and provides a reasonable model to the above test 

statistic for large sample sizes. We will consider the chi-squared distribution model appropriate if all of 

the expected counts are at least 1 and if at least 80% of the expected counts are at least 5.  

     When comparing several population proportions, the chi-squared degrees of freedom are equal to the 

number of explanatory variable categories minus 1, c - 1. This makes sense because once we specify the 

number of observations in c - 1 of the categories, the last category is forced to assume the value that 

allows the observed counts to sum to the sample size. 

 

For large sample sizes, we will use the chi-squared distribution to approximate the p-value.  

 

Technology Detour ς Chi-squared Probabilities 
In C2 Probability Calculator applet: Specify the degrees of freedom, the observed value, and the 

direction of interest for the value. 

In JMP: Use the Distribution Calculator  and select the Chi Square distribution. Enter 6 as the 

degrees of freedom (DF) and press Enter. Leave the type of calculation to Input quantilesé. You 

want X > Qa and specify 62.68 for Qa. 

 

(s) How does this p-value compare to the empirical p-value you determined in (p)? 

  

http://www.rossmanchance.com/iscam3/glossary.html#chisqdist
http://www.rossmanchance.com/iscam3/glossary.html#df
http://www.rossmanchance.com/applets/2021/test/chiCalc.htm
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Discussion: If the null hypothesis is rejected, the conclusion we draw is that at least one of the 

population proportions differs from the rest, but we donôt have much information about which one. It 

could be that one explanatory variable group is behaving much differently than the rest or they could all 

be different. One way to gain more information about the nature of the differences between the pi values 

is to compare the components of the chi-squared statistic sum. 

 

(t) Return to the sum you calculated in (k). Which cell comparison(s) provide the largest (standardized) 

discrepancy between the observed counts and the expected counts? 

 

 

 

 

(u) For the cells identified in (t), which is larger, the observed counts or the expected counts? Explain 

the implications of this comparison. 

 

 

 

 

 

(v) Which judge do you believe tried Dr. Spockôs case? Explain. 

 

 

 

 

 

Study Conclusions 
In this study, we wanted to think of the jury panel selection processes as independent binomial 

processes with potentially the same probability of success. We considered each of the venires we 

had as independent random samples from these different processes, and we wanted to compare 

the 7 sample proportions all at once. One judge clearly stood out compared to the others in these 

sample data. If we consider these results to be representative of the overall jury selection process, 

the very small p-value indicates that if in fact the judgesô selections of jurors were independent 

random processes with the same probability of selecting a woman, then it would be almost 

impossible to observe sample proportions differing by this much (as measured by the Mean 

Group Difference or the Chi-squared statistic) by chance alone. Thus, the sample data provide 

strong evidence that the long-run probability of a juror being female is not the same among all 

seven judges. The largest contributions to the X2 test statistic, by far, come from judge 7, who has 

many more men than would be expected and many fewer women than would be expected on his 

jury lists. This was indeed Judge Ford, the judge assigned to Dr. Spockôs case. In fact, there are 

two issues with this judge: The sampling from the city directory led to a far smaller percentage of 

women (29%) than the city population (53%) across all the judges, and then the proportion of 

women selected by Judge Ford dipped even lower to around 15% women. (By the way, the Court 

of Appeals reversed Spockôs conviction on other grounds without considering the jury selection 

issue.) Although this p-value is hypothetical in nature (there was not a true random mechanism 

used in generating these outcomes), and we cannot draw a cause-and-effect conclusion because of 
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the observational nature of the data, the p-value does provide a measure of how very surprising 

these results would be to occur by chance alone. 

 
Technical Conditions 
The chi-squared distribution is an approximation to the sampling distribution of the chi-squared test 

statistic when the data arise from independent binomial random variables. This approximation is 

considered valid as long as at least 80% of the expected cell counts are at least 5 and all of the individual 

expected cell counts are at least one. Notice we are discussing the expected cell counts here, not the 

observed cell counts. The data also need to have been collected from independent random samples or 

from a randomized comparative experiment. This is often called a chi-squared test of homogeneity. 

The advantage of a Chi-squared Test is that it provides an overall p-value for all the comparisons 

at once which controls the overall probability of a Type I error. If the p-value is not significant, we 

usually do not check all of the individual comparisons. If the p-value is significant, then we can do more 

formal follow-up analyses to see where the difference(s) are arising. If we run many tests on the same 

data set, we are always concerned about an inflated overall Type I error rate. 

 
Practice Problem 5.1  
One question that you may be asking is why not just use the two-sample z procedures to compare pairs 

of proportions? We could do this for two groups at a time, e.g., comparing Judge 1 to Judge 2 and then 

Judge 3 to Judge 5 and so on.  

(a) How many such two-group comparisons are there among these 7 judges? 

(b) If the level of significance is set to 0.05, what is the probability of a Type I error for any one of these 

comparisons? 

(c) What about the probability of at least one Type I error among these 21 comparisons ï will that be 

larger or smaller than 0.05? Explain.

 

 

Technology Detour ς Simulating Randomization Test for Two-Way Tables  
 

In Applet: Analyzing Two-way Tables - Sampling 
In JMP: Open the Spock.jmp file. Open the RandomBinomials hot spot and select Run Script to 

generate 100 chi-squared values. 

¶ To create a normal probability plot: Choose Analyze > Distribution and select the chisqstat 
column. Use the hot spot to select Normal Quantile Plot. 

¶ The chi-square distribution is equivalent to a Gamma distribution with parameters shape = 6/2 

= 3 and scale = 2. Use the hot spot to select Continuous Fit > Gamma. 

 

  

https://www.rossmanchance.com/applets/2021/test/ChiSqSample.htm
http://www.rossmanchance.com/iscam3/data/Spock.jmp
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Investigation 5.1A: Newspaper Credibility Decline  

 

With the proliferation of the Internet and 24-hour cable news outlets, it has become much easier for 

people to hear much more information, much more quickly. However, this has led to speculation that 

news organizations attempt to convey information before it has been properly verified in an effort to 

feed our impatience. A ñmedia believability surveyò has been conducted since 1985 (under the direction 

of the Pew Research Center for the People & the Press since 1996), and research has focused on whether 

different news organizations (e.g., USA Today̧ NPR, MSNBC) have been losing credibility over time. 

The survey is based on telephone interviews among a national sample of adults 18 years or older living 

in the continental United States. One of the questions asked is  
 

Please rate how much you think you can BELIEVE each organization on a scale of 4 to 1. On this four 
Ǉƻƛƴǘ ǎŎŀƭŜΣ άпέ ƳŜŀƴǎ ȅƻǳ Ŏŀƴ ōŜƭƛŜǾŜ ŀƭƭ ƻǊ Ƴƻǎǘ ƻŦ ǿƘŀǘ ǘƘŜ ƻǊƎŀƴƛȊŀǘƛƻƴ ǎŀȅǎ. άмέ ƳŜŀƴǎ ȅƻǳ ōŜƭƛŜǾŜ 
almost nothing of what they say. How would you rate the believability of (READ ITEM: ROTATE LIST) on 
this scale of 4 to 1?  

 

The interviewer then asked this question for several different news organizations. 

 

(a) Why is it important for the interviewer to rotate the list of organizations? 

 

 

 

(b) Since 2010, cell phone interviewing has been included. Why is that an important consideration? 

 

 

 

When asked about ñThe daily newspaper you are most familiar with,ò the percentage distribution of the 

1,004 responses in June, 2006 was: 

Believe all or 

almost all ï 4 
3 2 

Believe almost nothing 

- 1 
Canôt Rate 

18% 37% 26% 12% 7.1% 

 

(c) Convert these percentages into observed counts among those who felt they could rate their daily 

newspaper. In other words, eliminate the ñcanôt rateò folks from consideration. 

 

 

 

 

(d) How does the response variable in this study differ to that in Investigation 5.1? 
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A similar study was also done in 1998 (with 922 respondents able to rate their daily newspaper) and in 

2012 (922 able to rate). A corresponding two-way table of counts across the three years is shown below. 

Enter your values for 2006. 

 1998 2006 2012 

Believe almost all - 4  265   183 

3  353   342 

2 235  268 

Believe almost nothing - 1  69  129 

Total 922  922 

 

(e) How have the percentages who believe ñall or almost allò (among those who can rate) changed over 

time? 

 

 

 

(f) What percentage of the individuals across these three studies rated the believability of their daily 

paper as a 4? 

 

 

(g) If the proportion who believe all or almost all of what they read was the same in all three 

populations, how many in the 2006 sample would you expect to believe all or almost all of what they 

read? 

 

 

 

(h) What is the expected number of 1 raters in 2012? 

 

 

 

Definition:  In general, we can calculate the expected count for each cell by considering the row and 

column totals corresponding to that cell. This ensures that the conditional distribution of the response 

variable is the same in each category of the explanatory variable.                

      Expected count = Row total ³ Column total 

                       Table total 

 

(i) State the null and alternative hypotheses for assessing whether the sample data provide strong 

evidence that the distribution of responses differs among the three years. [How would you do this with 

symbols? What could you say in words?] 

 

 

 

 

 

 

 

 

http://www.rossmanchance.com/iscam3/glossary.html#expected
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We will use the same Chi-squared statistic to compare the observed and expected counts, just now 

allowing for more than two categories for the response variable, 

( )
ä
=
ä
=

-
=C

r

i

c

j ij

ijij

ctedpeex

ctedpeexobserved

1 1

2
2   

where r = number of rows and c = number of columns in the two-way table.  

The degrees of freedom for the chi-squared test statistic with r rows and c columns is df = (r - 1)(c - 

1). 

We will consider this distribution valid as long as at least 80% of expected counts are at least 5 and all 

are at least one. 

 

(j) Are the technical conditions met to use the chi-squared distribution for your table? 

 

 

 

 

Technology Detour ς Chi-squared Tests 
 

In JMP 

¶ The data must be in ñstacked formatò (one column with the 
EV categories, one column with the RV categories). Each 

row can represent an observation or each row can represent a 

unique combination of variables and then you can add a 

column of counts (ñtalliedò). 
¶ Choose Analyze > Fit Y by X 
¶ Specify the response variable (Y, columns) and the 

explanatory variable (X, factor) 
o If the data is tallied, specify the column of counts in 

the Freq box. 
¶ Press OK . The chi-square statistic we calculated above is in 

the Pearson row. 

 

 

 

In Analyzing Two-way Tables Applet 

¶ Paste either the raw data (press Use 

Data) or the two-way table (press Use 

Table) into the Sample data box, using 

one word category names. 
¶ Check the Show X2 Output  box.  

 

The applet reports the observed C2 value, df, 

and cell contributions. (You can expand this 

window by dragging out the lower right 

corner. Check the Show table box to see the 

observed counts.) 
 

 
 

 

 

  

 

http://www.rossmanchance.com/applets/2021/chisqshuffle/ChiSqShuffle.htm?FET=1
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(k) Use technology (see Technology Detour) to calculate the chi-squared statistic, verify the degrees of 

freedom, and calculate the p-value. Do you reject or fail to reject the null hypothesis?  

 

 

 

 

Comparison to two -sample z-test  

If we collapse the above table to focus on the ñlargely believableò (3 or 4) and ñnot largely believableò 

(1 or 2) breakdown, we obtain: 

 2012 sample 1998 sample Total 

Largely believable 525 618 1143 

Not largely believable 397 304 701 

Total 922 922 1844 

 

(l) Use technology to carry out a chi-squared test to decide whether the difference in the population 

proportions giving a largely believable rating differed significantly between the two years. Report the 

standardized statistic, degrees of freedom, and p-value. 

 

 

 

 

(m) Now carry out a two-sided two-proportion z-test for this table. Report the standardized statistic and 

p-value. How do the p-values compare? What do you think is the relationship between the standardized 

statistics? 

 

 

 

 

 

Discussion: The chi-squared procedure can be used to compare two or more proportions. When there 

are only two proportions, the procedure is equivalent to a two-sided z-test for proportions from Chapter 

3. The chi-squared test statistic is equal to z2 and the chi-squared p-value is equal to the two-sided p-

value for the two-sample z-test. If the alternative hypothesis is two-sided, you can use either procedure. 

If the alternative hypothesis is one-sided, then you should carry out the two-sample z-test to obtain the 

one-sided p-value. If there are more than two proportions, then you must use the chi-squared procedure, 

which will only assess whether or not at least one population proportion differs from the others. 

For a 2³2 two-way table, another alternative is Fisherôs Exact Test as you learned in Chapter 3. It is 

always appropriate to carry out Fisherôs Exact Test (if you are willing to fix the row and column totals), 

though it may be a bit less convenient with huge sample sizes (which becomes less of an issue with each 

new computer chip).  

 

However, of all three of these procedures, the two-sample z-procedure is the only one that also enables 

us to calculate a confidence interval to estimate the magnitude of the difference in the two population 

proportions. 
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Keep in mind that chi-squared tests look for evidence of any association. They donôt care which is the 

explanatory and which is the response and they donôt look for specific types of association, like time 

trend. 

 

Practice Problem 5.1A 

In February of 1993, NBC News admitted that it staged the explosion of a General Motors truck during 

a segment of the program ñDateline NBCò in November of 1992. The segment included crash footage 

that explosively showed how the gas tanks of certain old GM trucks could catch fire in a sideways 

collision. In a nationwide poll of adults (Times Mirror News Interest Index) conducted in August, 1989, 

1507 respondents gave NBC news the following believability ratings. 

Believe ï 4 3 2 Cannot believe - 1 Canôt rate 

32% 47% 14% 2% 5% 

The same poll conducted Feb. 12-27, 1993 saw 2001 respondents give the following results: 

Believe ï 4 3 2 Cannot believe - 1 Canôt rate 

31% 42% 18% 6% 3% 

(a) Is the difference in the distribution of believability ratings statistically significant between these two 

years?  

(b) Is this convincing evidence that the General Motors explosion caused a decrease in the believability 

of NBC News?
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Investigation 5.2: Teaching Morals  

 

Lee et al. (2014) examined whether some classic stories about moral behavior actually influence 

whether or not kids lie. They examined the stories of ñPinocchio,ò ñThe Boy Who Cried Wolf,ò and 

ñGeorge Washington and the Cherry Tree,ò as stories commonly used by teachers and parents to 

promote honesty, though in different ways (negative consequences of lying for the first two vs. positive 

consequences of truth telling in the third). Two hundred and sixty-eight Canadian children aged 3ï7 

years were recruited for the study (children begin to tell lies around 2ï3 years of age). Children 

participated in a ñtemptation-resistance taskò that has been used widely to study whether children choose 

to lie to hide a transgression (essentially peeking at the answer when left alone in the room for one 

minute) and then were read one of the three stories or a control story ï ñThe Tortoise and the Hareò. 

(The reader did not know whether or not they had peeked.) After the story, the child was asked whether 

or not he or she had peeked. Suppose the results for the children who peeked turned out like this: 

 Tortoise and 

Hare (control) 

George 

Washington 
Pinocchio 

Boy Who 

Cried Wolf  

Total 

Confessed 20 22 13 16 71 

Did not (lied) 44 22 31 30 127 

Total 64 44 44 46 198 

 

(a) Was this an observational study or an experiment? 

 

 

 

(b) Identify the response variable and the explanatory variable and classify them as quantitative or 

categorical. 

 

 Explanatory variable:              Type: 

 

 Response variable:              Type: 

 

(c) State appropriate null and alternative hypotheses for this research question in symbols and/or in 

words. Be sure to define any symbols you use. 

 

 

 

 

 

The following table displays both the observed and the expected counts. 

 Tortoise and 

Hare (control) 

George 

Washington 

Pinocchio Boy Who 

Cried Wolf  

Total 

Confessed 20 (22.95) 22 (15.78) 13 (15.78)  16 (16.49) 71 

Did not (lied) 44 (41.05) 22 (28.22) 31 (28.22) 30 (29.51) 127 

Total 64 44 44 46 198 

 

We see that the observed counts are not always equal to the expected counts, but perhaps the random 

assignment created groups that were slightly different prior to the start of the study, and these 

https://ggsc.berkeley.edu/images/uploads/Lee_et_al_2014_Can_Classic_Moral_Stories_Promote_Honesty_in_Children.pdf
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differences merely reflect those random variations. Of course we can investigate this by simulating 

binomial random samples as in Investigation 5.1, but this time we want to model the random assignment 

process rather than the random sampling process. In other words, we will assume whether or not a child 

confesses is not influenced by which story they are read, and we will shuffle and redistribute these 

outcomes among the explanatory variable groups. 

 

Use the Analyzing Two-way Tables applet to generate a randomization distribution and estimate a p-

value. 

(d)  Enter the two-way table (without totals and 

using only one-word variable names) into the 

Sample Data box and press Use Table.  
 

Make sure the story is being used as the explanatory variable or press the (explanatory, response) 

button. Check the Show Shuffle Options box, enter a large number of shuffles, and press Shuffle. Use 

the pull-down menu to set the Statistic choice to the Chi-squared (c2) statistic. Compute an empirical p-

value based on the simulated chi-squared values. 

 

 

 

(e) Check the box to Overlay Chi-square distribution. Does the theoretical chi-squared distribution 

(with df = 3) appear to be a reasonable model for the simulated null distribution? How are you deciding? 

 

 

 

When the two-way table arises from a randomized experiment, we can apply the chi-squared 

distribution to predict the randomization distribution of the chi-squared statistic as long as at least 

80% of the expected cell counts are at least 5 and all of the individual expected cell counts are at least 

one 

 

(f) Use technology to carry out the chi-squared test as before. What are the values of the chi-squared 

statistic, degrees of freedom, and p-value?  

 

 Chi-squared statistic:       df:   p-value: 

 

 

(g) Examine the chi-squared contributions for each cell (ñresidualsò are square roots of these values). 

Which cell(s) contribute the most to the overall chi-squared sum? Compare the observed counts to the 

expected counts for those cells. What do these comparisons reveal about which types of stories seem to 

make children more likely to confess?  

 

 

 

 

 

 

 

  

http://www.rossmanchance.com/applets/ChisqShuffle.htm
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Study Conclusions  
Examining the conditional proportions that confessed across the four stories (0.313, 0.500, 0.295, 

0.348), we see the children were more likely to confess when read the George Washington story 

compared to the negative consequences stories or the neutral story. A chi-squared test (valid because 

all expected cell counts are larger than 5) however does not find these differences to be statistically 

significant (X2 = 5.202, p-value = 0.158). We do not have convincing evidence that the type of story 

influences Canadian childrenôs likelihood of confessing their indiscretion in this situation. Still, the 

results are in the direction conjectured by the researchers, and larger sample sizes may find significant 

results if this study was repeated. 

 

 
Practice Problem 5.2 
Suppose we had decided in advance to only compare the George Washington group to the control group 

(Tortoise and the Hare) to see whether there is a difference in the probability of confessing after hearing 

these two stories. 

(a) Would a chi-squared test be valid for these data? How are you deciding? 

(b) What are the degrees of freedom for this chi-squared statistic? 

(c) Use technology to calculate the chi-squared test statistic and p-value. What would you conclude? 

(d) Use technology to calculate a two-sample z-test for these data. How does the (two-sided) p-value 

compare to what you found in (c)? 

(e) Use Fisherôs Exact Test to calculate a p-value for these data. How does the p-value compare? 
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Investigation 5.3: Near-Sightedness and Night Lights (cont.) 

 

Recall from Investigation 3.2 we examined a simplified version of the study published by Quinn, Shin, 

Maguire and Stone (1999) that examined the relationship between the type of lighting children were 

exposed to and subsequent eye refraction. Now we are able to look at 3 categories for each variable. 

Below is the two-way table and segmented bar graph from the study:

 

 Dark Night 

light  

Room 

light  

Total 

Far-sighted 40 39 12 91 

Normal 114 115 22 251 

Near-sighted 18 78 41 137 

Total 172 232 75 479 

 

 

Rather than considering these data as arising from three independent random samples from binomial 

processes, we can consider the 479 patients as one random sample, where we have cross-classified the 

subjects according to the lighting type and the eye condition. But the calculations for the chi-squared 

statistic can be used exactly the same way. 

 

We will state the null and alternative hypotheses in terms of this association. 

 H0: no association between type of lighting and eye condition in the population 

 Ha: there is an association 

Note that the alternative hypothesis does not specify any particular kind of association (e.g., more near-

sightedness with more light), just that the conditional distributions are not the same in the population. 

This is often referred to as a Chi-squared test of association.  

 

(a) Outline a simulation that would be appropriate for this study design. 

 

 

 

 

 

 

 

We could choose to carry out a different simulation to model how these data were collected (one random 

sample, cross-classified, aka ñmultinomialò), but when the technical conditions are met, we generally 

use the theoretical null distribution which will be the same if we fix the row and column totals. But be 

sure to keep the data collection methods in mind when you draw your final conclusions!  

 

(b) Use the general formula to calculate how many of these 479 children you would expect to find in the 

Room light, far-sighted category. 

