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TO THE STUDENT
Statistics is a mathematical science.

Although this is a very short sentence, perhaps aaatient one, and certainly one of the shortest that

you will find in this book, we want to draw your attention to several things about it:

1 2SS dzaS GKS aAy3adzZ I NI & éedainly grddnmytizally corrécBand.dhodzNI £ & I N.
O2YY2y dzal 3S G2 alreé aadlidAadAroa | NBEoodés o.dzi (K
In this sentence we mean statistics as a field of study, one that has its own concepts and techniques,
and one that can be exciting to study and practice.

T 2SS dzaS a Yl G KSY!I ( AS@Giisfics certaiily mayes isR@ @uBhimafiénatics, but it is a
separate discipline and not a branch of mathematldany, perhaps most, of the concepts and
methods in statistics are mathematical in nature, but there are also many that do not involve
mathematics You will see an example of this early in the book as you study the difference between
observational studies and controlled experimerit®u will find that even in cases where the
YFOKSYFGAOKE aLlsota 2F (g2 arddz GA2ya YlLeé& 6S A
crucially on how the data were collected, a statistical rather than a mathematical consideration.

f 2SS dzasS GKS ySaatgics is theGdieBoé Of §aming insight from dBtta are (notice the
plural here) pieces of information (often but not always numerical) gathered on people or objects or
processes. The science of statistics involves all aspects of inquiry about datdegigtied studies
begin with a research questiar hypothesis, devise a plan for collecting data to address that issue,
proceed to gather the data and analyze them, and then often make inferences about how the findings
generalize beyond the particular group being studigthtistics concerns itself with all phases of this
process and therefore encompasses the scientific method.

In these materials, our goal is to introduce you to this practice of statistics, to help you think about the
applications of statistics and to study the mathematical underpinnings of the statistical metflodsof

all, we hope you will find fun and engaging examp®atistics is a vitally important subject, and also fun to

study and practice, largely because it brings you into contact with all kinds of interesting que¥tansill

analyze data from medical studies, legal cases, psychology experiments, sociological studies, and many
other contexts¢ 2 LJ NI} LIKN} &S GKS €+ 0SS adridAadAOAy W2KyYy ¢
Fff2¢ga &2dz G2 LI & AYouredSial dhaS/ouSnight B4driin acstatSticecladdR © £

One of the first features you will notice about these materials is that you will play the active role of
investigator You will read about an actual study and consider the research question, and then we will lead
you to discover and apply the appropriate tools for carrying out the anakgsmary reason for the
investigative nature of these materials is that we strongly believe that you will better understand and retain
the concepts if you build your own knowledge and are engaged in the context. Be sure to also pay attention
to the StudyConclusions to see how to effectively convey statistical information@tite Practice

Problems for testing your understandingey terms are also hyperlinked (though some pdf viewers change
the # to %23, so you need to change back or just go to the giagsaryink).

Though you will only scratch the surface of the statistical methods used in practice, you will learn
fundamental concepts (such as variability, randomness, confidence, and significance) that are an integral
part of many statistical analyseA distinct emphasis will be the focus on how the data are collected and
how this determines the scope of conclusions that you can draw from the data


https://www.rossmanchance.com/iscam3/glossary.html
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Investigation A

These firsthree investigations give yougery brief introduction to some big ideas for the course. Some of you
will have seen some of these ideas before and can use the investigations to refresh your memory. Some of the

ideas may be new and you will see them again in later chapters. For now, trgu® dn the bigger picture of

analyzing dataevaluating modelsand drawing appropriate conclusions.

Investigation A: Hurricanes and Climate Change

One of the concerns with climate change is an increased number of tropical storms (including hurricanes
and major hurricanes).n par t i cAtlante Basin ion scthenfii sts have

Anamed st or msardisgitontheNatiodaBHuriicane Center

1 Tropical StormA tropical cyclone with
maximum sustained winds of 39 to 73 mph
(34 to 63 knots).

1 Hurricane A tropical cyclone with maximunr
sustained winds of 74 mph (64 knots) or
higher.In the western North Pacific,
hurricanes are called typhoons; similar stor
in the Indian Ocean and South Pacific Oce:
are called cycloes.