 

 

 

(c) Do you think the chi-squared distribution is valid for this table? Explain how you are deciding. 
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(d) Use technology to calculate the chi-squared statistic, verify the degrees of freedom, and find the p-

value. Also display the chi-squared cell contributions; where do the largest differences lie?  

 

 

 

 

 

(e) Write a paragraph summarizing your conclusions, being sure to comment on significance, 

generalizability, and causation. 

 

 

 

 

 

 

 

 

 

 

Study Conclusions  
The segmented bar graph reveals that for the children in this sample the incidence of near-sightedness 

increases as the level of lighting increases. When we have a random sample with two categorical 

variables, we can perform a chi-squared test of association. Because the expected counts are large 

(smallest is 14.25 > 5), we can apply the chi-squared test to these data. The p-value of this chi-squared 

test is essentially zero, which says that if there were no association between eye condition and lighting 

in the population, then itôs virtually impossible for chance alone to produce a table in which the 

conditional distributions would differ by as much as they did in the actual study. Thus, the sample 

data provide overwhelming evidence that there is indeed an association between eye condition and 

lighting in the population of children like those in this study. A closer analysis of the table and the chi-

squared calculation reveals that there are many fewer children with near-sightedness than would be 

expected in the ñdarknessò group and many more children with near-sightedness than would be 

expected in the ñroom lightò group. But remember the main lesson of this study from Chapter 3 - we 

cannot draw a cause-and-effect conclusion between lighting and eye condition because this is an 

observational study. Several confounding variables could explain the observed association. For 

example, perhaps near-sighted children tend to have near-sighted parents who prefer to leave a light 

on because of their own vision difficulties, while also passing this genetic predisposition on to their 

children. We also have to be careful in generalizing from this sample to a larger population because 

the children were making voluntary visits to an eye doctor and were not selected at random from a 

larger population. 

 

You should notice that the mechanics are exactly the same whether you are testing homogeneity of 

proportions, comparing the distributions across several populations/processes, or examining the 

association between two categorical variables. The difference lies in how the data were collected and 

therefore in the scope of conclusions that can be drawn.  
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Practice Problem 5.3 
The National Vital Statistics Reports provided data on gestation period for babies born in 2002. The 

following table classifies the births by the motherôs race and by the duration of the pregnancy: 

 White (non-Hispanic) Black (non-Hispanic) Hispanic 

Pre-term (under 37 weeks) 251,132 101,423 99,510 

Full term (37 - 42 weeks) 1,885,189 435,923 692,314 

Post-term (over 42 weeks) 149,898 36,896 64,997 

(a) Consider these observations as a random sample from the birth process in the U.S. and conduct a chi-

squared test of whether these data suggest an association between race and length of gestation period. 

Report the hypotheses, validity of technical conditions, sketch of sampling distribution, test statistic, and 

p-value. [Provide the details of your calculations and/or relevant computer output.] Summarize your 

conclusion. 

(b) Which 2-3 of the nine cells in the table contribute the most to the calculation of the X2 test statistic? 

Is the observed count lower or higher than the expected count in those cells? Summarize what this 

reveals about the association between race and length of gestation period.

 

Summary of Chi-squared Tests 
 

Test of homogeneity: Data are independent random samples from I different populations/processes or 

a randomized experiment with I treatments 

 H0: p1 = é = pI           where pi is the probability of success for population (treatment) i. 

 Ha: at least one pi differs from the rest 

Or 

 H0: the distributions of the response variable are the same in each population (treatment)  

 Ha: at least one population (treatment) distribution differs from the others 

 

Test of association: Data are random sample from a large population, cross-classified by two 

categorical variables 

 H0: no association between variable 1 and variable 2 in the population 

vs.  Ha: there is an association between variable 1 and variable 2 

 

Chi-squared test statistic 
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The (upper-tail) p-value is calculated from the 

chi-squared distribution with (r - 1)(c - 1) 

degrees of freedom. 

 

 

Technical Conditions:  

At least 80% of the expected cell counts are at least 5 (and all are at least one), 

 

Follow-up analysis: After computing the p-value, examine the largest cell contributions or residuals 

to describe where observed counts differ most from expected counts. 
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Technology: 

¶ JMP: 

¶ With two nominal columns (and perhaps a 

column of counts), choose Analyze > Fit Y 
by X. Report the Pearson chi-square and 

p-value. 

¶ Use the Contingency Table hot spot to 

turn on the Cell Chi Square values. 

 

 

 

¶ Analyzing Two-way Tables applet: 

¶ You can paste in raw data or the two way table. Remember to use one-word variable names and 

categories. 
¶ Check the Show Table and Show c2 output boxes. 

 

Section 5.1 Summary 
 

This section introduced you to the chi-squared test. You saw that this test arises in three different 

settings. One of these settings is comparing the proportions of success across two or more populations, 

when independent random samples are taken from the populations or we have a randomized experiment. 

Another setting is comparing the entire distributions of a categorical response variable (which could 

include more than just two categories) across two or more populations (treatments), again assuming 

independent random samples from each population or a randomized experiment. The chi-squared test in 

these two scenarios is testing homogeneity of proportions. The final setting to which the chi-squared test 

applies is testing independence between two categorical variables when a random sample is drawn from 

a population and the observational units are classified according to two categorical variables.  

 

You have found that the same chi-squared test procedure applies to all of these settings. The test statistic 

is based on comparing observed counts in the two-way table to what counts would be expected if the 

null hypothesis were true. You used simulation to investigate the sampling distribution of the chi-

squared test statistic, and studied the conditions under which that sampling/randomization distribution 

can be well-approximated by the chi-squared probability distribution, providing an approximation of the 

testôs p-value. Finally, you learned that when the test indicates a statistically significant result, you can 

further analyze the contributions of the individual cells in the table to the calculation of that test statistic 

to learn more about the nature of the association. Example 5.1 presents an application of the chi-squared 

procedure. 
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SECTION 2: COMPARING SEVERAL POPULATION MEANS  

 
In the previous section, you learned the chi-squared test for comparing proportions among two or more 
groups. One key point was that there are advantages to an overall procedure that compares the 
proportions simultaneously and controls the overall Type I error rate. When there are only two groups, 
this procedure was equivalent to the two-sided two-sample z-test for proportions. You will see a similar 
approach in this section, addressing the issue of comparing two or more population means. The 
technique you learn here will be used both for comparing population means based on independent 
random samples and also for assessing whether there is a treatment effect based on data from a 
randomized experiment. 

 

Investigation 5.4: Disability  Discrimination  

 

The U.S. Vocational Rehabilitation Act of 1973 prohibited discrimination against people with physical 

disabilities. The act defined a disabled person as any individual who had a physical or mental 

impairment that limits the personôs major life activities. In 1984, disabled individuals in the labor force 

had an unemployment rate of 7% compared to 4.5% in the non-impaired labor force. 

 

Researchers conducted a study in the 1980s that examined whether physical disabilities affect peopleôs 

perceptions of employment qualifications (Cesare, Tannenbaum, & Dalessio, 1990). The researchers 

prepared videotaped job interviews, using the same actors and script each time. The only difference was 

that the job applicant appeared with different disabilities: 

¶ No disability (control) 

¶ Leg amputation 

¶ Canadian crutches 

¶ Hearing impairment 

¶ Wheelchair confinement 

Seventy undergraduate students from a large southeastern university were randomly assigned to view 

one of the videotapes, and they were then asked to rate each candidate on ten questions (e.g., applicant is 

qualified, applicant likely to be productive) using a 1-9 scale (e.g., 1 = typical response of an applicant 

likely to be rejected, 9 = typical response of an applicant likely to be hired). The responses were 

averaged across the 10 questions as an overall rating of each applicant. The research question is whether 

subjects tend to evaluate qualifications differently depending on the applicantôs disability. 

 

(a) Identify the observational units, explanatory variable, and response variable in this study. Identify 

each variable as quantitative or categorical. Is this an observational study or an experiment? Explain. 

 

 Observational units: 

 

 Explanatory:                     Type: 

 

 Response:                      Type:  

 

 Type of study: 

 

 

 

https://www.tandfonline.com/doi/abs/10.1207/s15327043hup0303_2
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(b) State a null and an alternative hypothesis to reflect the researchersô conjecture. Be sure to define any 

parameter symbols you use. 

 

 Null hypothesis: 

 

 Alternative hypothesis: 

 

  

 (c) Explain what a Type I error and a Type II error represent in this context. 

 

 Type I error: 

 

 

 Type II error: 

 

(d) The mean applicant qualification scores for the five groups are amputee 4.429, crutches 5.921, 

hearing 4.050, none 4.900, and wheelchair 5.343. What additional pieces of information do you need in 

order to decide whether these sample means are significantly different (more than you might expect by 

the random assignment process alone)?  

 

 

 

 

(e) Suggest a standardized statistic that you could use to measure how much these five sample means 

differ. Outline a simulation you could perform to create a null distribution for your statistic. What types 

of values of your statistic will you consider evidence against the null hypothesis (large, small, near 0)? 

 

 

 

 

 

 

 

 

 

 

One approach is to use a Mean Group Difference, similar to what we discussed in Section 5.1, and to 

simulate the re-assigning of the given employment rating scores to the five types of disabilities. 

 

(f) Open the Comparing Groups (Quantitative) applet. Copy and paste the raw data 

(DisabilityEmployment.txt), being sure to clarify which is the explanatory variable, and press Use Data. 

Check the Show Shuffle Options box. Select the Plot radio button and press Shuffle Responses. What 

random process is the applet simulating? 

 

 

 

http://www.rossmanchance.com/applets/AnovaShuffle.htm
http://www.rossmanchance.com/iscam2/data/DisabilityEmployment.txt
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(g) Change the Number of Shuffles to a large number and press Shuffle Responses. Examine the null 

distribution of the Mean Group Diff statistic and determine the empirical p-value. 

 

 Shape:       Mean:      SD: 

 

 p-value: 

 

 

(h) Consider the following sets of boxplots. What is the same and what is different about the 

distributions displayed by these boxplots? In which group do you believe the evidence will be stronger 

that at least one population mean differs from the others? Explain. How will the Mean Group Difference 

statistics compare? 

 

A:                    B: 

    
 

 Same: 

 

 Different: 

 

 Stronger evidence (A or B): Explain: 

 

 Mean Group Difference: 

 

Discussion: In the above boxplots, the sample mean scores are roughly the same for graphs A and B 

(6.2, 4.4, 7.1, 3.1, 7.0), but the variability within each group is much larger for the distributions in graph 

A. This larger amount of ñwithin-sampleò variation makes the differences in sample means seem not as 

extreme compared to graph B. Graph B displays less within-sample variability and so the differences in 

the sample means appear more extreme and provide more evidence that the crutches scores and the 

hearing scores did not come from the same population with the same population mean. So rather than 

reporting only the Mean Group Difference statistic, we will now explore another ñstandardizedò statistic 

that is more meaningful on its own and, turns out, has more power. Our goal will be for this statistic to 

reflect not only the differences in the sample means, but to also reflect the ñnatural variationò in the data 

themselves. 
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(i) Record the missing descriptive statistics in the table below.  

 

 None Amputee Crutches Hearing Wheelchair 

Sample size 14 14 14 14 14 

Sample mean 4.9 4.429 5.921 4.050 5.343 

Sample std. dev.      

 

Write a one sentence description of the sample standard deviation of the none category 

 

 

 

 

This time, rather than focusing on differences in groups, we will examine deviations in the group means.  

 

(j) What is the overall mean applicant qualification rating assigned by the 70 students? 

 

 

 

(k) If we were to treat the five sample means as five observations, calculate the standard deviation of 

these five values. What is the denominator of your calculation?  

Recall: Squaring the standard deviation gives us the variance of the values. 

 

 

 

 

 

(l) Is it reasonable to allow each of these sample means to have the same relative contribution to our 

overall measure of variability between group means? Explain. 

 

 

 

 

Our measure of the variability between groups or ñtreatment effectò will be the weighted variance 

across the groups where the weights are the sample sizes.  

 

 

 

 

(m) In this case, the sample sizes were equal to 14 in each group, so you can simply multiply your 

answer to (k) by 14 to measure the variability between groups: 

 

 Between-group variability =  

 

(n) But now we want to compare this variation to decide if itôs large, more than we might expect to see 

by random chance alone, reflecting that not everyone gives the same rating scores, even to the same 

applicant. Suggest a way for measuring this ñnaturalò variation for these data. 

15
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We could look at the variation in employment ratings (e.g., overall standard deviation), but some of that 

variation is due to the different types of disabilities. However, we can look at the variation in the ratings 

within each type of disability. If we believe these variances are the same, we can simply average across 

the categories, paying a bit more attention to any categories with more observations. (You considered 

something similar back in Investigation 3.5) 

 

(o) Calculate the average variance across the five groups. [Hint: Square each groupôs standard deviation 

to obtain its variance, and then take the average of those five values.] 

 

 Within-group variability =  

 

 

When the sample sizes are not equal, the more general formula for this pooled variance, weighted by 

sample size, is: 

 

 

 

This provides an overall estimate of the ñwithin-groupò variability, which simplifies to the average of 

the group variances when the sample sizes are equal. The denominator simplifies to n ï I, where n is the 

total number of observations in the data set and I is the number of groups being compared. 

 

(p) In calculating a pooled variance, you are implicitly assuming that the variability is the same across 

the groups. Explain how the sample statistics reveal that this is a reasonable belief for these data. 

 

 

 

 

Our standardized statistic will consider the ratio of the variability between groups to the variability 

within groups. 

 

(q) Calculate the ratio of your result from (m) divided by your result from (o). 

 

 =
-

-
=

yvariabilitgroupwithin

yvariabilitgroupbetween
F  

 

How many times larger is the between-group variability compared to the within-group variability? 

 

 

(r) What is the smallest possible value that this ratio could ever assume? The largest? 

 

 

(s) What types of values (large, small, positive, negative) will this ratio have when the null hypothesis is 

false, that is, when the population means are not all equal? 

 

 

 

.
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(t) In the Comparing Groups (Quantitative) applet, use the pull-down Statistic menu to select F-

statistic (named after R. A. Fisher). Describe the behavior of the null distribution and compute the 

empirical p-value. 

 

 Shape:           Mean:    SD: 

 

 p-value: 

 

 (u) Has the p-value changed much from when we used the Mean Group Difference statistic? 

 

 

 

Probability Result: For large samples, this sampling distribution is well modeled by an F distribution 

with parameters number of groups - 1 and overall sample size - number of groups, the degrees of 

freedom of the numerator and denominator respectively. 

 

(v) Check the Overlay F distribution  box. Does it appear to provide a reasonable approximation to the 

simulated null distribution? How are you deciding? 

 

 

 

(w) Confirm your calculations using technology. Because we are comparing variances, this is called an 

Analysis of Variance or ANOVA procedure. 

 

Technology Detour ς ANOVA  
 

In JMP 

¶ With the quantitative variable in one column and the explanatory variable in another column, 

choose Analyze > Fit Y by X. 

¶ Specify the quantitative variable in the Y, Column box and the explanatory variable in the X, 

Factor box. 

¶ Open the Oneway Analysis hot spot and select Means/Anova. 
 

In Comparing Groups (Quantitative) applet 

¶ Paste data into Sample data box, being sure to clarify which is the explanatory variable.  

¶ Press Use Data. 

¶ Check the Show ANOVA Table box. 

 
 
Technical Conditions 
There are several technical conditions required for this randomization distribution to be well modeled by 

the F distribution: 

¶ The distribution for each group comes from a normal population. 

¶ The population standard deviation is the same for all the groups. 

¶ The observations are independent. 

http://www.rossmanchance.com/applets/AnovaShuffle.htm
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When using this ANOVA F-test to compare several population means, we will check each condition as 

follows: 

¶ The normal probability plot (or dotplot or histogram) for each sampleôs responses is reasonably 

well-behaved. 

¶ The ratio of the largest standard deviation to the smallest standard deviation is at most 2. 

¶ The samples are independent random samples from each population. 

For simplicity, we will apply the same checks for a randomized experiment as well (with the last 

condition being met if the treatments are randomly assigned). If the first two conditions are not met, then 

suitable transformations may be useful. 

 

(x) Is there evidence of non-normality in these sample data? Calculate the ratio of the largest to smallest 

standard deviation; is this less than 2? (In the applet, check the box to Overlay F distribution to help 

assess the fit.) 

 

 

 

 

 

 

 

(y) Write a paragraph summarizing your conclusions for this study. Be sure to address issues of 

causation and generalizability as well as statistical significance. 
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Terminology Detour 
We will compare I group means, where each group has ni observations. The overall sample size 

will be denoted by n = Sni. 

 

H0: There is no treatment effect or H0: m1 = é = mI 

Ha: There is a treatment effect or Ha: at least one mi differs from the rest 

 

The between-group variability will be measured by looking at the sum of the squared deviations 

of the group means to the overall mean,. Each group mean is weighted by the sample size of 

that group. We will refer to this quantity as the ñsum of squares for groups,ò SSgroups. 

  SSgroups = ( )ä
=

-
I

i
ii xxn

1

2
 

We will then ñaverageò these values by considering how many groups were involved. This 

quantity will be referred to as the ñmean square for groups.ò 

  MSgroups = 
)1( -I

SSgroups
 

Note, if we fix the overall mean, once we know I - 1 of the group means, the value of the i th 

mean is determined. So the degrees of freedom of this quantity is I - 1. 

 

The within-group variability will be measured by the pooled variance. In general, each term will 

be weighted by the sample size of that group. We will again divide by an indication of the 

overall sample size across the groups. We will refer to this quantity as the ñmean squares for 

error,ò MSError . 

  MSError  = 
In

sn
I

i

ii

-

-ä
=1

2)1(

 which has n - I degrees of freedom. 

 

The test statistic is then the ratio of these ñmean squareò quantities: 

  &   

When the null hypothesis is true, this test 

statistic should be close to 1. So larger values 

of F provide evidence against the null 

hypothesis. The corresponding p-value comes 

from a probability distribution called the F 

distribution with I - 1 and n - I degrees of 

freedom.  

We will use this F distribution to approximate both the sampling distribution of this test statistic 

in repeated samples from the same population (H0: m1 = é = mI) and the randomization 

distribution for a randomized experiment (H0: no treatment effect) as long as the technical 

conditions (above) are met. 

Because we are focusing on the variance of group means, this procedure is termed Analysis of 

Variance (ANOVA). With one explanatory variable, this is called one-way ANOVA. 

x
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Study Conclusions 
The distributions of qualification scores in the five treatment groups look reasonably symmetric with 

similar standard deviations, so it is appropriate to apply the Analysis of Variance procedure. There is 

moderate evidence that the mean qualification ratings differ depending on the type of disability (p-

value = 0.030). Descriptively, the candidates with crutches appear to have higher ratings on average, 

and the candidates with hearing impairments tend to have slightly lower ratings. (Other follow-up 

procedures could be used to determine which group means differ significantly from which others.) 

This was a randomized experiment, so we can attribute these differences in qualification scores to the 

disability shown. But we must be cautious about considering the students in this study to be 

representative of a larger population, particularly a population of employers who make actual hiring 

decisions. 

 

Practice Problem 5.4A 
Reconsider the boxplots from part (h). Explain how they compare and how this will affect the 

calculation of the F-statistic and lead to different p-values. Explain based on how the F-statistic is 

calculated which set of boxplots will have the smaller p-value. 

 
Practice Problem 5.4B 
Lifetimes of notable people in nine different occupational categories were gathered from The World 

Almanac and Book of Facts. 

(a) How many different pairs of occupations can be considered? 

(b) Explain why conducting an ANOVA is different from conducting separate two-sample t-tests on all 

possible pairs of occupations. Include an explanation for why it would be inappropriate to do all of those 

separate two-sample t-tests. 

(c) Would rejecting the null hypothesis in ANOVA allow you to conclude that every occupation being 

studied has a different population mean lifetime from every other occupation? Explain. 
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Investigation 5.5: Restaurant Spending and Music 

 

A British study (North, Shilcock, & Hargreaves, 2003) examined whether the type of background music 

playing in a restaurant affected the amount of money that diners spent on their meals. The researchers 

asked a restaurant to alternate classical music, popular music, and silence on successive nights over 18 

days. The following summary statistics about the 393 total bills were reported: 

 

 Classical music Pop music No Music  

Mean £24.13 £21.91 £21.70  

SD £2.243 £2.627 £3.332  

Sample size n1 = 120 n2 = 142 n3 = 131 n = 393 

 

(a) State the null and alternative hypotheses corresponding to the researchersô conjecture (in symbols 

and/or in words, be sure to define any symbols you use). 

 

 

 

 

(b) Based on these summary statistics, calculate the overall (weighted) mean amount spent, the between 

group variation, and the pooled variance. Check the consistency of your calculations with the summary 

statistics reported above. 

 Overall (weighted) mean:  = 
n

xn
I

i

iiä
=1 =    

 Between group variability (MSG) = 

( )

1

1

2

-

-ä
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I
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= 

Pooled variance (MSE) = 
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I

i

ii

-
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= 

 

(c) Calculate the F-statistic (by hand) and then use technology to determine the p-value (sketch and 

shade the corresponding randomization distribution): 

¶ In F Probability Calculator applet: Specify the degrees of freedom and the observed F-value, 

and the direction for the probability of interest 

¶ In JMP: Distribution Calculator > F, Input quantilesé, X > Qa 
Which appears to be larger, the variation in amount spent between diners or the variation in amount 

spent between types of music? 

 

 

 

(d) Do you consider this p-value to be valid? In other words, are the technical conditions for ANOVA 

met for this study design?  

x

https://www.researchgate.net/publication/249624546_The_Effect_of_Musical_Style_on_Restaurant_Customers'_Spending
http://www.rossmanchance.com/applets/2021/test/fCalc.htm
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Study Conclusions 
In this study, a larger average amount was spent while classical music was playing. With such a large 

test statistic and such a small p-value (F = 29.2, p-value º 0), we have very strong evidence that the 

observed differences in the sample means could not have arisen by chance alone. However, we need 

to assess the technical conditions before we could know whether this inferential procedure is valid 

with these data. Although the equal standard deviation assumption seems reasonable (because 

3.332/2.243 < 2), we do not have the sample data to examine the shapes of the sample distributions. 

Still, the sample sizes are large and the F procedure is fairly robust to departures from the normality 

condition. However, we should not consider these observations to be independent within each group, 

because the treatments were assigned to the evenings, not to the individual diners. In this sense, we 

only have a few replications per evening and ANOVA is not the appropriate analysis. Descriptively it 

appears that the average amount spent is larger when classical music is playing, but because of the 

confounding with evening, itôs possible that classical music was played on certain days of the week 

and that that led to more spending. This was a randomized experiment, so if it werenôt for the concern 

about independence, we would have been able to draw a cause-and-effect conclusion from the type of 

music played and the amount spent. We would want to be very cautious in generalizing these results 

to other restaurants and even other times of the year. 

 

 

Applet Exploration: Exploring ANOVA 
 

You will now explore the effects of such factors as the size of the difference in the population means, 

the overall population standard deviations, and the sample sizes on the F-test statistic and p-value.  

 

Open the Simulating ANOVA Tables applet. The 

sliders and text boxes should specify: 

¶ 23 as each population mean 

¶ 120, 142, and 131 as the sample sizes 

¶ 3 as the population standard deviation. 

(e) Press the Draw Samples button. A sample will be selected from each population. What F-statistic 

and p-value did you obtain?  

 

 

 

(f) Press the Draw Samples button again. Did you obtain the same F-statistic and p-value? Why not? 

 

 

 

(g) Press the Draw Samples button 10-20 more times, watching how the boxplots, F, and p-values 

change. Did you ever obtain a p-value below 0.05? Is this possible? Would it be surprising? Explain. 

 

 

 

http://www.rossmanchance.com/applets/AnovaSim.html
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(h) Change the value of m1 to 24. Press the Draw Samples button 10-20 times. Do the resulting p-values 

tend to be larger or smaller than in (g)? Explain why this makes sense. 

 

 

 

 

(i) Change each of the sample sizes to 20 and press Draw Samples 10-20 times. Do the resulting p-

values tend to be larger or smaller than in (h)? Explain why this makes sense. 

 

 

 

 

 

(j) Press Draw Samples until you have a p-value < 0.3. Now change the value of s to 7. (Drag the slider 

to decrease the value in increments of 0.1, or edit the orange value, watching how the p-value changes.) 

How does this affect the magnitude of the p-value? Explain why this relationship makes sense. 

 

 

 

 

 

 

 

(k) How does the p-value generally change if you now continue to increase the value of m1? Explain why 

this relationship makes sense. 

 

 

 

 

 

 

Discussion: If the null hypothesis is true, then the p-value should vary uniformly between 0 and 1. In 

this case, for example, the p-value will be less than 0.05 in 5% of all random samples, so 5% of samples 

would lead you to reject the null hypothesis even when it is true. However, when there truly is a 

difference in the population means, our ability to detect that difference based on sample data is affected 

by several factors: 

¶ When the population means are further apart, the p-value is smaller. 

¶ When the within-group variability is larger, the p-value is larger. 

¶ When the sample sizes are larger, and there is a difference among the population means, then the 

p-value is smaller. 

The p-value of any particular study is in essence random, so we need to remember the Type I and Type 

II errors that we could be making. Committing a Type I error with Analysis of Variance indicates that 

we concluded that the population means differ when they really donôt differ. Type II error indicates that 

we failed to conclude that at least one population mean differs when the population means are in 

actuality not all equal. 

  



Ò Chance/Rossman, 2026 ISCAM IV Applet Exploration 

 

342 

Practice Problem 5.5A 
Another way to analyze the data for the trial of Dr. Spock is to look at the percentages of women on the 

different venires and determine whether the mean percentage of women is equal across the seven judges. 

Below are the percentages of women on the venires for a recent sample from each of the judges. These 

data are below and in SpockPers.txt. 
Judge 1 Judge 2 Judge 3 Judge 4 Judge 5 Judge 6 Judge 7 

16.8 27.0 21.0 24.3 17.7 16.5 6.4 

30.8 28.9 23.4 29.7 19.7 20.7 8.7 

33.6 32.0 27.5 21.5 23.5  13.3 

40.5 32.7 27.5 27.9 26.4  13.6 

48.9 35.5 30.5 34.8 26.7  15.0 

45.6 31.9 40.2 29.5   17.7 

32.5 29.8     18.6 

33.8 31.9     23.1 

33.8 36.2     15.2 

(a) Explain what information we learn from analyzing the data this way that we did not see when we 

carried out the Chi-squared test on the overall proportion of women for each judge. Why might this 

information be useful? 

(b) Produce numerical and graphical summaries to compare the percentages across the seven judges. 

(c) Carry out an ANOVA to test whether at least one judge has a different mean percentage. Did you 

state the null and alternative hypotheses in terms of population parameters or in terms of treatment 

effects? 

(d) Comment on whether you believe the technical conditions for this procedure are met. 

 

Practice Problem 5.5B  

Recall the Disability Discrimination study (Investigation 5.4). Suppose the researchers had been most 

interested in comparing the results for those in a wheelchair to those with leg amputation. 

(a) Carry out a two-sided two-sample pooled t-test (see Investigation 4.2: use the technology option that 

assumes the variances are equal) to assess whether there is a statistically significant difference in the 

average ratings assigned to these two groups. 

(b) Carry out an analysis of variance to assess whether there is a statistically significant difference in the 

average ratings assigned to these two groups. 

(c) How are the p-values from (a) and (b) related? How do you think the t-test statistic and the F-test 

statistic are related? Explain. 

(d) Suggest (in general) a situation where the two-sample t-procedure would be preferred and a situation 

where the ANOVA procedure would be preferred. [Hint: What would be true about the research 

question?]

 

 
 
  

http://www.rossmanchance.com/iscam2/data/SpockPers.txt
http://www.rossmanchance.com/iscam3/glossary.html#pooledt


Ò Chance/Rossman, 2026 ISCAM IV Investigation 5.5 

 

 
343 

Section 5.2 Summary 
 

Whereas the previous section dealt with comparing several groups on a categorical response variable, 

this one introduced you to comparing several groups on a quantitative response variable. You learned 

how to apply analysis of variance (ANOVA) to assess the significance of the differences among several 

sample/treatment means. The test procedure is based upon a probability distribution known as the F-

distribution. You have seen that the same ANOVA procedure applies whether the data were gathered as 

independent random samples from several populations or from randomization of subjects to several 

treatment groups. (But like always, the scope of conclusions differs depending on how the data were 

collected.) You have also found that ANOVA results are affected by the variability in sample means, the 

variability within samples/groups, and the sample sizes. Like always, you have examined technical 

conditions that must be satisfied in order for this procedure to be valid; in addition to random sampling 

or random assignment, these conditions are that each group has a normal distribution and that the 

standard deviations are similar across groups. Example 5.2 presents an application of the ANOVA 

procedure. 
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SECTION 3: RELATIONSHIPS BETWEEN QUANTITATIVE VARIABLES  

 
In this section you will analyze data sets with two quantitative variables. The goal will be to describe the 
relationship between the variables. As always, you will start by learning some useful numerical and 
graphical techniques for summarizing the data. Then you will explore how to use a mathematical model 
of the relationship to make predictions of one variable from the other. In the next section you will then 
move on to inferential techniques based on simulated sampling and randomization distributions as well 
as a mathematical model.  

 

Investigation 5.6: Cat Jumping 

Evolutionary biologists are often interested in ñform-function relationshipsò to help explain evolutionary 

history of say an animal species. Harris and Steudel (2002) investigated factors that are related to the 

jumping ability of domestic cats. Because jump ability and height are largely dependent on takeoff 

velocity, several traits were recorded for 18 healthy adult cats such as relative limb length, relative 

extensor muscle mass, body mass, fat mass relative to lean body mass, and the percentage of fast-twitch 

muscle fibers to see which might best explain maximum takeoff velocity (based on high-speed videos). In 

this investigation, you will examine the following data, also available in the file CatJumping.txt: 
 

ID Sex 

Body mass 

(g) 

Hind limb 

length (cm) 

Muscle mass 

(g) 

Percent 

body fat 

Takeoff velocity 

(cm/sec) 

A F 3640 29.1 51.15 29 334.5 

B F 2670 28.55 46.05 17 387.3 

C M 5600 31.74 95.9 31 410.8 

D F 4130 26.9 55.65 39 318.6 

E F 3020 26.11 57.2 15 368.7 

F F 2660 26.69 48.67 11 358.8 

G F 3240 26.74 64.55 21 344.6 

H M 5140 27.71 78.8 35 324.6 

I  F 3690 25.47 54.6 33 301.4 

J F 3620 28.18 55.5 15 331.8 

K F 5310 28.45 68.8 42 312.6 

L M 5560 28.65 79.8 37 316.8 

M M 3970 29.82 69.4 20 375.6 

N F 3770 26.66 60.25 26 372.4 

O F 5100 27.84 60.7 41 314.3 

P F 2950 27.89 55.65 25 367.5 

Q M 7930 30.58 98.95 48 286.3 

R F 3550 28.06 79.25 16 352.5 

 

(a) Identify the observational units and the primary response variable of interest here. Also classify this 

variable as quantitative or categorical.  

 

 Observational units: 

 

 Response variable:                 Type: 

 

https://www.researchgate.net/publication/297933051_The_relationship_between_maximum_jumping_performance_and_hind_limb_morphologyphysiology_in_domestic_cats_Felis_silvestris_catus
http://www.rossmanchance.com/iscam2/data/CatJumping.txt
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(b) Open the CatJumping.txt data file and produce numerical and graphical summaries of the takeoff 

velocity variable. Describe the distribution of takeoff velocities in this sample (shape, center, variability, 

unusual observations).  

 

 

 

 

 

 

(c) Based on your analysis in (b), if you were going to randomly select a domestic cat, what is your best 

prediction of its takeoff velocity?  

 

 

 

 

(d) Do you think there will be a relationship between a catôs takeoff velocity and its body mass? If so, do 

you think heavier cats will tend to have larger or smaller takeoff velocities than lighter cats? 

 

 

 

 

We will need a new graphical summary to visually explore the relationship between two quantitative 

variables, the scatterplot.  

 

Technology Detour ς Scatterplots 
 

In Multiple Variables applet (or Two Quantitative Variables applet) 

¶ Drag the velocity variable to the Response box and check Show descriptive box (part (a)). 
¶ Drag bodymass to the Explanatory box. 

 

In JMP 

¶ With two columns of quantitative variables, choose Analyze > Fit Y by X. 
¶ Select velocity as the Y, Response entry and bodymass as the X, Factor variable. 
¶ Click OK .  

 

(e) Describe the relationship between a catôs takeoff velocity and its body mass, as displayed in this 

scatterplot. Does this pattern confirm your expectation in (d)? 

 

 

 

(f) Do any of these cats appear to be outliers in the sense that its pair of values (body mass, takeoff 

velocity) does not fit the pattern of the majority of cats? If so, identify the ID for that cat and describe 

whatôs different about this cat (in context).  

 

 

 

http://www.rossmanchance.com/iscam2/data/CatJumping.txt
https://www.rossmanchance.com/applets/2021/multreg/multreg.html
https://www.rossmanchance.com/applets/2021/regshuffle/regshuffle.htm
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Terminology Detour  
Scatterplots are useful for displaying the relationship between two quantitative variables. If one 

variable has been defined as the response variable and the other as the explanatory variable, we will 

put the response variable on the vertical axis and the explanatory variable along the horizontal axis. 

 

In describing scatterplots you will describe the overall pattern between the two variables focusing 

primarily on three things: 

¶ Direction: Is there a positive association (small values of y tend to occur with small values of x 

and large values of y tend to occur with large values of x) or a negative association (small values 

of y tend to occur at large values of x and vice versa)? 

¶ Linearity: Is the overall pattern in the scatterplot linear or not? 

¶ Strength: How closely are the observations following the observed pattern? 

 

The above scatterplot reveals a fairly strong, negative association between body mass and takeoff 

velocity, meaning that heavier cats tend to have a smaller takeoff velocity than lighter cats. The 

relationship is somewhat linear but has a bit of a curved pattern. There is one outlier cat (cat C) with a 

very high takeoff velocity despite having a very large body mass.  

(g) Now produce a scatterplot of takeoff velocity vs. percentage of body fat. Describe the association. 

Would you say that the association with velocity is stronger than with body mass? More or less linear? 

  

 

 

 

 

 

(h) For the other two variables (hind limb length and muscle mass), would you expect to see a positive or 

negative association with takeoff velocity? Explain. Then look at scatterplots, and comment on whether 

the association is as you expected.  

  

 

 

 

 

 

 

(i) Now produce a coded scatterplot of takeoff velocity vs. body mass that uses different symbols for 

male and female cats (see Technology Detour below). Based on this graph, do you notice any 

differences between male and female cats with regard to these variables? Explain. 

 

 

 

 

 

 

 

http://www.rossmanchance.com/iscam3/glossary.html#scatterplot
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Technology Detour ς Coded Scatterplots 
 

In Multiple Variables applet  

¶ Drag the Sex variable to the Subset By box. 

In Two Quantitative Variables applet 

¶ Use Color by pull-down menu to select Sex variable. 
 

In JMP 

¶ Create the scatterplot as before.  
¶ Right-click in the plot and choose Row Legend.  
¶ Select a categorical variable from the Columns List. 
¶ Press OK . 

 

 

Study Conclusions 
These researchers reported that variation in cat maximum takeoff velocity was significantly explained 

by both hind limb length (cats with longer limbs tended to have higher takeoff velocities) and fat mass 

relative to lean body mass (cats with lower fat mass tended to have higher takeoff velocities), but not 

to extensor muscle mass relative to lean mass or fast-twitch fiber content. They explained the 

ñpervasive effectò of body mass by the increase in muscle work invested in increasing the center of 

mass potential energy as compared with kinetic energy during takeoff. 

 

Later in this chapter you will learn how they determined the statistical significance of these 

relationships. First, we will examine a numerical measure of the strength of the association between two 

variables. 

 

Practice Problem 5.6 
The dataset KYDerby26.txt contains information on each running of the Kentucky Derby since 1875. The 

speeds of the winning horses have been calculated (taking into account the change in track length in 

1896). 

(a) Produce a scatterplot of the winning speed vs. year. Describe the direction, form, and strength of the 

association in context. 

(b) Create a coded scatterplot using track condition. Discuss whether/how the association changes across 

the track conditions.

https://www.rossmanchance.com/applets/2021/multreg/multreg.html
https://www.rossmanchance.com/applets/2021/regshuffle/regshuffle.htm
https://www.rossmanchance.com/KYDerby26.txt
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Investigation 5.7: Drive for Show, Putt for Dough 

 

Some have cited ñDrive for show, putt for doughò as the oldest clich® in golf. The message is that the 

best way to improve oneôs scoring average in golf is to focus on improving putting, as opposed to, say, 

distance off the initial drive, even though the latter usually garners more oohôs and aahôs. To see 

whether this philosophy has merit, we need to examine whether there is a relationship between putting 

ability and overall scoring, and whether that relationship is stronger than the relationship between 

scoring average and driving distance. The file golfers18.txt contains the 2018 statistics (through 

September 2018, downloaded May 2019) on the top 100 PGA golfers (based on scoring), downloaded 

from http://www.pgatour.com/stats/. Three of the variables recorded include: 

¶ Scoring average: A weighted average which takes the stroke average of the field into account. It is 

computed by adding a playerôs total strokes to an adjustment, and dividing by the total rounds 

played. This average is subtracted from par to create an adjustment for each round. Keep in mind 

that in golf low scores, as measured by number of strokes, are better than high scores. 

¶ Driving distance: Average number of yards per measured drive. These drives are measured on two 

holes per round, carefully selected to face in opposite directions to counteract the effects of wind. 

Drives are measured to the point where they come to rest, regardless of whether or not they hit the 

fairway. 

¶ Putting average: On holes where the green is hit in regulation, the total number of putts is divided 

by the total holes played. 

 

(a) Do you expect the relationship between scoring average and driving distance to be positive or 

negative? Explain. 

 

 

 

 

 

(b) Do you expect the relationship between scoring average and putting average to be positive or 

negative? Explain. 

 

 

 

 

 

(c) Open the data file and examine a scatterplot of average score vs. driving distance and a scatterplot of 

average score vs. average putts. Describe each scatterplot. Do the relationships confirm your 

expectations in (a) and (b)? Does one relationship appear to be stronger than the other? If so, which? 

 

  

 

 

 

http://www.rossmanchance.com/iscam3/data/golfers18.txt
http://www.pgatour.com/stats/
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To further analyze these data, we need a numerical way of measuring the strength of the association 

between the two variables. We will do this with the correlation coefficient. 

 

The following are the above scatterplots with the ὼӶ and ώ lines superimposed.  

        
(d) For the average score vs. average putts scatterplot, in which quadrants are most of the points 

located? For the average score vs. driving scatterplot? Which scatterplot seems to have fewer points in 

the ñnon-alignedò quadrants? 

 

 

 

 

 

 

 

 

Definition : A numerical measure of the strength of a linear relationship is the correlation coefficient, 

r. 
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where  and sx are the mean and standard deviation of the explanatory variable, respectively, and  

and sy are the mean and standard deviation of the response variable. 

 

Notice that when a point (xi, yi) is in quadrant I or III, the term ὼ ὼӶώ ώ will be positive 

(standard deviations are always positive). When a point is in quadrant II or IV, this term is negative. 

Where there is a positive association, most of the points are in quadrants I and III, so the correlation 

coefficient is positive. Similarly, when there is a negative association, most of the points will be in 

quadrants II and IV, so the correlation coefficient turns out to be negative. The more observations that 

are in the ñalignedò quadrants, and the closer the points fall to a straight line, the larger the value of the 

correlation coefficient. 

 

(e) Let x represent the average number of putts and y represent the average number of strokes. Use the 

definition of the correlation coefficient above to determine the measurement units of the correlation 

coefficient r in terms of putts and strokes. 

 

 

x y

I II  

III  IV  

I 
II  

III  IV  

http://www.rossmanchance.com/iscam3/glossary.html#correlation
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(f) If the correlation coefficient between two variables equals zero, what do you think the scatterplot will 

look like? 

 

 

 

 

(g) Suppose we find the correlation coefficient of a variable with itself. Substitute xi in for yi (and so ὼӶ 
and ώ and sx for sy) in the above equation. Simplify. What is the correlation coefficient equal to? 

 

 

 

 

 

(h) Do you think the correlation coefficient will be a resistant measure of association? Explain. 

 

 

 

(i) The following scatterplots display 7 pairs of variables for these golfers. Rank these graphs in order 

from strongest negative correlation to strongest positive correlation. 

A:                 B: 

              
C:                 D: 
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E:                 F: 

  
G: 

  
 

(j) Use technology to determine the correlation coefficient for each of the above scatterplots: 

¶ In Two Quantitative Variables applet: Use the pull-down menus to change the response and 

explanatory variable pairs. Check the Correlation coefficient box. 

¶ In JMP: You can select Analyze > Multivariate Methods > Multivariate  and specify two 

columns (or more) in the Y, Columns box and press OK . The numbers are the correlation 

coefficients for that row variable and that column variable.  
  

Record the values of these correlation coefficients below: 

Strongest negative birdie conversion and putting average     

Medium negative  money and scoring average         

Weak negative   money and putting average        

No association   driving average and putting average      

Weak positive   money and driving average         

Medium positive  money and birdie average          

Strongest positive  birdie average and birdie conversion      

 

(k) Based on these correlation coefficient values and/or the definition/formula, what do you think is the 

largest value that r can assume? What is the smallest value? [Hint: Itôs not zero.] 