1 Major Hurricane A tropical cyclone with
maxsustained winds of 111 mph (96 knots)
or higher.

Here is a snippet from data table froidAA

Atlantic Basin Storm Totals by Year
(including subtropical cyclones)

Year
1851
1852
1853
1854
1855
1856
1857
1858
1859
1860

Tropical Storms
6

N oo E o

Hurricanes

w

L= R = B R L

Major Hurricanes
1

B R OON R RN

In 202Q scientists were alarmed because thegee 14 recordechurricanescompared t® in 2019.

14

134

124

11

10

w
I

Number of Hurricanes
w
i

-
I

2019

(a) Calculate thgpercentage change the number of tropical hurricanes between these two years.

(b) Does this convince you that climate change is leading to an increase in the ntimlreicanegin

Year

2020

tracl

the Atlantic)? If so, explain why. If not, explain what additional information you would want to know.


https://www.nhc.noaa.gov/climo/
https://www.nhc.noaa.gov/climo/images/AtlanticStormTotalsTable.pdf
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Below is adotplotof theannual number of hurricanédsom 1851 to 202 (n=174) .

. . . . . . . .
0 1 2 3 4 5 6 7 8 9 10 1 12 13 14 15
Number of Hurricanes per year

Sourcehttps://www.stormfax.com/huryear.htm

(c) What does one dot in the above graph represent?

A year with 14 hurricanes is certainly close to record setting, but we expect there to be some variation
from year to year.

Below is atimeplotof the number of hurricanes each year.

Mumber of Hurricanes

T T T T T T T
1851 1876 1801 1826 1851 1976 200
Yaar

(d) What additional information is provided by this graph and why is that helpful?

(e) The stormfax website reports the mean number of hurricanes betweeP0P@%b be 7. Does that
appear consistent with the graplvhy do you think they chose thatibsebf year®
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Oftentimesamean or average is reported, but with no measure of spreadability. If all the years
between 1992020 had between 6 and 8 hurricanes, we would react very diffeteddlyhurricanes in
one yeathan if all the yearbetween 1992020 had between 2 and 15 hurricanes.

Terminology DetourThe most common measure of traiability in adistribution of datais the
standard deviation

i w wIrfe p
We can roughly interpret the standard devi
distribution from the mean of the distribution. Another interpretation: If we were to predict 7 as
number of hurricanes in a year between 19020, he standard deviation would approximate the
average fiprediction erroro for those years

Below is a dotplot of the data from 192020(n = 31).

. .
. .
. . . . . . .
. . . . . . .
T * T * T " T o * T * . * 5
2 3 4 5 7] T & 9 10 11 12 13 14 15

Hurricanes91-20

() Conjecture:The mean of these 31 observations is 7.2 hurricanes. Do you think 7.2 is larger or
smalleror quite similar to the mean for the full dataset? Explain your reasoning.

(g) Conjecture Provide a guess of the value of the standard deviatioresé tBl values

(h) Conjecture:How do you think the standard deviation from (g) compares to the standard deviation of
the full dataset? Explain your reasoning.

We will oftenuseghest andar d devi ation as a Arul ero to hel
the mean of the distribution.

(i) If we use a mean of 7.2 and a standard deviation of 3.3 hurricHo@smany standard deviations
away from the mean is a value of 14 hurricanes? Above or below the mean?



http://www.rossmanchance.com/iscam3/glossary.html#StandardDeviation
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Terminology DetourThe general formula fatandardizingan obser vati onods
distribution is fbservation valug¢ mean of distributioji(standard deviation of distributign

We will often consider a value far from the mean of a distribution if it is more than two standar
deviations away.

In this investigation, you have just touched on one piece of information related to climate chan
fact, scientists are less concerned about the number of storms but in the intensity of the storm:
how warming of the surface ocean may be leadingdre destructive storms. Looking at a single
year in isolation or even a pair of years creates a very incomplete picture of trends over time, ¢
while we expect some natural variation from y&ayear, the question to scientists is whether the
overall rend being observed is larger than what we can reasonably attributed to natural variatic

Points to keep in mind

T I'tds i mpor t antvarabesateentost relavanhte thewdséarchquestion and whether

you can collect the data you need to answer the question.

1 Simple graphs can be very informative, but you should also take care in considering the most
meaningful variable representation of what you are studying even before you begin graphing.