 

Largest:     Smallest: 

 

Strongest negative: 

Medium negative: 

Weak negative: 

No association: 

Weak positive 

Medium positive: 

Strongest positive: 
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(l) If the association is negative, what values will r have? What if the association is positive? 

 

 

(m)  What does a correlation coefficient equal to zero signify? 

 

 

(n) What does a correlation coefficient close to 1 or -1 signify? 

 

 

 

 

(o) Which has a stronger correlation coefficient with scoring average: driving distance or average putts? 

Does this support the cliché? Explain. 

 

 

 

 

 

 

Study Conclusions 
The correlation coefficient for scoring average and average putts indicates a moderately strong 

positive linear association (r = 0.516) whereas the correlation coefficient for scoring average and 

driving indicates a weaker negative association (r = ῐ0.321). This appears to support that putting 

performance is more strongly related to a PGA golferôs overall scoring average than the golferôs 

driving distance, as the cliché would suggest. We must keep in mind that these data are only for the 

first 2.5 months of the season (when most golfers have played only around 6ï8 events) and may not 

be representative of the scores and money earnings later in the year. 

 

Discussion: The correlation coefficient, r, provides a measure of the strength and direction of the linear 

relationship between two variables. This is a unitless quantity which has the advantage that it will be 

invariant to changes in scale (if we started looking at money in British pounds instead of American 

dollars, our measure of the strength of the relationship will not change) or if we reverse which we call 

the explanatory and response variables. A value of r close to zero indicates that the variables do not have 

a strong linear relationship. However, this does not preclude them from having a very strong but non-

linear relationship. A scatterplot should be examined before interpreting the value of r. If the 

relationship is not linear, there are alternative measures of the strength of the association that can be 

used or the variables can be transformed and the transformed variables analyzed instead. If the 

relationship is linear, a correlation coefficient close to 1 or -1 indicates a very strong relationship. The 

values of r form a continuum: as the linear association becomes weaker, the value of r becomes closer to 

zero. 

 

The correlation coefficient will always be a number between -1 and 1, inclusive. It will obtain the value 

of -1 or 1 if the points fall along a perfect line (with negative or positive slope, respectively). 
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Applet Exploration: Correlation Guessing Game 
 

Open the Guess the Correlation applet.

 

(a) Leave the number of points set to 25 and press 

New Sample. The applet will display a 

scatterplot. Guess the value of the correlation 

coefficient in this scatterplot and enter this guess 

into the ñCorrelation guessò box. Then press the 

Check Guess button.  

 

How close was your guess? Were you surprised 

by the actual value? In what way? How might 

you guess differently the next time?  
 

 

 

 

 

(b) Press the New Sample button, enter your guess for the value of the correlation coefficient for this 

scatterplot, and press Enter. Describe how close you were and what adjustments you might make in 

your thinking. 

 

 

 

 

(c) Repeat this process for a total of 10 scatterplots (you do not need to record your results but you 

should try to learn from the reveal of the actual values as you make your guesses). Do you think your 

guessing ability improved by the last scatterplot? Explain. 

 

 

 

 

 

(d) Check the Track Performance box. The first graph is ñGuess vs. Actualò graph with the (y = x) line 

shown. Describe the behavior of the relationship between your guesses and the actual values of the 

correlation coefficients. Is there a strong correlation between your guesses and the actual values? Does 

this mean you are a good guesser? Explain. 

 

 

 

 

 

(e) The next graph is the ñError vs. Actualò graph. Describe the behavior of the relationship between 

your errors and the actual values of the correlation coefficients. Were some correlation coefficients 

easier for you to guess than others? Use this graph to justify your answer. 

 

http://www.rossmanchance.com/applets/GuessCorrelation.html
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(f) The last graph is the ñError vs. Trialò graph. Describe the behavior of the relationship between your 

errors and the order in which you saw the graphs. Did your ability seem to improve over time? Use this 

graph to justify your answer. 

(g) Suppose you guessed every value correctly; what would be the value of the correlation coefficient 

between your guesses and the actual correlations?  

 

 

 

 

 

(h) Suppose each of your guesses was too high by 0.2 from the actual value of the correlation 

coefficient. What would be the value of the correlation coefficient between your guesses and the actual 

correlations?  

 

 

 

 

 

(i) Does a correlation coefficient equal to 1 necessarily imply you are a good guesser? Explain. 
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Practice Problem 5.7A 
Suppose that we record the midterm exam score and the final exam score for every student in a class. 

What would the value of the correlation coefficient be if every student in the class scored: 

(a) Ten points higher on the final than on the midterm? 

(b) Five points lower on the final than on the midterm? 

(c) Twice as many points on the final exam as on the midterm? 

Explain your answer in each part. [Hint: You might first want to draw yourself a scatterplot of 

hypothetical data that fit the stated conditions.] 

 

 
Practice Problem 5.7B 
(a) The following scatterplots look at the relationships between house prices and four other variables. 

How does the strength of the linear relationship between price and square footage compare to the 

strength of the relationships in the first 3 graphs? 

 

 
(b) The correlations for these four graphs are 

 0.284, 0.394, 0.649, 0.760 

Which correlation coefficient do you think corresponds to which graph? Explain your reasoning. 

(Note: Each graph has the same number of houses, but you may have multiple houses indicated by an 

individual dot.) 
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Investigation 5.8: Height and Foot Size 

 

Criminal investigators often need to predict unobserved characteristics of individuals from observed 

characteristics. For example, if a footprint is left at the scene of a crime, how accurately can we estimate 

that personôs height based on the length of the footprint? To investigate this possible relationship, data 

were collected on a sample of students in an introductory statistics class. 

 

(a) Identify the observational units, explanatory variable, and response variable in this study. 

 

 Observational units: 

 

 Explanatory variable: 

 

 Response variable: 

 

Below are the heights (in inches) of 20 students in a statistics class: 

74   66   77   67   56   65   64   70   62   67   66   64   69   73   74   70   65   72   71   63 
 

Predicting Heights  
(b) If you were trying to predict the height of a statistics student based on these observations, what value 

would you report? 

 

 

(c) Using the method in (b), would you always predict a statistics studentôs height correctly?  

 

 

 

Definition: A residual is the difference between the predicted value and the observed value. If we let 

yi represent the i th observed value and ώ represent the predicted or ñfittedò value, then  

 residuali = yi ï ώ 

 

(d) The table below shows the residuals for each of the above heights if we use the mean height, 67.75 

inches, as the predicted value for each person. Calculate the last two residuals to complete the table.  
   

Height 74 66 77 67 56 65 64 70 62 67 

Residual 6.25 -1.75 9.25 -.75 -11.75 -2.75 -3.75 2.25 -5.75 -.75 

Height 66 64 69 73 74 70 65 72 71 63 

Residual -1.75 -3.75 1.25 5.25 6.25 2.25 -2.75 4.25 
  

 

How often did we overestimate? How often did we underestimate? 
 

 

(e) How does the observed value compare to the predicted value when the residual is positive? How 

about when the residual is negative?  

 

http://www.rossmanchance.com/iscam3/glossary.html#residual
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(f) How might you combine the residuals to measure the overall prediction error for these 20 students?  

 

 

 

(g) Calculate the sum of the residuals from (d). Explain why taking the sum of residuals is not a useful 

way to measure overall prediction error. 

 

 

 

(h) Show mathematically that the sum of residuals from the sample mean for any dataset equals zero. In 

other words, show that ä
=

-
n

i

i yy
1

)( = 0. 

 

 

 

 

 

 

 

(i) Suggest two ways to get around the problem revealed in (g) and (h). In other words, suggest 

something related to but different from summing residuals to use as a useful measure of overall 

prediction error. 

 

 

 

 

(j) Suppose that you want to use a single number (call it m) for predicting height. Use calculus to 

determine m, as a function of the data yiôs, to minimize the sum of squared residuals from that 

prediction. [Hints: You are choosing m to minimize ä
=

-=
n

i

i myS
1

2)( . Take the derivative with respect 

to m, set it equal to zero, and solve for m.] Interpret your answer for m. 

 

 

 

 

 

 

 
 
 
 
 
 

The Excel Exploration after this investigation asks you to consider minimizing other criteria, such as the 

sum of absolute residuals.  
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Predicting Heights from Footlengths 
To see whether we can make better predictions of height by taking foot length into account, consider the 

following scatterplot of the height (in inches) and foot length (in centimeters) for the sample of 20 

statistics students. 

 
(k) Describe the association between height and foot length exhibited in this scatterplot. Is the 

association what you would have expected? Explain. 

 

 

 

 

 

Open the Analyzing Two Quantitative Variables applet to see the 

scatterplot of the 20 studentsô height and foot measurements. Check 

the Show Movable Line box to add a blue line to the scatterplot. The 

equation for this initial line, 
^

height = 67.75 + 0 footlength, predicts 

the same height for all 20 students as you did in (d). (Note: the ñhatò 

over height indicates that the equation gives values for predicted 

height.) 

  
If you now place your mouse over the green square on one of the ends of the line and drag, you can 

change the slope of the line. You can also use the mouse to move the green square in the middle of the 

line up and down vertically to change the intercept of the line. 

 

(l) Move the line until you feel your line ñbestò summarizes the relationship between height and foot 

length for these data. Write down the final equation for your line. [Hint: Use good statistical notation, 

which means to use variables names (not generic x and y) and to put a ñhatò over the response variable 

to indicate prediction.] 

 

 

 

(m) Did everyone in your class obtain the same line/equation? 

 

r = .711 

http://www.rossmanchance.com/applets/RegShuffle.htm
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(n) Does your line provide a better fit than your neighborôs? Suggest a criterion for deciding which line 

ñbestò summarizes the relationship. 

 

 

 

 

 

(o) Check the Show Residuals box to visually represent these residuals for your line on the scatterplot. 

The applet also reports the sum of the absolute residuals (or SAE, the sum of absolute errors). Record 

this SAE value for your line. What is the best SAE in the class? (Does ñbestò correspond to the smallest 

or the largest value of SAE?) 

 

 

 

 

 

 

(p) A more common criterion for determining the ñbestò line is to instead look at the sum of the squared 

residuals (or sum of squared errors, SSE). Check the Show Squared Residuals box to visually represent 

them and to determine the SSError value for your line. What is the best SSError in the class? 

 

 

 

 

(q) Continue to adjust your line until you think you have minimized the sum of the squared residuals. 

Report your new equation and new SSError value. 

 

 

 

(r) Now check the Show Regression Line box to determine and display the equation for the line that 

actually does produce the smallest possible sum of squared residuals. Report its equation and SSError 

value. Did everyone obtain the same line/equation this time? How does it compare to your line? (You 

can also display the residuals and the squared residuals for this line.) 

 

 Equation: 

 

 SSE: 

 

 Comparisons: 

 

 

Definition : The line that minimizes the sum of squared residuals is called the least squares line, or 

simply the regression line, or even the least squares regression line. 

 

(s) Suggest a technique for determining (based on the observed data xiôs and yiôs) the values of the slope 

and the intercept that minimize the SSE. 

http://www.rossmanchance.com/iscam3/glossary.html#leastsquares
http://www.rossmanchance.com/iscam3/glossary.html#regressionline
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Least Squares Regression Line: Derivation of Coefficients 
The least squares line yĔ = b0 + b 1x is determined by finding the values of the coefficients b0 and b1 that 

minimize the sum of the squared residuals, ὛὛὉ ɫώ ώ  ɫ ώ ὦ ὦὼ . 

(t) Take the derivative with respect to b0 of the expression on the right. Then take the derivative of the 

original expression with respect to b1. [Hints: Use the chain rule, and remember to treat the data values 

xiôs and yiôs as constants.] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(u) Set these (partial) derivatives equal to zero and solve simultaneously for the values of b0 and b1. 

[Hints: Solve the first equation for b0. Then solve the second equation for b1 (substituting in the 

expression for b0 using the summation notation).] 

 

 

 

 

 

 

 

 

 

 

 

 

 

http://www.rossmanchance.com/iscam3/glossary.html#regline
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You should have found expressions equivalent to the following. 
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With a little bit more algebra, you can show that the formulas for the least squares estimates of the 

intercept coefficient b0 and slope coefficient b1 simplify to: 

 b0 = y  - b1  

 b1 = r sy/sx 

 

(v) For the sample data on studentsô foot lengths (x) and heights (y), we can calculate these summary 

statistics: ὼӶ = 28.5 cm, sx = 3.45 cm, ώ = 67.75 in and sy = 5.00 in, with r = 0.711. Use these statistics 

and the formulas above to calculate the coefficients of the least-squares regression line. Confirm that 

these agree with what the applet reported for the equation of the least squares line. 

 

 

 

 

 

  

 

(w) Use this least-squares regression line to predict the height of a person with a 28 cm foot length. Then 

repeat for a person with a 29-cm foot length. Calculate the difference in these two height predictions. 

Does this value look familiar? Explain. 

 

 

 

 

 

 

(x) Provide an interpretation of the slope coefficient (b1) in this context. 

 

 

 

 

 

(y) Provide an interpretation of the intercept coefficient (b0) in this context. Is such an interpretation 

meaningful for these data? Explain. 

 

 

 

 

Discussion: The slope coefficient of 1.03 indicates that the predicted height of a person increases by 

1.03 inches for each additional centimeter of foot length. In other words, if one personôs foot length is 

one cm longer than anotherôs, we predict this person to be 1.03 inches taller than the other person. 

x
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Notice we are being careful to talk about the ñpredictedò change or ñaverageò change, because these are 

estimates based on the least squares line, not an exact mathematical relationship between height and foot 

length. The intercept coefficient can be interpreted as the predicted height for a person whose foot length 

is zero ï not a very sensible prediction in this context. In fact, the intercept will often be too far outside 

the range of x values for us to seriously consider its interpretation. 

 

(z) Use the least squares regression line to predict the height of someone whose foot length is 44 cm. 

Explain why you should not be as comfortable making this prediction as the ones in (w). 

 

 

 

 

 

Definition:  Extrapolation refers to making predictions outside the range of the explanatory variable 

values in the data set used to determine the regression line. It is generally ill-advised. 

 

Evaluating the model 
One way to assess the usefulness of this least-squares line is to measure the improvement in our 

predictions by using the least-squares line instead of the ώ line that assumes no knowledge about the 

explanatory variable. 

 

(aa) In the applet, uncheck and recheck the Show Movable Line box. Check the Show Squared 

Residuals box to determine the SSError if we were to use ώ as our predicted value for every x (foot 

size). Record this value. 

 

   SSError (ώ) = 

 

(bb) Recall the SSError value for the regression line. Determine the percentage change in the SSError 

between the ώ line and the regression line: 

 

100%³[(SSError (ώ) - SSError (least-squares))/SSError (ώ)] =  

 

Definition:  The preceding expression indicates the reduction in the prediction errors from using the 

least squares line instead of the y line. This is referred to as the coefficient of determination, 

interpreted as the percentage of the variability in the response variable that is explained by the least-

squares regression line with the explanatory variable. This provides us with a measure of how 

accurate our predictions will be and is most useful for comparing different models (e.g., different 

choices of explanatory variable). The coefficient of determination is equal to the square of the 

correlation coefficient and so is denoted by r2 or R2 (and is often pronounced ñr-squared.ò) 

 

Another measure of the quality of the fit is s, the standard deviation of the residuals. This is a measure of 

the unexplained variability about the regression line and gives us an idea of how accurate our 

predictions should be (the actual response should be within 2s of the predicted response). If s is much 

smaller than the variability in the response variable (sy) then we have explained a good amount of 

variability in y. Most statistical packages report s, or it can be found from ὛὛὉὶὶέὶȾὲ ς. 

http://www.rossmanchance.com/iscam3/glossary.html#extrapolation
http://www.rossmanchance.com/iscam3/glossary.html#r2
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(cc) Determine and interpret the value of s for these data. [What are the units?] 

 

 

 

 

Study Conclusions 
There is a fairly strong positive linear association between the foot length of statistics students and 

their heights (r = 0.711). To predict heights from foot lengths, the least-squares regression line is  

ὬὩὭὫὬὸǶ σψȢσ ρȢπσ Ὢέέὸ. This indicates that if one personôs foot length measurement is one 

centimeter longer than another, we will predict that personôs height to be 1.03 inches taller. This 

regression line has a coefficient of determination of 50.6%, indicating that 50.6% of the variability in 

heights is explained by this least squares regression line with foot length. The other 49.4% of the 

variability in heights is explained by other factors (perhaps including gender) and also by natural 

variation. So although the foot lengths are informative, they will not allow us to perfectly predict the 

heights of the students in this sample. The value of s is 3.61 inches, meaning we should be able to 

predict a personôs height within 3.61 inches based only on the size of his or her foot. 

 

Technology Detour ς Determining Least Squares Regression Lines 
 

In JMP 

¶ Create the scatterplot (Analyze > Fit Y by X). 

¶ From the Bivariate hot spot, click Fit Line.  

¶ From the hot spot beside Linear Fit  select Save Residuals. (A column of the residual values will 

appear in your data table.) 

¶ To store the predicted values, select Save Predicteds. Note that this column is created and saved 

in your table using a Formula (view the equation for the regression line in the Formula box). 

¶ Add Rows to your table and enter with new X values to find predictions for new data. 

 
Practice Problem 5.8  
For the Cat Jumping data set from Investigation 5.6: 

(a) Calculate and interpret the correlation coefficient between velocity and body mass. 

(b) Square the correlation coefficient to obtain r2. Interpret the coefficient of determination in context. 

(c) Determine and interpret the slope of the least squares regression line. 

(d) Determine and interpret the intercept of the least squares regression line. Explain what this value 

might signify in this context. 

(e) Determine and interpret the value of s. 
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Applet Exploration: Behavior of Regression Lines 
 

Open the Analyzing Two Quantitative Variables applet. Recall the 20 observations are height and foot 

length for a sample of statistics students. 

 

(a) Check the Show Regression Line box. Does the regression line appear to do a reasonable job of 

summarizing the overall linear relationship in these data observations? 

 

 

(b) If we were to add an observation with height 60 in and foot length 35 cm, predict whether, and if so 

how, the regression line will change. 

 

 

 

 

(c) Check Show data options and enter these coordinates (x = 35, y = 60) to add an observation. Press 

the Add button. Report the new regression equation. 

 

 

(d) Check the Move observations box. Click on this new observation (it should change color) and hold 

the mouse button down and move the mouse vertically in both directions to change the y value of the 

observation (try hard not to change the x value). The applet automatically recalculates the new 

regression line depending on the new location of the point. Is it possible to make the regression line have 

a negative slope? Does the regression line appear to be affected by the location of this point? Is the 

impact strong or weak? Does this match your prediction? 

 

 

 

 

(e) Delete this new point and/or press the Revert button to return to the original data set. Now focus on 

the point located at (29, 65). If we move this point vertically, predict how the regression line will 

change. Do you think the change will be as dramatic as in (d)? 

 

 

 

 

(f) Repeat (d) using the point located at (29, 65). Does the regression line appear to be affected by the 

location of this point? Is the impact strong or weak (especially compared to the impact you witnessed in 

(d))? 

 

 

 

(g) Which point was more influential on the equation of the regression line: (35, 60) or (29, 65)? Suggest 

an explanation for why the point you identified is more influential, keeping in mind the ñleast-squares 

criterion.ò 

 

http://www.rossmanchance.com/applets/RegShuffle.htm


Ò Chance/Rossman, 2026 ISCAM IV Applet Exploration 

 

 
365 

Excel Exploration: Minimization Criteria 
 
Another way to get around the problem revealed in (g) and (h) of Investigation 5.8, that the sum of 

residuals from the mean always equals zero, is to examine the sum of the absolute deviations. 

 

(a) Using your results in the table in question (d) of Investigation 5.8, calculate the sum of the absolute 

values of the residuals, using the mean height as the predicted value.  

 

 

 

Letôs investigate whether there is a better number (call it m) than the mean to use for predicting height, 

in order to minimize our prediction errors. In general, this sum of absolute residuals (or SAE, sum of 

absolute errors) can be written: 

ä
=

-=
n

i

i mySAE
1

 

The problem with using the SAE is that it is not easily differentiable, so we cannot use calculus to 

determine the optimal value for m. Instead, we will use Excel to explore the behavior of SAE as a 

function of m. We will look for the value of m that minimizes SAE. 

 

(b) Open the Excel spreadsheet document Heights.xls. Notice that the 20 heights are in column A 

(sorted), and column B contains candidates for m from 65 to 70, in increments of 0.01. Click on cell C2, 

and notice that it contains a formula for SAE(m), which refers to the data values in column A and to the 

value of m from B2 (namely, m = 65 in that cell). Use Excelôs ñfill downò feature to calculate the values 

of SAE(m) for the remainder of column C. [Hint: You can do this in one of several ways: With the C2 

cell selected, double click on the box in the lower right corner, or pull the right corner of the highlighted 

C2 cell down to the end of the column, or highlight C2 and the cells to be filled and choose Edit> Fill> 

Down.] Confirm that the SAE value for the sample mean (67.75) agrees with what you calculated in (a). 