1 Itis imperative to consider variability and to think about possible sources of variation. Sometimes
you may be able to explain and fAcontrol foro
into reasons for unusual observations and whetliegajipropriate to remove them from the analysis.

1 The quality of your inferences will depend A LOT on the quality of the data that are collected. Not

much can be learned from poorly or improperly collected olatkata from a completely different
time period.

Discussion:When exploring a research question, one of the first steps is to defweritiide involved,
e.g., the number of hurricaneghis is anexample ofjuantitativevariables, as opposed taategorical
variable like whether the storm has winds over 74 rBygltplotsare good choices for visualizing a

quantitative variabléor a small dataseWhen looking at a distribution of a single quantitative variable

like this, we are often interestedfwur key features:

T Center What would you consider a Atypical oo

v al

1 \Variability: How clustered together or consistent are the observations? Or are they far apart?
1 ShapeAre some values more common than others? Are the values symmetric about the center?
1 Are there anwnusual observationrsh at dondt foll ow the overall

explanations for these values?

To summarize theenterof the distribution, we often report tiheean(the arithmetic average of all the

numerical values in the data set) and/ormtteglian(a middle value such that 50% of the data values are

smaller and 50% are larger).
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With most investigations we will also provide a follow-up practice problem or two for you to try on your
own to assess your understanding of the material.

Practice Problem A.A

FromthelSCAM data files and applepmage (Chapter Qyou can view the data itlanticStorms.txt
Use your mouse (or ctA) to highlight all four columns and then copy and paste these data to your
clipboard. Now opethe Descriptive Statisticapplet. Clear the existing data (pr&dsar), click in the
Paste databox and paste the data from your clipboard. PresssleeDatabutton. [Alternatively, this
dataset is listed in the Select data {uldivn menu as Atlantic StormdJse the Quantitative Variable
pull-down menu tselect theNumber of Hurricanesgariable(Hurricanes)

Definitions: Theshapeof a distribution is often classified agmmetriqdmirror image on each side ¢
the center) or skewed.
1 Distributions with a longer right tail are labelskiewed to the right
9 Distributions with a longer left tail are labelskewed to the left
Theskewness statistineasures the lack of symmetry in a distributido(alues above the mean
extend further than values below the mean on average) using ao term. Positive values
indicate a skewed right distribution, negative values indicate skewed left, and values near 0 in
symmetric distribution.
(@) Basedonthegraphpwu | d you consider the Anumber of hur:t
skewed to the right or skewed to the lé@tPeck the Skewness statistic box, does the value agree with
your judgement from the graph?

Definitions: If there aren numerical values and we refer to thenyas., &,
1 Themeanw is the average of all numerical
valuesinthe dataseb B wfe

1 Themedianis a value such that 50% of the dat ‘ | | | (Mn 1_7?538
lies below and 50% of the data lies above that st D

value median position:n+1)/2 urricanes ’

(b) Explore the mean and median:

1 Check the box next to Guess for the Mean. Move the red line to where you think the mean of the
distribution is.

1 Check the box next to Guess for the Median. Move the blue line to where you think the median of
the distribution is.

1 Now check Actual for both. Which is larger, the mean or the median?

(c) Check the box for Guess for the standard deviatigse your mouse to move one of the edges of the

red rectangle to a distance that you think is r

values are closer, some are further). Then check the Actual box. How did you do?

(d) How does the standard deviation of the full dataset compare to the 3.3 value for the years 1991

2020? Summarize what this tells us about the behavior of hurricanes.



http://www.rossmanchance.com/iscam3/files.html
https://www.rossmanchance.com/iscam4/data/AtlanticStorms.txt
http://www.rossmanchance.com/applets/Dotplot.html
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In the previous investigation, you looked at historical data for the number of hurricanes that had
occurredperyear. As | ong as the fAdata generthleseidatgcanpgiveoc e s s 0
insight as to what will happen in the future. In this investigation, the goal is to explore a random

process. We apologize in advance for the absurd but memorable process below.

Investigation B: Random Babies

Suppose that on one night at a certain hospital, four mothers give dothr teabiesAs a very sick

joke, the hospital staff decides to return babies to their mothers completely at randayoal is to

look for the pattern of outcomes from this procegsh regard to the issue of how many mothers get the
correct babyThis enables u investigate the underlying properties of this chdtlirning process

such as the probabilityat at least onmother receigstheir own baby.