 

 

 

 

(c) To produce a graph of SAE as a function of 

m: Highlight columns B and C. Choose Insert > 

Scatter and then choose the first option in the 

second row (Scatter with Smooth Lines) to 

construct a graph of this function. 

 

 

 

 

[Hint: After you create the graph, you may want 

to change the x-min and x-max values by double 

clicking on the horizontal axis and changing the 

Minimum and Maximum under Axis Options.] 

 

http://www.rossmanchance.com/iscam2/data/Heights.xls
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Reproduce a rough sketch of this graph below, and comment on the shape of this function. Does it seem 

to follow a familiar form, such as linear or parabolic or exponential? Explain. 

 

 

 

 

 

(d) Does there seem to be a unique value of m that minimizes this SAE(m) function? If so, identify it. If 

not, describe all values of m that minimize the function. Also report the value of the SAE for this 

optimal value of m. [Hint: Search through the entries in column C to find the smallest value, and then 

read off the corresponding value in column B.] 

 

 Optimal m =      SAE at the optimal m =  

 

(e) Look through the sorted heights in column A. What do you notice about where this optimal value of 

m is located in the list of sorted heights? Does this remind you of a familiar statistic? 

 

 

 

 

(f) Suppose the tenth largest height (in row 11) had been 66 inches instead of 67. Make this change to 

the spreadsheet (cell A11), and note that the graph of the SAE function is updated automatically. Now is 

there a unique value of m that minimizes this SAE(m) function? If so, identify it. If not, describe all 

values of m that minimize the function, and also report the (optimal, minimum) value of the SAE. 

 

 Optimal m =      SAE at the optimal m =  

 

(g) Return the tenth largest height back to 67 inches. Now suppose the tallest person in the sample had 

been 80 inches tall instead of 77. Make this change to the spreadsheet (cellA21) and note how the graph 

of the SAE function changes. Also report the value of the SAE. 

 

 Optimal m =      SAE at the optimal m =  

 

(h) Based on these findings, make a conjecture as to how one can determine, from a generic set of 20 

data values, the value that minimizes the sum of the absolute prediction errors from the data values. 

 

 

 

 

(i) Consider a new minimization criterion: mean absolute error (MAE) criterion, which divides the SAE 

value by the number of observations. How would the MAE(m) function compare to the SAE(m) 

function? Would its minimum be achieved at the same value(s) of m? Explain. 
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Discussion: You should have found that the SAE function is piecewise linear. In other words, the 

function itself is not linear, but its component pieces are linear. In this case the function changes its 

slope precisely at the data values. The SAE function (and MAE function) are minimized at the median 

of the data and also at any value between (and including) the two middle values in the dataset (the 10th 

and 11th values in this case with n = 20 values). It is a convenient convention to define the median as the 

average (midpoint) of those two middle values. The MAE has a bit more natural interpretation ï the 

average deviation of the values in the data set from the value of m. 

 

Another criterion is to find the value of m that minimizes the sum of the squared deviations. 

 

(j) Recall from (j) of Investigation 5.8 the value of m that minimizes the sum of the squared prediction 

errors. Report this value of m for the height data. 

 

 

(k) Make sure that the data values in column A are back to their original values. Then click on cell D2 in 

the Excel spreadsheet, and notice that it gives the formula for the SSError (sum of squared errors) 

function. Fill this formula down the column and create a second graph to display the behavior of this 

function. [Hints: Click on column B and then hold the mouse down when you click on column D to 

highlight just those two columns before you insert the graph. You will probably want to double click on 

the y-axis scale to change its minimum value.] Does this function have a recognizable form, such as a 

polynomial? What is its shape? At what value of m is the function minimized? Does this value look 

familiar? 

 

 

 

 

 

 

(l) Suppose there had been a clerical error in entering the height of the tallest student. Change the height 

of the tallest student from 77 inches to 770 and investigate the effect on the SSError function. Has the 

value of m that minimizes SSError changed? By how much? How does this compare to the effect of this 

clerical error on the SAE function and where it is minimized? 

 

 

 

 

 

 

Discussion: Although the SAE criterion would be more resistant to outliers, it does not always lead to a 

unique minimum (e.g., an even number of data values where the values of the middle pair are not equal). 

This has led to the more common criterion of least squares. 

 

See the exercises for investigating additional minimization criteria, such as the median of absolute errors 

and maximum of absolute errors. 
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Investigation 5.9: Money-Making Movies 

 

Is there a tendency for movies that garner better audience reviews to also earn more money at the box 

office? The TopTenMovies.txt data file contains the world-wide movie gross, adjusted to be in 2015 

dollars, for each movie, along with the IMDB rating (Source: https://www.crowdflower.com/data-for-

everyone/) 

 

(a) Identify the observational units in this study. Also identify the explanatory and response variables, 

and classify them as categorical or quantitative. 

 

 Observational units: 

 

 Explanatory: 

 

 Response: 

 

(b) Produce a scatterplot to determine whether the IMDB rating appears to help predict the box office 

income (adjusted). Describe the relationship between the two variables as exhibited in the scatterplot. 

 

 

 

 

 

 

(c) Identify the two or three points that you believe have the largest (in absolute value) residuals. Identify 

these movies by name. 

¶ In Two Quantitative Variables applet: You can mouse-click on an observation to reveal the row 

number. (You can also make movie the Color by variable and then mouse-click.) 

¶ In JMP: Drag your mouse in the scatterplot to highlight the block of points. The rest will grey out. These 

observations will now be highlighted in the Data window. Use the Escape button in the Data window to 

unselect. 
 

What does it mean for these movies to have such large residuals? 

 

 

 

 

(d) Determine, report, and interpret the value of the correlation coefficient. 

 

 

 

(e) Use technology to determine the least squares regression line for predicting the box office gross from 

the IMDB rating. Report the equation for this line. Also interpret the slope and intercept of this line in 

context (see below). 

 

 Equation of line: 

https://www.rossmanchance.com/iscam3/data/TopTenMovies.txt
https://www.crowdflower.com/data-for-everyone/
https://www.crowdflower.com/data-for-everyone/
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 Interpretation of slope: 

 

 Interpretation of intercept: 

 

 

The slope is rather small because the dollar amounts are so large. One way to improve the presentation 

of the results is to work with the response variable in millions of dollars.  

 

(f) Rescale the response variable to be in millions of dollars and repeat your analysis (scatterplot, 

correlation coefficient, regression line). How was the behavior of the scatterplot changed? The 

correlation coefficient? How have the slope and intercept changed? Could you have predicted these 

changes? 

 

 

 

(g) Report the values of r2 and s, and provide interpretations in this context. 

 

 

 

 

 

Create a coded scatterplot, with different regression lines for each MPAA rating (rating). 

 

Technology Detour ς Creating a Coded Scatterplot (with Separate Lines) 
 

In JMP 

¶ Choose Graph > Graph Builder  

¶ Draw adjusted to the Y axis and imdb_rating to the X axis. 

¶ Select the 3rd icon to display the regression line.  

¶ Uncheck the box for Confidence of Fit. 

¶ Drag the ñMPAAratingò variable to the Overlay box. 

 

 

 

In Multiple Variables applet (or the Two Quantitative Variables applet for the color-coded graph 

alone) 

¶ Copy and paste the columns and press Use Data. 

¶ Drag adjusted to the Response box and imdb_rating to the Explanatory box. Drag MPAArating 

to the Subset by box. 

¶ Check the Show Equation box. 

¶ You can also check the box for separate graphs. 

 

(h) Describe what this coded scatterplot reveals about whether the relationship between box office 

income and IMDB ratings differs across the various MPAA rating categories. In particular, does any 

rating category tend to have higher box office values than you would expect for the score they received 

from IMDB reviewers? Is there a rating category tending toward lower box office revenues than 

expected? Explain. 

 

http://www.rossmanchance.com/applets/2021/multreg/multreg.html
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(i) Repeat (h) using the primary movie genre (e.g., comedy) as the categorical variable (Genre_1). 

Summarize what you learn. 

 

 

 

(j) In analyzing these movies, the researchers also looked at the data set after removing the 2 movies that 

earned more than $2 billion. Subset the data (e.g., Investigation 2.1) and then examine the scatterplot, 

correlation coefficient, and least-squares regression line for predicting the movie income from the IMDB 

ratings for these data.  

 

 New correlation coefficient:   New least-squares regression line: 

 

(k) Describe the effect of removing these 2 movies from the analysis. 

 

 

 

 

Definition:  An observation or set of observations is considered influential if removing the observation 

from the data set substantially changes the values of the correlation coefficient and/or the least squares 

regression equation. Typically, observations that have extreme explanatory variable outcomes (far 

below or far above ὼӶ) are potentially influential. To measure the influence of an observation, it is 

removed, and measures are calculated for how much the summary results change. It is not always the 

case that the points with the largest residuals are the most influential. 

In this example you should have seen that removing those two movies does not noticeably impact the 

analysis results because they are not extreme in the x direction. 

 

 

Study Conclusions  
There does appear to be a weak relationship between the IMDB ratings and the amount of money the 

movie makes at the box office, with higher rated movies tending to make more money. If the IMDB 

rating increases by 1 point (out of 10), we predict the movie will make about 110 million more 

dollars. There are 2 clear outliers in terms of revenue (Avatar and Titanic) but they are not influential 

in the regression analysis. It is interesting that this model tends to underpredict revenues for PG-13 

movies and overpredict revenues for R-rated movies, and that R-rating movies donôt seem as 

ñimpactedò by IMDB review scores. A next step in this analysis might be to collapse the number of 

Genre categories (e.g., combining Adventure, Animation, Fantasy categories, to see whether there is a 

tendency to underpredict their revenues). 

 
Practice Problem 5.9A 
Reconsider the idea of influential observations: 

(a) Which do you think will be more resistant to outliers, the regression line that minimizes the sum of 

squared errors or the regression line that minimizes the sum of the absolute errors? Explain. 

(b) Investigate your conjecture using the Analyzing Two Quantitative Variables applet. Write a short 

paragraph summarizing your analysis and your observations. 

 

http://www.rossmanchance.com/iscam3/glossary.html#influential
http://www.rossmanchance.com/applets/RegShuffle.htm
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Practice Problem 5.9B 
Repeat the analysis for the movie data using the Rotten Tomato scores (rt_score) to predict world-wide 

revenue. Summarize how the results compare. 

 

 

 
 
Section 5.3 Summary 
 

In this section you considered the association between two quantitative variables. Because this was your 

first encounter with this type of analysis scenario, we returned to several themes from Chapter 1, 

including starting with graphical displays and numerical summaries. You learned that the relevant 

graphical display for describing the association between two quantitative variables is a scatterplot, and 

that some features to look for in a scatterplot are the direction, strength, and linearity of the association. 

The most common numerical summary of a linear association is the correlation coefficient, and you 

studied some properties of this measure. Then you turned your attention to fitting a linear model to the 

data, useful for predicting the value of the response variable based on an explanatory variable outcome. 

You studied the least squares criterion for determining this regression line and derived the equations for 

estimating the coefficients from sample data. With the regression line in hand, you can make predictions 

for the response variable outcome based on the explanatory variable value. Just keep in mind that these 

predictions should be made only for x values within the range of the original data (and not extrapolating 

beyond the original explanatory variable values). Finally, you examined properties of regression lines, 

such as the coefficient of determination, which reveals how much of the variability in the response 

variable is explained by the regression line, and influential observations, which have substantial effect 

on the regression line and typically arise from observations with extreme explanatory variable values. 
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SECTION 4: INFERENCE FOR REGRESSION 

 
In the previous section you learned graphical and numerical techniques for describing the relationship 
between two quantitative variables, namely scatterplots and correlation coefficients. You also learned a 
method for fitting a linear model to predict the value of one quantitative variable from another. But you 
only described sample data in the previous section. In this section, you will again make the transition to 
inference: what can we conclude about a larger population or about the statistical significance of the 
association based on the sample results?  

 

Investigation 5.10: Running Out of Time 

Many communities offer racing events for amateur runners, such as 5K (approximately 3.1 miles) races. 

At the end of the event, awards are often given out to runners with the fastest times, often to the top three 

finishers in different age groups. But does running time really change with age for amateur runners? To 

investigate this, one of the authors downloaded the race results for a local 5K race in May 2013 

(Talley5K2013.txt). Data for 248 runners included age (in years) and finish time (in minutes). 

 

(a) Identify the explanatory and response variables for this research question. 

 

 EV:        RV:  

 

(b) Do you expect the relationship between finish time and age to be positive or negative? Do you expect 

it to be linear (which implies what)? Do you think the association between these variables will be 

statistically significant? 

 

 Direction: 

 

 Form: 

 

 Significance: 

 

(c) Use technology to produce a scatterplot of finish time vs. age. [You can copy the data into Excel, 

using Data > Text to Columns and delimiting by spaces, and then copy the last two columns (age, time) 

into the Analyzing Two Quantitative Variables applet, using age as the explanatory variable.] Do you 

want to change any of your answers to (b) in light of this graph? Also discuss any other unusual features 

of the data. 

 

 

 

 

 

(d) Remove the outlier from the data window (the name was a duplicate and the time was later dropped 

from the official published results, row #248), press Use Data again, and determine the least-squares 

regression equation for predicting finish time from age. Interpret the slope coefficient in context.  

 

 

 

 

http://www.rossmanchance.com/iscam2/data/Talley5K2013.txt
http://www.rossmanchance.com/applets/RegShuffle.htm
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(e) Suppose we consider the remaining 247 runners to be a random sample from some larger population. 

Is it possible that there is no association between age and finishing time in this larger population, but we 

just happened to find such an association in this sample? How might we investigate how plausible this 

explanation is? 

 

 

 

 

 

 

Terminology Detour 
To differentiate between the population regression line and the sample regression line, we will 

continue to use b0 and b1 to denote the sample statistics for the intercept and slope, respectively (or 

alternatively ‍ and ‍). The corresponding population parameters will be denoted by ‍ and ‍. 
 

 

(f) If there were no relationship between time and age in the population, what would this imply about the 

value of the population slope? State null and alternative hypotheses to reflect the research question that 

5K runner finishing times change with age. (Do you think they will increase or decrease?) 

 

 

 

 

We now want to assess the statistical significance of the association between variables in this sample. 

Following our usual logic, we will approach this question by assessing how unusual it would be to obtain 

a sample slope coefficient of b1 = 0.140 (or more extreme) with a random sample of 247 runners from a 

population with no association between the variables (i.e., with a population slope coefficient of b1 = 0). 

We will do this by creating such a population and repeatedly taking random samples from it, calculating 

the sample slope each time. 

 

First, letôs think about what we want this population to look like. 

 

(g) Determine the sample mean and standard deviation of the remaining individual variables in our 

sample (In the applet, you can check the Show descriptive box in the bottom left corner): 

Finish time Mean = Standard deviation = 

Age Mean =  Standard deviation = 

 

Also check the box to reveal the value of s from the regression model (ὛὛὉȾὲ ς)  

 

Regression SE =     

 

So one approach is to create a population that has similar characteristics as this sample, but with a 

population slope coefficient of zero.  
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Technical note: You also want to think about whether you want to model random sampling from a 

bivariate population, or random sampling of finishing times at each age. We will start with the first 

approach, but classical regression theory (Investigation 5.12) assumes the second. 

 

In the Analyzing Two Quantitative Variables applet, check the Design Population box in the bottom 

left corner. Use the pull-down menu to select the Bivariate structure for the population (assumes normal 

distributions for both the explanatory and response variables). We will create a population of runners 

where there is no relationship between finish time and age. To match the above context: 

¶ Use the mean of the time variable, 32.36, as the 

population intercept. Because we are forcing b1 = 0, 

this says that the population regression line is constant 

at ώ = 32.36 minutes. 

¶ Use the x mean and x standard deviation to match 

the values you found in (g) for age after removing the 

outlier. 

¶ Use the standard error of the residuals as sigma, 

representing the variability about the population 

regression line (should be smaller than the SD(Y) you 

found in (g)). 

¶ Press the Create Population button.  

 

 
Note: These values should appear in 

the applet when you check Create 

Population if you had pasted in the 

sample data first. 

 

So the population of 20,000 runners we are creating here mostly matches the characteristics of the 

observed sample data. The key difference here is that we are assuming the population slope is equal to 

zero. 

 

(h) Check the Show Sampling Options box and set the sample size to be 247, choose the Slope as the 

statistic, and press the Draw Samples button. Make sure Show Regression Line is checked on the left 

and record the Most Recent Regression Line equation displayed in blue. Did you obtain the same sample 

regression line as from the observed race results (check the ñShow Original Regression Lineò box) or as 

in the hypothesized population (in light blue)? 

 

 

 

 

(i) Press the Draw Samples button again to get a new sample regression line (in blue, the previous turns 

grey). Did you obtain the same sample regression line as in (h)? 

 

 

 

Discussion: These questions reveal once again the omnipresent phenomenon of sampling variability. 

Just as you have seen that the value of a sample mean varies from sample to sample, the value of a 

sample proportion varies from sample to sample, and the value of a chi-squared statistic varies from 

sample to sample, now you see that the value of a sample regression line also varies from sample to 

sample. Once again we can use simulation to explore the long-run pattern of this variation, 

approximating the sampling distribution of the sample slope coefficient. 

http://www.rossmanchance.com/applets/RegShuffle.htm
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(j) Change the Number of Samples from 1 to 20. Press the Draw Samples button five times. Describe 

the pattern of variation that you see in the simulated regression lines. 

 

 

 

(k) Now change the number of samples to 1000 and press the Draw Samples button. Describe the 

shape, mean, and standard deviation of the null distribution of sample slopes.  

 

 Shape: 

 

 Mean:     Standard deviation:  

 

(l) Is the mean of this distribution of sample slopes roughly what you expected? Explain. 

 

 

 

 

(m) Now change the value of sigma from 8.265 to 4.29 and press Create Population. How does this 

change the scatterplot?  

 

 

 

(n) How do you think this will change the behavior of the distribution of sample slopes? (shape, center, 

variability) 

 

 

 

 

(o) Press the Draw Samples button. Was your conjecture in (n) correct? Be sure to comment on shape, 

center, and variability of the null distribution. 

 

 

 

 

 

(p) Change the value of sigma back to 8.265 (and press Create Population) but now change the value 

of x std from 16.849 to 8.45. Press the Create Population button. How does this change the population 

scatterplot? How do you think this will change the behavior of the distribution of sample slopes and the 

distribution of the sample intercepts? 

 

 Change to scatterplot: 

 

 Prediction: 
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(q) Press the Draw Samples button. Was your conjecture in (p) correct? 

 

 

(r) Change the value of x std back to 16.849 (Press Create Population) and change the sample size 

from 247 to 125. Conjecture what will happen to the sampling distribution of the sample slopes. 

 

 

 

 

 

(s) Press Draw Samples. Was your prediction correct? 

 

 

 

 

 

(t) Summarize how each of these quantities affect the sampling distribution of the sample slope: 

¶ The variability about the regression line, s (sigma) 

 

 

 

¶ The variability in the explanatory variable, SD(X) 

 

 

 

¶ The sample size, n. 

 

 

 

 

You should have made the following observations (when the technical conditions are met): 

o The distribution of sample slopes is approximately normal. 

o The mean of the distributions of sample slopes equals the population slope b1. 

o The variability in the sample slopes increases if we increase s. 

o The variability in the sample slopes increases if we decrease sx. 

o The variability in the sample slopes decreases if we increase n. 

 

(u) Explain why each of the last 3 observations make intuitive sense. [You may want to recall the 

pictures from the applet.] 
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(v) Are the last three observations consistent with the following formula for the standard deviation of the 

sample slope, SD(b1)? Explain. 

 
21

)1(

1
)(

xsn
bSD

-
=s  

 

 

 

 

Back to the question at hand: Is it plausible that the observed sample slope (b1 = 0.140) came from a 

population with no association between the variables and so a population slope b1 = 0? 

 

(w) Return to (or recreate) the dotplot of the sample slopes for the first simulation. Where does 0.140 

fall in this null distribution? Is it plausible that the population slope is really zero and we obtained a 

sample slope as big as 0.140 just by chance? How often did such a sample slope occur in your 1000 

samples? In all the samples obtained by your class? 

 

 

 

 

 

 

(x) Change the population slope to .10 and press Create Population. Draw 1000 samples and examine 

the new hypothesized population and the new sampling distribution of the sample slopes. (You may 

want to press Rescale.) Where is the center? Roughly how often did you get a sample slope as big as 

0.140 or bigger? Does it seem plausible that the studentsô regression line came from a population with b1 

= 0.10? 