(a) Prediction If we were to repeat this process over mangny nights, pedict how often{what
percentage of the nighta) least one mother will receivieeir own baby Predict how often all four
mothers will receiveéheir own baby.

At least one: All four:

Because it is clearly not feasible to actually carry outrtbrsible child-returning process over and over
again, we will insteadimulatetherandomprocess to investigate what would happen in the long run
Suppose the folrabieswere namedurphy Miller, Wallis Williams, Bari Brown, andSheaSmith
Takefour index cards and write the first name of elahyon a different card. Now take a sheet of
paper and divide it into four regions, one for each méext shuffle the index cards, face down, and
randomly deathe babiedack to the mother&lip the cards over and count the number of moms who
receivedthe correcbaby.

(b) How many mothers received the correctbab: 1 2 3 4
(c) Did everyone in class obtain the same number of madthest, why not?
(d) Repeat your shuffling process 4 more times (for a totaktadls):

Trials 1 2 3 4 5
Number of matches

Then pool your results with those of your classmatally how many outcomes resulted in each value,
and also compute the proportion of thals that resulted in each value.
Number of matches 0 1 2 3 4
Count
Proportion

(e) One outcome is actually impossible to octMhich outcome is thiBExplain why it is impossible.

d
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(f) Calculate the proportion dfials for which at least om mother receivetheir own baby Hint: Note,
there are two ways you can find this value: Sum up all the proportions corresponding to 1, 2, 3, or 4
mat ches or consi der t handtéake aerpinuethaepnopod.] = no mat c h

(g) The proportion you have calculated is an estimate of how oftef this enappeasn the long run
How does this proportion compare to your prediction ifd (a)

(h) How could we improve our estimate of how often tusnthappens?

SimulationAnalysis
Open theRandom Babieappletand preskandomize Notice
that the applet randomly returns babies to mothers and
determines how many babies are returned to the correct hor
(by matching diaper colors)yhe applet alscountsand graph
the resulting number of matches
1 Uncheck theAnimate boxand presfandomizea few
more timesYou should see the results accumulate in the
table and théistogram # Animate
1 Click on thehistogrambar representing the outcome of Mumber of babies: 4
zero mothers receiving the correct bablyis shows you a
iti me ploto of the propor MNumberoftrials: /1 s with
the number of trials
1 Set theNumber of trials to 100 and presRandomizea
few times, noticing how the behavior of this graph
changes.
(i) Describe what you learn about how the (cumulative) proportidriadg that result irzero matches
changes as you simulate more and more trials of this process.

Definition: A randomprocesgenerates observations according to a random mechanism, like a
tossWher eas we canét predict each indivi duwual
pattern to the result$he probability of a randomeventoccurring is théong-run proportion (or
relative frequency of times that the event would occur if the random process were repeated ov
over under identical conditions. You capproximatea probability by simulatingi.e., artificially
recreatingthe process many times. Simulation leads terapirical estimat®f the probability,
which is the proportion of times that the event occurs in the simulated repetitions of the randon
processincreasing the number of repetitions generally results in more accurate estimates of-th
run probabilitesTy pi cal ly we assume observations fr
i mpacting each other) and Aidentically dis



https://www.rossmanchance.com/applets/randomBabies/RandomBabies.html
http://www.rossmanchance.com/iscam3/glossary.html#randomprocess
http://www.rossmanchance.com/iscam3/glossary.html#probabillity
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(j) After at least 1000 trialgomplete the table below.
Number of matches 0 1 2 3 4

Proportion

(k) Based on your answer tg,(what is youempiricalestimate for the probability that at least one
mother receivetheirown babyo all of your classmates obtain the same estimate?

() Calculate the average number of matches for your 1000 (or however many you perfoaised)
[Hint: Use aweighted averagB w "(F0 wherex; is the number of matchgisis the corresponding
frequency, and\ is the number of repetitions you simulated.]

(m) Selectthe Averageradiobuttonabovethetime plot Describe the behavior of this graph and
comment on what it reveals about the behavior of the average number of matches over many trials.