 

 

 

 

 

 

Study Conclusions 
These sample data provide extremely strong evidence of a relationship between age and finishing time 

for the population of amateur runners similar to those in this sample. The above simulation shows that 

if there were no relationship in the population (b1 = 0), then we would pretty much never see a sample 

slope as large as 0.140 just by chance (random sampling). We should be a bit cautious in generalizing 

these results to a larger population as they were not a random sample. We might want to limit 

ourselves to 5K racers in similar types of towns.  

 

Discussion: As you have seen several times in this course, the sampling distribution of a statistic can 

often be well described by a mathematical model. This is also true in the regression setting. As when we 

focused on analyzing the individual population mean or comparing two population means, we need to 

first consider a way to estimate the (nuisance) standard deviation parameter. 
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(y) If s represents the common standard deviation of the response values about the regression line, 

suggest a way of estimating s from the sample data. 

 

 

 

 

Discussion: If the conditions for the basic regression model (Investigation 5.12) are met, then if we 

standardize the sample slopes: 

    t0 =  

 where 
21

)1(

1
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-
=  and s =  , 

these standardized values can be shown to be well approximated by a t-distribution with n - 2 degrees of 

freedom. Note that we lose a second degree of freedom because we are estimating both the slope and the 

intercept from the sample data. 

 

(z) Using the standard deviation for the slopes you found in (w), calculate the standardized statistic. 

 

 

 

Once we have the t-statistic or t-ratio, we can use the Studentôs t-distribution to compute one- or two-

sided p-values depending on the research question regarding the slope. 

 

(aa) Compare the t-ratio and p-value calculations based on the formula in (y) using technology. 

¶ In JMP: Analyze > Fit Y by X  

¶ In Applet: Uncheck the Design Population box, and check the Regression Table box. 

 
Practice Problem 5.10A 
Recreate this analysis (simulation as in (w) and t-test as in (z)) without first removing the outlier. Do the 

results change much? If so, how? In the expected manner? Explain. 
 

Practice Problem 5.10B 
The official published results for the 2013 race can be found online.  

(a) Load these data into your technology and then compare the two datasets.  

(b) Identify a second difference (apart from Scharlach_1 disappearing) between the unofficial and the 

official results.  

(c) How does the strength of evidence of a relationship between time and age differ for this dataset? 
 

  

http://raceresults.eternaltiming.com/index.cfm/20130602_Marianne_Talley_Memorial_Fun_Run.htm?Fuseaction=Results&Class=Run+5km+Individual~All
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Investigation 5.11: Running Out of Time (cont.) 

 
In the previous investigation, we analyzed the statistical significance of our sample data by replicating 
how often we might get a random sample of 247 runners (after removing an extreme outlier) with a 
slope this extreme from a larger population of runners that did not have an association between 
finishing time and age. In other words, we assumed there was no association between finishing time 
and age and the pairing of these values for our runners was just arbitrary. This suggests another way of 
assessing the statistical significance of our results. 

 

(a) Paste the Talley5K2013.txt data file into the Analyzing Two Quantitative Variables applet. Press Use 

Data and make sure age is used as the explanatory variable (if not press the (response, explanatory) 

button to toggle their roles). Remove the outlier and check the Show Regression Line box and confirm 

the equation. 

 

 

 

Another way to investigate whether the association observed in these sample data could have arisen by 

chance is a randomization test that shuffles the outcomes for one of the variables and reexamines the 

correlation coefficient and/or sample slope for the shuffled or re-randomized data. 

 

(b) Check the Show Shuffle Options box. Press the Shuffle Y-values box. Select the Plot radio button. 

Describe the blue line that appears. Is the association as strong as the one that we found in the actual 

data? How are you deciding? 

 

 

 

(c) Press the Shuffle Y-values button 5-10 more times. Do you ever find a negative association? Are 

any of the associations as strong as the one observed by the student group? What pattern is beginning to 

emerge in the blue regression lines on the scatterplot? 

 

 

 

(d) Change Number of Shuffles to some large number (like 1000 or the difference between how many 

you have done so far and 1000) and press the Shuffle Y-values button. Describe the shape, center, and 

variability of the resulting distribution of re-randomized slopes. How does this distribution compare to 

the one you found in Investigation 5-10(k)? 

 

 

 

(e) Use the applet to estimate the p-value by using the Count Samples box: choosing to count ñbeyondò 

(for the two-sided p-value) and specifying the observed sample slope. Press Count. 

 

 

  

http://www.rossmanchance.com/iscam3/data/Talley5K2013.txt
http://www.rossmanchance.com/applets/RegShuffle.htm
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You should see many similarities between the statistic distributions from random sampling (Inv 5.10) 

and random shuffling. So letôs again consider applying the t-probability model to the standardized 

statistics. 

 

(f) Use the standard deviation for the slopes found in (d) and standardize the value of the observed 

sample slope. 

 

 

 

 

(g) Now use the pull-down menu to select t-statistic. Use the applet to estimate the p-value 

corresponding to the observed t-statistic. How does it compare to the p-value you found in Investigation 

5.10? (Note: The applet may complain due to rounding, estimation of the standard error.) 

 

 

 

(h) Check the box to Overlay t-distribution . Does it appear to be a reasonable model of the shuffled t-

statistics distribution? 

 

 

(i) Check the Regression Table box to compare your calculations (e.g., what value does the table use 

for ὛὉ‍?).

 

 

 

Discussion: It is interesting to compare these two analysis approaches. In Investigation 5.10, we 

modeled repeated random sampling from a population but this required us to make certain assumptions 

about the data in the population (which we will spell out in more detail in the next Investigation). In 

Investigation 5.11, we didnôt make any assumptions about a larger population; instead we modeled what 

the sample data could look like if the observed response values had been randomly paired, over and over 

again, with the observed explanatory variable values. This approach is sometimes referred to as 

ñconditioning on the observed data.ò It is not surprising that the results are similar for both approaches, 

but some consider the second approach to be more ñflexibleò and ñless restrictiveò in the assumptions it 

makes. However, the first approach allows for more elegant mathematical derivations predicting how 

the sampling distribution of sample slopes will behave. 

 

If we had had a stronger association in our sample (and s and sy were less similar in value), you would 

have seen more differences between these two approaches. In particular, the random shuffling will have 

a larger standard deviation of the sample slopes than the random sampling. We saw with random 

sampling that the variability in the slopes is controlled by „, not by SD(Y). However, with random 

shuffling, any x-value can be paired with any y-value, so the slopes are able to ñswing aroundò a little 

more freely especially with smaller sample sizes. When you view the Regression Table, the SD(b1) 

reported there will correspond to random sampling.

Practice Problem 5.11 
Confirm the preceding paragraph using the height and footlength data of Investigation 5.8.  
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Investigation 5.12: Boysô Heights 

 

Suppose we have data on the height (in centimeters) of boys for 3 different random samples at ages 2, 3, 

4. The data in hypoHt.txt are modeled after data from the Berkeley Guidance Study which monitored the 

height (and weight) of boys and girls born in Berkeley, California between January 1928 and June 1929.  

 

(a) Which is the explanatory variable and which is the response variable? 

 

 Explanatory variable: 

 

 Response variable: 

 

(b) Do you expect the 2-year-old boys to all have the same height? Do you expect the 3-year-old boys to 

all have the same height? Do you expect the mean height of the 3-year-old boys to be the same as the 

mean height of the 2-year-old boys? Explain. 

 

 

 

 

 

The regression equation for these sample data turns out to be ὬὩὭὫὬὸǶ χυȢς φȢτχ ὥὫὩ, with a 

correlation coefficient of r = 0.857. 

 

(c) Is it possible that in the population of all Berkeley boys in the 1920s, there really is no linear 

relationship between age (2-4 years) and height, but that we obtained a correlation coefficient and 

sample slope coefficient this large just by random chance? Explain. 

 

 

 

 

(d) Describe how we might investigate the likelihood of obtaining such sample statistics by chance 

alone, if there really were no association between age and height in the population. 

 

http://www.rossmanchance.com/iscam2/data/hypoHt.txt
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One way to determine whether our sample slope is significantly different from a conjectured value of the 

population slope is to assume a mathematical model.  

 

To understand the most basic regression model, consider conditioning your data set on a particular value 

of x. For example, letôs look at the distribution of heights for each age group. 

 

¶ Load the hypoHt2 data into the Multiple 

Variables applet.  

¶ Drag the height variable into the Response 

box. Then drag the agecat variable into the 

Subset By box.  

¶ Check the Show descriptive box 

  

 

(e) Compare the shape, center, and variability of the three distributions: 

 

How would you describe the shape of each distribution? 

 

 

Numerically, how do the means differ for the three distributions? Has the average height 

increased roughly the same amount each year?  

 

 

 

Is the variability in the heights roughly the same for each age group?  

 

 

 

The basic regression model specifies the following conditions: 

¶ The relationship between the mean (expected value) of the response variable and the explanatory 

variable is linear: E(Y at each x) = b0 + b1x. 

¶ The variability of the observations at each value of x, SD(Y at each x), is constant. We will refer 

to this constant value as s. This means that the variability of the (conditional) response variable 

distributions does not depend on x. 

¶ The distribution of the response variable at each value of x is normal. 

 

To determine whether this mathematical model is appropriate we will check for three things: linearity, 

equal variance, and normality.  

 

(f) Do these conditions appear to be met for the Berkeley boysô heights? Explain. 

http://www.rossmanchance.com/iscam3/data/hypoHt2.txt
http://www.rossmanchance.com/applets/2021/multreg/multreg.html
http://www.rossmanchance.com/applets/2021/multreg/multreg.html
http://www.rossmanchance.com/iscam3/glossary.html#basic
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Discussion: In the above example, checking the conditions was straight forward because we could 

easily examine the distribution of the heights at the 3 different values of x. When we donôt have many 

repeat values at each value of x we will need other ways to check these conditions. However, you should 

notice that the only thing that changes about the distribution of the response as we change x is the mean. 

So if we were to subtract the mean from each observation and pool these values together, then we should 

have one big distribution with mean 0, standard deviation equal to s, and a normal shape. 

 
 

However we donôt know b0 and b1, the population regression coefficients, but we have their least 

squares estimates. If we subtract the fitted values from each response value, these differences are simply 

the residuals from the least squares regression. So to check the technical conditions we will use residual 

plots. 

 

(g) In the applet, remove the agecat variable (back to the Variables list) and move the age variable into 

the Explanatory box. Check the Show Equation box. Check the Show residuals box. 

 

¶ The linearity condition is considered met if a plot of the residuals vs. the 

explanatory variable does not show any patterns such as curvature. 

 

 
¶ The equal variance condition is considered met if a plot of the residuals vs. 

the explanatory variable shows the similar variability in residuals across the 

values of x.  

  
¶ The normality condition is considered met if a histogram and/or normal 

probability plot of the residuals look normal. 

 
 

¶ Another condition is that the observations are independent. We will usually appeal to the data 

being collected randomly or randomization being used. The main thing is to make sure there is 

not something like time dependence in the data. 

(h) Comment on whether you think each of these conditions is met for the Berkeley data.  

 

 

 

 

  

s 

 

E(Y at x)=b0+b1x 

Explanatory variable (x) 

Response 

variable (y) 

Explanatory variable (x) 
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Investigation 5.13: Cat Jumping (cont.) 

 

Reconsider the data from Investigation 5.6 about factors that are related to a catôs jumping ability 

(CatJumping.txt). 
 

(a) Use technology (e.g., Multiple Variables applet) to determine the equation of the least squares line 

for predicting a catôs takeoff velocity from its percentage of body fat (percentbodyfat). Record the 

equation of this line, using good statistical notation. 

 

 

 

 

(b) Produce a histogram and a normal probability plot of the residuals of this regression. 

¶ In Applet: Check Show Residuals box. 

¶  In JMP: Use the linear fit  hot spot to Plot Residuals 

 

Does the normality condition appear to be satisfied? 

 

 

(c) Examine a graph of the residuals vs. the percentage of body fat variable (or vs. the predicted values). 

Does the equal variance condition appear to be met? Does the linearity condition appear to be met? 

 

 Equal variance: 

 

 Linearity: 

 

(d) Consider testing whether the sample data provide strong evidence that percentage of body fat has a 

negative association with takeoff velocity in the population. State the hypotheses to be tested, and report 

(from the output) the value of the appropriate standardized statistic and p-value. (In the applet, check the 

Statistical model box.) Summarize your conclusion. 

 

 

 

 

 

(e) Confirm that the t-test statistic for the hypotheses in (d) is equal to b1/SE(b1). 

 

 

(f) Use a t-procedure and the values of b1 and SE(b1) to produce (by hand) a 95% confidence interval for 

the population slope ɓ1. 

 

 

 

(g) Interpret the confidence interval that you produced in (f). Be sure to interpret not only the interval 

itself but also what the slope coefficient means in this context. 

http://www.rossmanchance.com/iscam2/data/CatJumping.txt
http://www.rossmanchance.com/applets/2021/multreg/multreg.html
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(h) Use the equation of the least squares line to predict the takeoff velocity for a cat with 25 percent 

body fat. Then do the same for a cat with 50 percent body fat. 

 

 Predicted takeoff velocity with 25% body fat: 

 

 

 Predicted takeoff velocity with 50% body fat: 

 

 

(i) Which of the two predictions in (h) do you feel more comfortable with? Which do you suspect would 

be more precise? Explain. 

 

 

 

 

Rather than only report one number as our prediction, we would like to specify a confidence interval that 

indicates how ñaccurateò or precise we believe our prediction to be. The following procedure is valid if 

the basic regression model conditions are met. 

 

Technology Detour ς Prediction Intervals 
 

In JMP 

¶ From the Linear Fit  hot spot select Indiv Confidence Interval Formula . 

¶ JMP will add two columns to your table that use a Formula to compute the upper and lower 

endpoints of prediction intervals for all x-values of your data. Add new rows and enter new values 

for the explanatory variable to calculate prediction intervals for data other than those in the given 

dataset. 

 

(j) Report the 95% prediction interval for the takeoff velocity of a cat with 25% body fat. Also 

determine the midpoint of this interval; does its value look familiar? Also interpret what this interval 

reveals. 

 

 Prediction interval: 

 

 Midpoint: 

 

 Interpretation: 

 

(k) Repeat (j) to obtain a 95% prediction interval for the takeoff velocity of a cat with 50% body fat. 

Which interval is wider? Is this what you predicted in (i)? 

 

 

 

As you saw in Investigation 2.6, the level of precision will also depend on whether we want to predict 

the mean response or an individual response outcome. 

 

http://www.rossmanchance.com/iscam3/glossary.html#prediction1
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Definition:  Statistical packages compute both ñprediction intervalsò and ñconfidence intervals.ò A 

prediction interval gives us the interval of plausible values for an individual response at a particular 

value of the explanatory variable. A confidence interval gives us the set of plausible values for the 

mean response at a particular value of the explanatory variable. 

 

Technology Detour - Confidence Intervals 
 

In JMP: From the Linear Fit  hot spot select Mean Confidence Interval Formula. 

 

(l) What does your technology report for the 95% confidence interval for the average takeoff velocity 

among all cats that have 25% body fat? Also determine the midpoint of this interval; does its value look 

familiar? Also interpret what this interval reveals. 

 

 Confidence interval: 

 

 Midpoint: 

 

 Interpretation: 

 

 

 

(m) How does the interval in (l) compare to the interval in (j)? Why does this relationship make sense? 

Explain. 

 

 

Study Conclusions 
Technology tells us that we are 95% confident that a cat with 25% body fat would have a takeoff 

velocity between 292.4 and 405.3 cm/sec. But if we were to consider the population of all cats with 

25% body fat, we are 95% confident that the mean takeoff velocity of these cats is between 335.5 and 

362.2 cm/sec, a much narrower interval. These procedures are valid because the analysis of the 

residual plots did not reveal any strong departures from the basic regression model conditions. 

 

Note: As with other t procedures, these procedures are fairly robust to departures from the normality 

condition if you have a larger sample size, except the prediction interval calculation. 
 

Practice Problem 5.13 
Reconsider the 5K race results (Talley5K2013.txt) from Investigation 5.10. 

(a) Determine and interpret a 95% confidence interval for the mean finishing time of all 25-year-old 

runners in the population. 

(b) Joy Montoya, a 43-year-old female, did not appear in the first set of results. Use these data to predict 

her finishing time. 

(c) How do the intervals in (a) and (b) compare ï Midpoint? Width? Explain why each has changed (or 

not) the way it has. 

(d) Repeat (b) and (c) for Laure James, a 53-year-old female who also didnôt appear in the original 

results. 

(e) Do you consider the above interval calculations to be valid? (Examine and discuss residual plots.)

http://www.rossmanchance.com/iscam3/data/Talley5K2013.txt
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Investigation 5.14: Housing Prices  

 

A group of students wanted to investigate which factors influence the price of a house (Koester, Davis, 

and Ross, 2003). They used http://www.househunt.com, limiting their search to single family homes in 

California. They collected a stratified sample by stratifying on three different regions in CA (northern, 

southern, and central), and then randomly selecting a sample from within each stratum. They decided to 

focus on homes that were less than 5000 square feet and sold for less than $1.5 million. The file 

housing.txt contains data for their final sample of 83 houses.  

¶ Copy and paste the url for housing.txt into the data window of the Analyzing Two Quantitative 

Variables applet (below) and press Use Data (twice), being sure to put price on the y-axis 

and squarefoot on the x-axis (use the Change variable selections pull-down menus) to create a 

scatterplot of the size vs. selling price for this sample. 

o Make sure you have 83 observations 

¶ Use the applet to determine the least-squares regression line. (Check the Show Regression 

Line and R-squared boxes.) 

 

(a) Report the equation and also report and interpret the value of r2 for these data. 

 

 

 

 

(b) Based on the scatterplot, do these data appear to fit the basic linear regression model? 

 

 

 

¶ Check the Show residual plots box (under Explore models) in the applet to produce a 

histogram of the residuals (or a normal probability plot of the residuals), and a scatterplot of the 

residuals vs. the explanatory variable. 

 

(c) Is it reasonable to consider the residuals as following the normal distribution? Explain. 

 

 

 

(d) Examine the scatterplot of the residuals vs. the square footage 

Does there appear to be curvature in this graph? 

 

Does the variability in the residuals appear to be roughly constant across the graph? 

 

 

Discussion: It takes a while to become comfortable interpreting these residual plots, but the housing data 

do appear to have some problems. The residuals appear to cluster closer to zero for the smaller houses 

and to have more variability for the larger houses. This violates the condition of a constant standard 

deviation for each value of x. There is also a very slight hint of some curvature in this graph. The 

distribution of the residuals is clearly non-normal. This residual analysis gives us several reasons to not 

apply the basic regression model to these data. 

http://www.househunt.com/
http://www.rossmanchance.com/iscam2/data/housing.txt
https://www.rossmanchance.com/iscam2/data/housing.txt
https://www.rossmanchance.com/applets/2021/regshuffle/regshuffle.htm?hideExtras=1
https://www.rossmanchance.com/applets/2021/regshuffle/regshuffle.htm?hideExtras=1
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When the regression model conditions are violated, we can often transform the data in the hopes that the 

new variables do meet the conditions. 

 

¶ Check the Show transformations box (under Explore models) in the applet. 

¶ Check the log10 (log base ten) radio button for both the response variable and the explanatory 

variable. This will take the log base 10 of both the price and square footage variables. (If Show 

residual plots is still checked, the residual plots update to the transformed model.) 

 

(e) Examine the scatterplot of the transformed variables and the residual plots (histogram of residuals 

and residuals versus explanatory variable). Do these transformed variables appear to be more suitable 

for the basic regression model? Explain. 
 

 

 

 

(f) Interpret the slope coefficient in the regression model using the log transformed variables. 

 

 

 

 

(g) Use the least squares regression line to predict the cost of a 3,000 square foot house. [Hints:  

Substitute log10(3000) into the right-hand side of the equation to obtain a prediction for the log10(price), 

and then raise 10 to this power to determine the predicted price.] 

 

 

 

 

 

Discussion: The log transformation has made improvements for both the normality condition and the 

equal variance condition. It is not uncommon for one transformation to ñcorrectò more than one 

problem. We could continue to explore other transformations (e.g., square root and power 

transformations) until we find transformed data that are more appropriate for the basic regression model. 

Although these transformations are useful, we then have to be careful in how we interpret the regression 

coefficients and make predictions. If possible, it is usually most useful to ñback-transformò to the 

original scale. 

[Hint: Keep in mind that R uses ñlogò for natural log. Use ñlog10ò in R for log base 10.] 

 

 

Practice Problem 5.14 
The datafile walmart.txt contains data on the number of stores and the number of SuperCenters that 

Wal-Mart had in operation between 1989 and 2002. 

(a) Create a scatterplot of the number of SuperCenters that Wal-Mart has had in operation versus time. 

(b) Would it be appropriate to use the basic regression model for these data? Explain. 

(c) Transform the SuperCenters variable by taking the square root. Would it be appropriate to use the 

basic regression model for the relationship between this variable and year? Explain. 

http://www.rossmanchance.com/iscam2/data/walmart.txt
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(d) Transform the SuperCenters variable by taking the natural log. Would it be appropriate to use the 

basic regression model for the relationship between this variable and year? Explain. 

(e) Choose the best model from either (c) or (d) (and justify your choice), find the least-squares 

regression equation and use it to predict how many SuperCenters Wal-Mart had in operation in 2003. 

(f) Report and interpret a 95% prediction interval for 2003.

 

Summary of Inference for Regression 
 

To test H0: b1 = hypothesized slope vs. Ha: b1 Í hypothesized slope 

 

The standardized statistic: ὸ
 

 follows a t-distribution with df = n - 2 

 

An approximate 100 × C% confidence interval formula is b1 + tn - 2 SE(b1) where -tn - 2 is the  

100 × (1 - C)/2 percentile of the student t-distribution with n - 2 degrees of freedom. 

 

These procedures are valid as long as 

¶ L: There is a linear relationship between the response and explanatory variable. 

¶ I: The observations are independent. 

¶ N: The response follows a normal distribution for each value of x. 

¶ E: The standard deviation of the responses is the same at each value of x. 

 

These conditions are checked by examining the residual plots: residuals vs. explanatory variable and 

histogram/normal probability plot of the residuals. 

 

Technology: Most packages automatically report the two-sided p-value. This p-value can be divided 

in half to obtain a one-sided p-value (assuming the observed slope is in the direction conjectured). 

¶ Analyzing Two Quantitative Variables applet or Multiple Variables  applet 

¶ JMP:  Analyze > Fit Y by X 
 

Discussion: Typically, we are most interested in testing whether the population slope coefficient equals 

zero, as that would suggest that the population regression line is flat and so the explanatory variable is of 

no use in predicting the response variable. Because testing whether the slope coefficient is zero tests 

whether the regression model with this explanatory variable is of any use, it is sometimes called a model 

utility test. 
 

There are situations where we might want to test other values of the population slope, for example b1 = 
1 (do x and y change at the same rate?). We can also use the same approach to carry out tests and 
create confidence intervals for the population intercept. However, these are less useful in practice, in 
particular because the intercept is often far outside the range of data and does not have a meaningful 
interpretation. 
 
Checking the technical conditions is an important step of the process. Notice that you will typically fit 
the regression model first to obtain the residuals to allow you to assess the model. As with ANOVA, 
these t procedures are fairly robust to departures from normality. If the conditions are violated, you can 
again explore transformations of the data.
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Technology Exploration: The Regression Effect 
 

In the 2018 Masters golf tournament, Jordan Spieth had a score of 66 in the first round but a score of 74 

in the second round. Keep in mind that in golf, lower scores are better than higher scores. Is this 

evidence that he choked? The data file Masters18.txt contains golfersô scores in the first two rounds of 
the 2018 Masters.  

 

(a) Use technology to construct a scatterplot of second round score vs. first round score. Also calculate 

the correlation coefficient between these two variables. Does it reveal an association between scores in 

these two rounds? If so, is it positive or negative? Would you call it weak, moderate, or strong?  

 

 

 

 

(b) Use technology to sort the data according to the golfersô first-round scores: 

¶ In JMP 
Select Tables > Sort. 

Add the round1 column to the By list. Then add the golfer and 

round2 columns.  

(Note: JMP will sort in the order the columns are entered in the By box.)  

 You can change from ascending to descending order if you like, and you can check the Replace 

Table box if you wish to overwrite the original table (not recommended). 

 
List the ten golfers who scored lowest in the first round, along with their scores in both rounds. Then list 

the ten golfers who scored highest in the first round, along with their scores in both rounds.  

 

 

 

 

(c) How many of the ñtop tenò from the first round improved (scored lower) in the second round than 

the first? How many of the ñbottom tenò from the first round improved?  

 

(d) Which group saw more people improve? Is this difference small or substantial?  

 

 

(e) Determine the median second round score for the two groups (the ñtop tenò from round one and the 

ñbottom tenò from round one). Which group tended to score better (lower) in the second round?  

(f) Add the ñy = xò line to your scatterplot. 

¶ In JMP:  Click the red Bivariate Fit  arrow and select Fit Special; Check the box for Constrain 

Intercept to: and put 0 in the box; Check the box for Constrain Slope to: and put 1 in the box; 

Click OK. 
Identify any golfers by name who improved in the second round after scoring in the top ten of the first 

round. Identify any golfers by name who did worse in the second round after scoring in the bottom ten 

of the first round. 

 

 

http://www.rossmanchance.com/iscam3/data/Masters18.txt
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(g) Do you think the ñy = xò line does a good job of summarizing the relationship? 

 How do you think the regression line will compare? Will the slope be greater or smaller? 

 

 

 

 

(h) Add the y  line to the scatterplot. 

¶ In JMP: Click the Bivariate Fit  hot spot and select Fit Mean. 
Do you think this line does a good job of summarizing the relationship? How do you think the 

regression line will compare? Will the slope be greater or smaller? 

 

 

 

 

(i) Now add the regression line to the scatterplot. 

¶ In JMP: Click the red Bivariate Fit  arrow and select Fit Line .  
Where does the regression line fall compared to the two earlier lines? 

 

 

 

 

(j) Determine the regression equation. Is the slope less than one? Explain why this is to be expected 

whenever the two standard deviations are similar.  

[Hint: Recall that the slope coefficient can be expressed as b = r(sy)/(sx).]  

 

 

 

 

(k) Explain why your answer to (j) suggests that golfers with poor first round scores will tend to improve 

but golfers with good first round scores will tend to worsen. 

 

 

 

 

This phenomenon is sometimes called the regression effect or regression to the mean. Sir Francis 

Galton first discussed this effect in the late 1880s when he examined data on the heights of parents and 

children, calling it regression to mediocrity. 
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Section 5.4 Summary 
You continued to study least squares regression in this section, turning to issues of inference. You 

learned the conditions of the basic regression model (linearity, independence, normality, and equal 

variance), and once again you used simulation to study the approximate sampling distribution assuming 

the null hypothesis is true, this time for sample regression coefficients. You found that the t-distribution 

can be used to perform significance tests and construct confidence intervals for regression coefficient 

parameters and for predicted values, based on sample data. The primary significance test of interest is 

usually whether the sample data provide evidence of an association in the population between the two 

variables, which is equivalent to testing whether the population slope coefficient equals zero. You also 

learned how to use residual plots to check the technical conditions associated with the basic regression 

model. Example 5.3 illustrates an application of regression analysis.  
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Example 5.1: Internet Use by Region 

Try these questions yourself before you use the solutions following to check your answers. 

 

The Pew Internet and American Life Project examines how Americans use the internet. In 2002 the 

organization took random samples of people from across the country and asked questions about their use 

of the internet. Consider the following information from this study: 

 Northeast South Midwest West 

Sample size 3973 4332 4929 5137 

# of internet users 2417 2372 2831 3259 

Analyze these data to address the question of whether internet use varies across these four regions of the 

country. Include graphical and numerical summaries as well as a test of significance. Summarize your 

conclusions. 
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Analysis 
We will treat the samples taken by the Pew organization as independent random samples from these four 

regions of the country. With a binary response variable (internet user or not) and more than two groups 

to compare, we will use a chi-squared analysis. 

 

Let pi represent the actual population proportion of internet users in region i. Then the hypotheses to be 

tested are: 

H0: pNE = pS = pMW = pW 

(The population proportions of internet users are the same for all four regions.) 

Ha: The population proportion of internet users is different in at least one region. 

 

The two-way table of observed counts is: 

 Northeast South Midwest West Total 

Internet users 2417 2372 2831 3259 10,879 

Non-internet users 1556 1960 2098 1878 7492 

Total 3973 4332 4929 5137 18,371 

 

The sample proportions of internet users in the four regions are: 

 Northeast South Midwest West Total 

Proportion of internet users .608 .548 .574 .634 .592 

 

A segmented bar graph to display these data is: 

 
 

We notice that the proportions of internet users do not vary too much across these four regions. The west 

has the highest proportion, with about 63% internet use, and the south has the smallest with only 55% 

internet use. 
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To see whether at least one of these regions is statistically significantly different from the others, we 

use technology to determine the expected counts, chi-squared test statistic, and p-value. Below is 

software output: 
JMP 

 
This procedure is valid because all of the expected counts are far larger than 5, and we are 

assuming that the Pew organization took independent random samples across the regions. Their report 

mentions that they used random digit dialing with extensive follow-up efforts, but itôs not clear whether 

they took independent samples within these regions or took a nationwide sample and treated region as 

one of the variables. Either way the chi-squared analysis is valid.  

The p-value is extremely small (0.000 to three decimal places), indicating that the differences 

observed in the sample proportions would almost never occur by chance if the population proportions 

were really equal across the four regions. Thus, we have overwhelming evidence to reject the null 

hypothesis and conclude that the proportions of internet users are not the same in these four regions. 

In an effort to say a little bit more, we can examine the cell contributions. We see that the largest 

contributions occur in the West and South. The West had more internet users, 3259, (and so fewer non-

internet users) than would have been expected if the proportions were all the same, 3042.05, and the 

South had fewer internet users, 2372, (and so more non-users) than would have been expected, 2565.4. 

The observed counts in the Northeast and Midwest regions were fairly close to the expected counts. 

In conclusion, the sample data provide very strong evidence that the population proportions of 

internet users differ across regions of the United States. The differences in the sample proportions are 

larger than can reasonably be explained by random sampling variation. The large sample sizes in this 

study help to render the differences among the samples statistically significant even though the sample 

proportions seem to be fairly similar in practical terms. 
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Example 5.2: Lifetimes of Notables 

 

The 1991 World Almanac and Book of Facts contained a section on ñnoted personalitiesò in a total of 

nine occupational categories. The lifetimes of these people can be found in the lifetimesFull.txt data file. 

Analyze these data to address the question of whether the average lifetimes across these occupational 

categories differ significantly. Include graphical and numerical summaries as well as a test of 

significance. Summarize your conclusions. 

 

http://www.rossmanchance.com/iscam2/data/lifetimesFull.txt
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Analysis 
To compare several groups on a quantitative variable, we will consider analysis of variance. The first 

step will be to describe the data we have. The file lifetimesFull contains the lifetimes (years) of notable 

personalities from nine different occupation classifications. The samples were selected independently 

from within each job classification but they were presumably not selected at random. Thus, we should 

be cautious in how we generalize our conclusions. We will need to restrict our conclusions to ñnotable 

personalitiesò but otherwise might not suspect any bias in the World Almanacôs sampling method. In this 

case, we can define mi to be the population mean lifetime for all notable personalities with occupation i.  

 H0: mscientist = mwriters = mpoliticians = mmilitary = martists = mphilos = msocial = mhistorians = mbusiness 

 Ha: at least one population mean lifetime differs from the rest 

 

Numerical and graphical summaries do reveal some differences across the groups. 

 
 

There is a slight tendency for longer lifetimes among scientists and business leaders and for shorter 

lifetimes among writers and military leaders. However, there is a fair bit of variation within the groups 

and much overlap in the boxplots. 

 

To decide whether an ANOVA procedure is valid, we check the technical conditions: 

¶ Dotplots of the individual samples do not reveal any marked departures from normality. 
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¶ The ratio of the largest to smallest standard deviations (15.45/9.34) is less than 2 so we will assume 

that the population variances are equal. 

¶ We have independent samples from each population though the randomness condition is 

questionable. 

 

Although we do not have randomness in this study, we will still explore whether the difference 

between the sample means is larger than we would expect by chance. 

 

JMP 

 

 
The large test statistic F = 9.36 and small p-value (0.000 < 0.001) provide strong evidence that the 

population mean lifetime for at least one of these occupations differs from the rest.  

 

Because this was an observational study, we cannot draw any cause and effect conclusions and as 

discussed above we should be cautious in generalizing these conclusions beyond the 1310 individuals in 

the study as they were not randomly selected. For the individuals in this study, there appears to be 

something other than random chance to account for the differences we observed in their lifetimes.
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Example 5.3: Physical Education Class Performance 

 

A physical education teacher at a junior high school in Central California wanted to determine whether 

there is a relationship between seventh-gradersô times to run a mile and how many push-ups they can do 

under controlled conditions. She collected the data in PEClass.txt as part of the mandated state physical 

fitness testing program. Analyze these data to address the question of whether they provide evidence of 

a relationship between these two variables. Include graphical and numerical summaries as well as a test 

of significance. Summarize your conclusions. 

 

http://www.rossmanchance.com/iscam2/data/PEClass.txt
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Analysis 
Because we have two quantitative variables here (time to run one mile and number of push-ups), the 

appropriate analysis would be regression. We first want to examine numerical and graphical summaries. 

When you open PEClass you will notice that the mile run times have been recorded in ñtime format.ò We 

want to convert this to numerical values. For example, in R (R is going to assume you have hr: min) 

 > miletimeformat = as.POSIXlt(paste(Sys.Date(), peclass$MileTime)) 
 > miletimes = miletimeformat$hour + miletimeformat$min/60 
In JMP, use Cols > Column Info. In two steps, first change the Data Type to Numeric and the Modeling 
Type to Continuous and then select the Format as Duration, min: s. For the second step, again choose 

Cols > Column Info, and this time just change the Format to Best. Then divide by 60. Now you should 

have the number of minutes (including the fraction of minute) for each student. (Your first result should 

be 11.917 min.) 

 

Because we arenôt considering either of these as a response variable, it does not matter which variable 

we denote as the y-variable and which as the x-variable. If we plot mile time vs. push-ups, we see there 

is a strong negative association. 

 
Students who do more push-ups also tend to run the mile in faster times. However, there is some 

evidence that the relationship is not linear. There is also an unusual observation, a student who did a 

larger number of push-ups but was one of the slowest runners. Carrying out the regression and 

examining residual plots confirms these observations. 
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The residual vs. explanatory variable graph also reveals some differences in the amount of variation in 

the residuals at different values of the explanatory variable (indicating a violation of the constant 

variance condition). 

 

It appears that transforming these data might be helpful. Because both distributions appear skewed to the 

right (if you looked at histograms of each variable individually), we could consider taking the log of 

each variable. The log-log scatterplot does appear more well behaved. (We have used log base ten but 

natural logs would also work.) 

 

 
We still have some outliers but appear to now have a linear relationship. If we also examine the 

normality of the residuals: 

 
This condition also seems to be reasonably met for the transformed data. There is slight evidence of 

skewness to the right in the residuals but coupled with the large sample size we will not be concerned 

with this minor deviation. 

 

The correlation coefficient for the transformed variables is ῐ0.624, indicating a moderately strong 

negative linear relationship between log(time) and log(push-ups). The least-squares regression equation 

is computed by Minitab to be 
^

logmile = 1.23 - 0.213 log(push-ups). The intercept coefficient here 

would indicate the predicted log-time for a student who only completes 1 push up (so log(push-ups) = 0) 

to be 1.23. This corresponds to a time of 101.23 or about 17 minutes. The slope coefficient predicts the 

average multiplicative change in the log-mile times for each unit increase in log(push-ups). A unit 

increase in ñlog(push-ups)ò corresponds to the push-ups increasing by a factor of 10. So for each 10 fold 

increase in the number of push-ups (e.g., 1 push up to 10 push-ups), the mile time decreases on average 

by a factor of 10-.213 = 0.61. [Note: our prediction for 10 push-ups is 1.017, corresponding to 101.017 º 

10.4 minutes, which is 0.61(17).]  
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If we test the significance of this correlation: 

 Let b represent the true population slope between log(time) and log(push-ups) 

H0: b = 0 (there is no association between these two variables) 

Ha: b Í 0 (there is an association) 

 

We find a standardized statistic of t = -10.48 and a two-sided p-value of approximately 0. 

 
Note: This p-value is the same as with the sample correlation coefficient. 

 

With such a small p-value (< 0.001) we would consider the relationship between log(time) and log(push-

ups) to be statistically significant. Although we need to have some caution in generalizing these results 

to other schools, we can eliminate ñrandom chanceò as an explanation for the strong log-log relationship 

observed in this sample.  

 

If we wanted to use this model to carry out predictions, we need to keep the transformed nature of the 

variables in mind. For example, if a student completed 25 push-ups during that portion of the test, we 

would predict 1.23 - 0.213 log10(25) = 0.932 for the log-time and therefore 10.932 = 8.56 minutes for the 

mile time. We also need to start being a little cautious in predicting the mile time for such a large 

number of push-ups as we do not have a large amount of data in this region and our estimate will not be 

as precise. 

 

In summary, there is a strong negative relationship between number of push-ups and time to run a mile 

for these 7th and 8th graders as we would expect (those students who do more than the average number of 

push-ups will tend to be the same students who complete a mile faster, in a below average time). This 

relationship can be considered statistically significant after performing log transformations, however, we 

have to be cautious in generalizing these results beyond this sample as the students were not randomly 

selected from a larger population of junior high students. Because this is an observational study, we are 

not claiming that doing more push-ups will cause the mile time to decrease. 

 

We also saw in an earlier example that there was a statistically significant difference between males and 

females on these tasks and we might want to consider incorporating that variable into our analysis as 

well. For example, a coded scatterplot shows that the males tended to do more push-ups and also tended 

to be slightly faster than females on the mile times.  
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We can actually carry out a multiple regression analysis to predict mile time from both push ups and 

gender. 

 
This analysis reveals that push-ups are strongly related to mile times even after adjusting for gender 

(meaning this association is strong among the females and also among the males), but if you know 

someoneôs push-up count, it is not that valuable to also know their gender.
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Example 5.4: Comparing Popular Diets 

 

Dansinger, Griffith, Gleason et al. (2005) report on a randomized, comparative experiment in which 160 

subjects were randomly assigned to one of four popular diet plans: Atkins, Ornish, Weight Watchers, 

and Zone (40 subjects per diet). These subjects were recruited through newspaper and television 

advertisements in the greater Boston area; all were overweight or obese with body mass index values 

between 27 and 42. Among the variables measured were 

¶ Which diet the subject was assigned to 

¶ Whether or not the subject completed the twelve-month study 

¶ The subjectôs weight loss after two months, six months, and twelve months (in kilograms, with a 

negative value indicating weight gain) 

¶ The degree to which the subject adhered to the assigned diet, taken as the average of 12 monthly 

ratings, each on a 1-10 scale (with 1 indicating complete non-adherence and 10 indicating full 

adherence) 

Data for the 93 subjects who completed the 12-month study are in the file ComparingDiets.txt. 
 

Some of the questions that the researchers studied are: 

(a) Do the average weight losses after 12 months differ significantly across the four diet plans? 

(b) Is there a significant difference in the completion/dropout rates across the four diet plans? 

(c) Is there a significant positive association between a subjectôs adherence level and his/her amount of 

weight loss? 

(d) Is there strong evidence that dieters actually tend to lose weight on one of these popular diet plans? 

 

For each of these research questions, first identify the explanatory variable and the response variable, 

and classify each as categorical or quantitative. Then use graphical and numerical summaries to 

investigate the question, and summarize your findings. Next, identify the inference technique that can be 

used to address the question, and apply that technique. Be sure to include all aspects of the procedure, 

including a check of its technical conditions. Finally, summarize your conclusions for each question. 

Write a paragraph summarizing your findings from these four analyses. [Hint: To determine the 

completion rate for each diet, count how many of the 93 subjects who completed the study are in each 

diet group and compare those counts to the 40 that were originally assigned to each diet.] 

 

https://jamanetwork.com/journals/jama/fullarticle/200094
http://www.rossmanchance.com/iscam2/data/ComparingDiets.txt
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Analysis 
(a) Effect of diet plan on average weight loss: The explanatory variable is diet plan, which is categorical. 

The response variable is amount of weight loss after 12 months, which is quantitative. Boxplots and 

numerical summaries follow: 

 
diet         N  Mean  StDev  Median   IQR  

Atkins      21  3.92   6.05    3.90  9.15  (all in kilograms) 

Ornish      20  6.56   9.29    5.45  6.81  (all in kilograms) 

Wgt Watch   26  4.59   5.39    3.60  6.85  (all in kilograms) 

Zone        26  4.88   6.92    3.40  8.63  (all in kilograms) 

 

These boxplots and statistics seem to indicate that the four diets do not differ substantially with regard to 

weight loss after 12 months. The mean and median weight loss are both positive for all four diets, 

indicating that subjects did tend to lose some weight on these diets, roughly 4-6 kilograms on average. 

The boxplots also show substantial overlap between the four distributions. The means and medians are 

very similar for three of the diets, with the Ornish diet having a somewhat larger mean and median 

weight loss (6.56 and 5.45 kilograms, respectively) than the others. All four distributions of weight loss 

appear to be fairly symmetric, perhaps a bit skewed to the right. The variability in weight losses is also 

similar across all four diet plans, with the Ornish diet having the most variability, largely due to its one 

small and three large outliers. 

 

Because we have a categorical explanatory variable and a quantitative response variable, we will apply 

ANOVA to these data. The technical conditions appear to be met: The subjects were randomly assigned 

to diet plans, the distributions look fairly normal (see the following normal probability plots), and the 

standard deviations are similar (ratio of largest to smallest is 9.29/5.39, which is less than 2). 
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The hypotheses are:  

H0: mA = mO = mW = mZ, where mi represents the underlying treatment mean weight loss after 12 months 

with diet i. This hypothesis says that the treatment mean is the same for all four diets.  

Ha: that at least two of the treatment means differ; in other words, that at least one diet does have a 

different treatment mean than the others 

 

Minitab produces the following ANOVA table: 

 
The small F-statistic (F = 0.54) and large p-value (0.659) reveals that the experimental data provide 

essentially no evidence against the null hypothesis. The p-value reveals that differences among the 

group means at least as big as those found in this experiment would occur about 66% of the time by 

randomization alone even if there were no true differences among the diets. In other words, the 

treatment means do not differ significantly, and there is no evidence that these four diets produce 

different average amounts of weight loss. 

 

(b) Effect of diet plan on completion rate: The explanatory variable is diet plan, which is categorical. 

The response variable is whether the subject completed the study or dropped out, which is also 

categorical. 

 

The two-way table of completion/dropout status by diet plan, followed by completion proportions and a 

segmented bar graph: 

 Atkins Ornish Weight 

Watchers 

Zone 

Completed 21 20 26 26 

Dropped out 19 20 14 14 

Completion proportion .525 .500 .650 .650 
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This preliminary analysis appears to reveal that the completion rates are very similar across the four diet 

plans. Weight Watchers and Zone tied for the highest completion rate (65%), with Ornish having the 

lowest completion rate (50%), but these do not seem to differ substantially. 

 

To test whether these differences in the distributions of the categorical response variable are statistically 

significant, we can apply a chi-squared test of the hypotheses: 

H0: pA = pO = pW = pZ, where pi represents the underlying completion rate after 12 months with diet i 

(diet does not have an effect on completion rate) 

Ha: at least two of the underlying completion rates differ (there is a difference in underlying 

completion rates across the 4 diets) 

 

Minitab produces the following output: 

 
Checking the technical conditions of the chi-squared procedure, we note that the subjects were randomly 

assigned to a diet plan group and that all expected counts in the table are larger than 5 (smallest is 

16.75), so we are justified in applying the chi-squared test. The p-value of 0.368 says that if there were 

no difference in the underlying completion rates (i.e., no treatment effect) of completion among the four 

diet plans, then it would not be surprising (probability 0.368) to obtain experimental completion 

proportions that differ as much as these do. Because this p-value is not small, we can conclude only that 

the experimental data do not provide evidence to suggest that the completion proportions differ across 

these four diet plans. 
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(c) Association between adherence and weight loss: The explanatory variable is adherence level. This 

variable is quantitative. (It could be considered categorical if it were simply on a 1-10 scale, but it is the 

average of 12 such values and so should be treated as quantitative.) The response variable is weight loss, 

which is quantitative.  

 

A scatterplot of weight loss vs. adherence level follows: 

 
 

This graph reveals a moderately strong, positive, linear relationship between weight loss and adherence 

level. The correlation coefficient can be found to be r = 0.518. The scatterplot and correlation coefficient 

both suggest that there is a positive association between these variables, that subjects with higher 

adherence levels tend to lose more weight. 

 

We can fit a regression line for predicting weight loss from adherence level:  

 
This model indicates that for each additional step on the adherence level scale, the subject is predicted to 

lose an additional 2.4 kilograms of weight. 

 

Whereas there is a moderately strong positive linear relationship between weight loss and adherence 

level, we cannot draw a causal link between these two variables. Even though the study was a 

randomized comparative experiment, the variable imposed by the researchers was the diet plan, not the 
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adherence level. Therefore, for the purpose of relating adherence level and weight loss, this study is 

essentially observational. However, we still might be interested in investigating whether the relationship 

observed in this sample is strong enough to convince us that it did not arise by chance. However, these 

subjects also were not a random sample from a larger population. (They volunteered for this study in 

response to advertisements.) Still, we might cautiously consider them representative of overweight men 

and women from the Northeast who would consider enrolling on these diets. With this consideration, we 

can proceed with a test to determine whether the observed level of association is higher than would be 

expected by random variation alone.  

 

H0: b1 = 0, where b1 represents the population slope coefficient. This null hypothesis indicates that 

there is no linear relationship between adherence level and amount of weight loss. 

Ha: b1 Í 0 There is a linear relationship in the population. 

 

Minitab produces the following output: 

 
Checking the other technical conditions for the regression model, we find the following residual plots: 

 
The plot of residuals vs. the explanatory variable does not reveal any serious problems, although there is 

a (slight?) suggestion of increasing variability with larger values. The normal probability plot suggests a 

bit of a skew to the right but not too much. This last condition is a bit less problematic with the large 

sample size in this study. We could consider a transformation to account for the increasing variability, 

but the increase does not seem substantial enough to warrant a transformation here. These technical 

conditions seem to be fairly well met.  

 

The standardized statistic is very large (t = 6.01) and the p-value very small (0.000 to three decimal 

places), and so we can conclude that the experimental data provide extremely strong evidence that there 

is an association between adherence level and weight loss. The p-value reveals that it would be almost 

impossible to obtain such large sample correlation and slope coefficients from random sampling 

variation alone. At any reasonable significance level, we conclude that this association is statistically 

significant. 

 

We can follow up with a 95% confidence interval for the population slope b1. We obtain  
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2.388 + 1.986(0.397), which is 2.388 + 0.788, or (1.600, 3.176). This interval suggests that the 

additional predicted weight loss for each additional step of adherence to diet is between 1.6 and 3.2 

kilograms.  

 

But remember the caveat that we mentioned earlier: the subjectsô adherence levels were observed and 

not imposed, so we cannot draw a cause-and-effect conclusion between adherence level and weight loss. 

Furthermore, we must be cautious in stating to what population we are willing to generalize these 

conclusions. 

 

(d) Mean weight loss: To address the question of whether dieters who complete 12 months on one of 

these popular diet plans actually tend to lose weight, we can begin by combining the weight loss data 

across all four diet plans. This step seems reasonable because of our conclusion in (a) that there is no 

evidence of an effect of diet plan on weight loss. Although the adherence level does appear to be related 

to amount of weight lost, the completion rate did not vary significantly across the diets, providing 

further justification for pooling across the diets. A histogram of the weight loss amounts (in kilograms) 

for the 93 subjects who completed the 12-month study follows:  

 
This histogram reveals that the distribution of weight loss amounts is a bit skewed to the right. The mean 

weight loss is 4.95 kilograms, with a standard deviation of 6.89 kilograms. The median is 3.90 

kilograms, and most of the subjects had a positive weight loss; in fact, 71 of 93 (76.3%) did.  

 

To perform statistical inference with these data, we need to again consider the volunteer nature of the 

sample and that any randomness here is hypothetical. We will proceed to conduct tests and make 

inferences, which will tell us whether the sample results are extreme enough to be unlikely to occur by 

random variation alone, but we need to keep in mind that the sample may not be representative of any 

population. 

 

Even though the distribution is a bit skewed, the large sample size (n = 93) allows us to perform a t-test 

of the hypotheses: 

H0: m = 0 (the mean weight loss in the population of dieters who could use one of these popular plans 

is zero) 

Ha: m > 0 (the mean weight loss in the population of dieters who could use one of these popular plans 

is positive) 

weight  loss

Fr
e

q
u

e
n

c
y

2520151050-5-10

20

15

10

5

0



Ò Chance/Rossman, 2026 ISCAM IV Example 5.4 

 

 
411 

The standardized statistic turns out to be to t0 = 92.6
9389.6

095.4
=

-
, producing a p-value of essentially 

zero. This suggests that the sample data provide overwhelming evidence that the population mean 

weight loss exceeds zero, that is, that dieters on these plans do tend to lose weight on average. A 95% 

confidence interval for m turns out to be (3.53, 6.36), so we can be 95% confident that the population 

mean weight loss is between 3.53 and 6.36 kilograms.  

 

We can cautiously follow this up with a 95% prediction interval for the weight loss of an individual 

dieter: ( )
93

1
189.6986.195.4 +° , which is 4.95 + 13.76, which is (-8.81, 18.71). This interval implies 

that, with 95% confidence, we can assert only that an individual dieter is predicted to see a weight 

change anywhere between a gain of 8.8 kilograms and a loss of 18.7 kilograms. However, the slight 

skewness in the sample data leads us to question the validity of this prediction interval because the 

normality condition is essential for this procedure. 

 

We could also perform a ñsign testò of the hypotheses. A sign test reduces the analysis to counting how 

many ñpositiveò and ñnegativeò differences there are and determining whether we have significantly 

more of one than the other. 

H0: p = 0.5 (half of the population of all potential dieters would lose positive weight on one of these 

diet plans) 

Ha: p > 0.5 (more than half of the population of all potential dieters would lose weightðpositive 

weight changeðon one of these diet plans) 

The data reveal that 71 of 93 subjects had positive weight loss. The binomial distribution (with 

parameters n = 93 and p = 0.5) reveals that the p-value of P(X > 71) equals essentially zero (z å 5.08). 

Thus, this sign test leads to a similar conclusion: overwhelming evidence that more than half of the 

population would lose positive weight. 

 

Because of the volunteer nature of the sample, it is not completely clear to what population we can 

generalize these results. Moreover, even though we concluded that the mean weight loss is significantly 

larger than zero, we cannot attribute the cause to the diet. Without the use of a comparison group of 

people who did not participate in a diet plan, we cannot conclude that the diet alone is responsible for 

the tendency to lose weight. Perhaps even the power of suggestion from being in the study was a 

sufficient cause for these individuals to lose weight on average. 

 

Summarizing our findings from this study: 

¶ We do not have convincing evidence to suggest that one of these popular diet plans produces more 

weight loss on average than another. 

¶ We do not have convincing evidence to suggest that completion rates differ among the four diet 

plans. 

¶ We do have very strong evidence to suggest that dieters on one of these plans will lose weight, 

between 3.5 and 6.4 kg on average, subject to the caveat that the dieters in this study may not be 

representative of a larger population of overweight people.  

¶ We do have significant evidence that those who adhere to a diet more closely do tend to lose more 

weight (subject to the same caveat). 
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CHAPTER 5 SUMMARY 
 

In this chapter, you explored procedures for analyzing two or more groups and for analyzing 

relationships. As in earlier chapters, you saw that different study designs could lead to the same 

mathematical computations, but also remember to consider the study design when drawing your final 

conclusions. In particular, you should think about which variables were controlled by the researchers 

and which were not. 

 

A very common procedure to use with two-way tables is the chi-squared procedure. You saw that this 

reduces to the two-sample z-test in the case of two groups. The chi-squared procedure is a large sample 

procedure and Fisherôs Exact Test can be used with smaller sample sizes. A parallel procedure for 

comparing several means is Analysis of Variance, which models the ratio of the variability between 

groups to the variability within groups using the F distribution. 

 

Regression is a very important field of study and your next course in statistics will probably be entirely 

about regression models. We scratched the surface here by looking at the appropriate numerical and 

graphical summaries for analyzing the relationship between two quantitative variables (scatterplots and 

correlation coefficient) and least squares regression models for linear relationships. In deciding whether 

you have a statistically significant relationship, the t-statistic uses the common standardized statistic 

form that you saw in earlier chapters (observed ï hypothesized)/standard error, where the standard error 

of the sample slopes depends on the sample size, the variability in the x values and the vertical spread 

about the regression line.  

 

These calculations are complex to carry out by hand, but our focus is on knowing when to use which 

procedure, how to check the validity of the procedure, and how to interpret the resulting output. 

Learning to effectively interpret and communicate statistical results is at least as important a skill as 

learning which computer menus to use! 

 

TECHNOLOGY SUMMARY 
¶ In this chapter, you learned how to use software to perform chi-squared tests, ANOVA, and 

inference for regression. You also learned how to create scatterplots, including coded scatterplots, 

and calculate correlation coefficients. 

¶ You used applets to explore properties of F-statistics, regression lines, and regression coefficients. 

Though we hope these have given you some memorable visual images, you will generally use 

software to carry out specific analyses. 



Ò Chance/Rossman, 2026 ISCAM IV Chapter 5 Summary 

 

 
413 

Choice of Procedures for Comparing Several Populations, Exploring Relationships 
 

Setting EV: Categorical 

RV: Categorical 

EV: Categorical 

RV: Quantitative  

EV: Quantitative  

RV: Quantitative  

Graphical 

summary 

Segmented bar graph Stacked boxplots Scatterplot 

Numerical 

summary 

Conditional proportions Group means and standard 

deviations 

Correlation coefficient 

Procedure 

name 

Chi-squared ANOVA Regression 

Valid to use 

theory-

based 

procedure if 

¶ All expected counts > 1, 

at least 80% of expected 

counts > 5  

¶ Data are simple random 

samples or 

independently chosen 

random samples or 

random assignment 

¶ Independent SRSs or 

random assignment 

¶ Populations normal 

(probability plots of 

samples)  

¶ Variances are equal 

(smax/smin < 2) 

¶ Linear relationship  

(residuals vs. x) 

¶ Independent 

observations (e.g., 

random samples or 

randomization) 

¶ Normality of response 

at each x value 

(probability plot/ 

histogram of residuals) 

¶ Equal variance of y at 

each x value (residuals 

vs. x) 

Null 

hypothesis 

H0: Response variable 

distributions are the same 

or H0: no association 

between response variable 

and explanatory variable 

H0: ‘1 = é = mI  

or H0: treatment means are 

equal 

H0: b1 = 0 (no relationship 

between response variable 

and explanatory variable) 

Test statistic 
ä

-
=C

Expected

ExpectedObserved 2
2 )(  F = MST/MSE 

 ὸ
ὦ ὬώὴέὸὬᴂὨ ὺὥὰόὩ

3%ὦ
 

Distribution 

for p-value 

Chi-squared with  

(c - 1)(r - 1) df 

F with I - 1, n - I df t with n - 2 df 

 

    

JMP Analyze > Fit Y by X Analyze > Fit Y by X Analyze > Fit Y by X 
Applet Analyzing Two-way Tables Comparing Groups 

(Quantitative) 
Analyzing Two 
Quantitative Variables 
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Quick Reference to JMP Commands 
 

Procedure Desired Menu; Hot spot 
Normal Probability Plot Analyze > Distribution; Normal quantile plot 

Probability Plot Analyze > Distribution; Continuous Fit 

Probabilities from Chi-squared distribution Distribution Calculator 

Chi-squared Test Analyze > Fit Y by X 

One-way ANOVA Analyze > Fit Y by X; Means/ANOVA/Pooled t 

Probabilities from F distribution Distribution Calculator 

Scatterplot Analyze > Fit Y by X 

Correlation coefficient Analyze > Multivariate Methods > Multivariate 

Least Squares Regression Line Analyze > Fit Y by X; Fit Line 

Coded Scatterplot Analyze > Fit Y by X; By 

Inference for regression Analyze > Fit Y by X; Fit Line 

Prediction intervals Analyze > Fit Y by X; Fit Line; Linear Fit > Mean 
Confidence Interval Formula or Individual Confidence 
Interval Formula 

Superimpose y = x line Analyze > Fit Y by X; Fit Special 

Superimpose regression line Analyze > Fit Y by X; Fit Line 
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INDEX 

Addition rule, 13 

Adjusted Wald interval, 71 

Alternative hypothesis, 27 

ANOVA, 337 

Applet 

Analyzing two quantitative variables, 358, 

379 

Analyzing two-way tables, 205, 324 

Bootstrapping, 165 

Comparing groups (quantitative), 264, 331 

Comparing two populations, 248 

Descriptive statistics, 8, 133, 246 

Dolphin study, 201 

F probability calculator, 339 

Generate random numbers, 86 

Guess the correlation, 353 

Guess the p-value, 260 

Matched pairs randomization, 283 

Multiple variables, 345 

Normal probability calculator, 66 

One proportion inference, 24 

Power simulation, 76 

Random Babies, 10 

Randomizing subjects, 191 

Reese's pieces, 54 

Sampling from finite population, 140 

Sampling words, 87 

Simulating ANOVA tables, 340 

Simulating confidence intervals, 75 

t probability calculator, 151 

Theory-Based inference, 60, 61 

Two population proportions, 179, 183 

Two populations, 304 

Two sample bootstrapping, 254 

X2 probability calculator, 315 

Bar graph, 21 

Baseline rate, 214 

Basic regression model, 382 

Biased, 85 

Binary, 20 

Binomial probabilities, 32 

Binomial random variable, 29 

Binomial test, 38 

Blinding (experiment), 196 

Boxplot, 133 

Case-control study, 221 

Categorical, 20 

Center of distribution, 127 

Central Limit Theorem 

difference in means, 250 

difference in proportions, 180 

sample means, 144 

sample proportion, 93 

Chi-squared distribution, 315 

Chi-squared test statistic, 313 

Coefficient of determination, 362 

Cohort study, 221 

Comparative experiment, 196 

Complement rule, 13 

Conditional proportions, 177 

Confidence interval, 48 

Confounding variables, 187 

Convenience sample, 85 

Correlation coefficient, 349 

Critical value, 66 

Cross-classified study, 221 

Cross-sectional design, 221 

Distribution, 126 

Double blind, 196 

Duality, 50 

Empirical Rule, 56 

Exact binomial inference, 52 

Exact confidence intervals, 51 

Expected value, 13, 40 

Experimental study, 191 

Experimental units, 191 

Explanatory variable, 186 

Extrapolation, 362 

F distribution, 337 

F statistic, 337 

Fisher's exact test, 207 

Generalize, 90 

Hawthorne effect, 196 

Hypergeometric random variable, 98, 206 

Hypothesized value, 47 

Influential observation, 370 
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Intercept coefficient, 361 

Interquartile range, 132 

Least squares line, 359 

Least squares regression line, 359 

Linear association, 346 

Long-run proportion, 10 

Margin-of-error, 67 

Matched-pairs design, 277 

Negative association, 346 

Non-sampling errors, 96 

Normal approximation to binomial, 60, 61 

Normal probability curve, 64 

Null distribution, 28 

Null hypothesis, 27 

Observational study, 191 

Odds, 222 

Odds ratio, 222 

Odds ratio, inference, 227 

One proportion z-intervals, 68 

One proportion z-procedures, 95 

One proportion z-test, 63 

Hypothesis test for one proportion, 59 

One sample t-test, 152 

One sample z-interval, 67 

One-sided alternative, 43 

Outlier, 133 

Paired t-procedures, 290 

Paired t-test, 284 

Parallel dotplots, 125, 246 

Parameter, 33, 84 

Percentage change, 182 

Percentiles, 66 

Placebo effect, 196 

Population, 83 

Positive association, 346 

Power, 77 

Power calculations, 78 

Practical significance, 106 

Prediction interval, 156 

Probability, 10 

Probability rules, 13 

Prospective design, 221 

p-value, 28 

Quantitative, 20 

Random assignment, 191 

Random variable, 12 

Randomization test, 267 

Randomized experiment, 196 

Regression line, 359 

Rejection region, 76 

Relative frequency, 10 

Relative risk, 215 

Relative risk, inference, 219 

Research question, 21 

Residual, 356 

Residual plots, 383 

Resistant, 132 

Response variable, 186 

Retrospective design, 221 

Sample, 83 

Sample size, 20, 83 

Sampling frame, 86 

Sampling variability, 85 

Scatterplot, 345 

Scope of conclusions, 30 

Segmented bar graphs, 177 

Shape of distribution, 126 

Sign test, 411 

Simple random sample, 86 

Simple random sample, selecting, 86, 250 

Skewed distributions, 126 

Skewed to the left, 126 

Skewed to the right, 126 

Slope coefficient, 361 

Spread. See Variability 

Squared residuals, 357, 359 

Standard deviation, normal curve, 64 

Standard deviation, of random variable, 14 

Standard error 

difference in means, 268 

difference in proportions, 181 

sample mean, 147 

sample proportion, 65 

Standard normal distribution, 66 

Statistic, 33, 84 

Stratified random sample, 121 

Strength of association, 346 

Subsetting the data, 125 

Sum of absolute errors (SAE), 359, 365 

Sum of squared residuals, 359 

Systematic random sampling, 289 

t critical value, 151 
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Tally, 21 

Transformation, 134 

Treatment, 191 

Two sample z-procedures, 184 

Two-sample t-test, 252 

Two-sample z-test, 181 

Two-sided alternative, 43 

Two-sided p-values, 44, 46 

Two-way table, 176 

Type I error, 77 

Type II error, 77 

Unbiased, 85 

Variability of distribution, 127 

Variable, 20 

Variance, of random variable, 14 

Wald interval, 67 

Wilson adjustment, 182 
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