Exact Mathematical Analysis

One disadvantage to using simulation to estimate a probability like thiast&/eryone will potentially
obtain a different estimate. Even with a very large numb#ftads$, your result will still only be an

estimate of the actual lorrgn probability. For this particular scenario however, we can determine exact
theoretical probabilities.

First, letds I|Iist all possi ble outcaoaWecan for ret
organize our work by letting 1234 represent the outcome where the first baby went to the first mother,
the second baby to the second mother, the third baby to the third mother, and the fourth baby to the
fourth mother. In this scenario, all four rhets get the correct baby. As another example, 1243 means

that the first two mothers get the right baby, but the third and fourth mothers have their babies switched.

| Definition: A samplespaces a list of allpossible outcomes of a random process. \

All of the possible outcomes are listeelow.

Sample Space:
1234 1243 1324 1342 1423 1432
2134 2143 2314 2341 2413 2431
3124 3142 3214 3241 3412 3421
4123 4132 4213 4231 4312 4321


http://www.rossmanchance.com/iscam3/glossary.html#SampleSpace
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In this case, returning the babies to the mothers completely at random implies that the outcomes in our
sample space are equally likely to ocaat€ome probability =1 / number of possible outcomes

(n) How many different outcomes are there for returning four babies to their niitieas is each
outcom® s p r o baduirirg fot apy tralf?

You could have determined the number of possible outcomes without having to list therofitse

first mother to eceive a baby, she could receive any one of the four badlhies there are three babies

to choose from in giving a baby to the second motfee third mother receives one of the two

remaining babies and then the last baby goes to the fourth mother. Because the number of possibilities at
one stage of this process does not depend on the outcome (which baby) of earlier stages, the total
number ofpossibilities is the produs#@Q@QA =24 Thisisalsoknownadl, read A4 factor
Because¢he above outcomes are equally likely, the probability of any one of the above outcomes
occurring is 1/24Althoughthese 24 outcomes are equally likely, we were more interested above in the
probability of 0 matches, 1 match, etc.

Definition: A random variablenapseachpossible outcome of the random process gtraple spage
to a numerical valuéNe can then talk about tipeobability distributionof the random variable.
These random variables are usually denoted by capital roman letterX, ¥.@\,random variable is
discreteif you can list each individual value that can be observed for the random variable.

(o) For each of the above outcomes, indicate (next to the outcome above) how many mothers get the
correct baby[Hint: For outcome 1243nothers one and two receive their own babies so the value of the
number of correct matchés2.]

(p) In how many of the outcomes did zero mothers receive the correct baby?

Probability Rule: When the outcomes in the sample space are equally likely, the probability of
one of a set of outcoméan eventpccurring is the number of outcomes in that set divided by the
total number of outcomes in the sample space

(q) To calculate the exact probability of 0 matches, divide the number of outcomes with 0 matches by
the total number of possible outcomesw does this result compare to your estimate from the
simulation?

PX=0)= Comparison:

(r) Use this method to determine the exact probabilities for each possible value for the number of
matches. Express these probabilities as fracaodsas decimals the table below.


http://www.rossmanchance.com/iscam3/glossary.html#RandomVariable

O Chance/Rossman, 2026 ISCAM IV InvestigationB

Probability Distribution for # of correct matches:
# matches 0 1 2 3 4
Probability
(fraction)
Probability
(decimal)

(s) How do these theoretical probabilities compare to the empirical estimates you found in the
simulation (questionj))?

(t) What is the sum of these five probabili?é¥hy does this make sense?

(u) What is the probability thatt least onenother receives the correct baby#rt: Determine this two
different ways: first by adding the probabilities of the corresponding values, and then by taking one
minus the probabilityitat this event does not happdddw does this compare to the simulation results?

Probability rules:

1 The sum of the probabilities for all possible outcomes equals one.

1 Complementule: The probability of an event happening is one minus the probability of the ¢
not happening.

1 Addition rule for disjoint eventsThe probability ofat least one of severalentss the sum of the
probabilities of those evenss long aghere are no outcomes in common across the events (i
the events armutually exclusiveor disjoint).

We can also consider tgpected valuef the number of matcheshich is interpreted as the lomgn
averagevalue of the random variablEor a discrete random variabk, we can calculate the expected
valueof the random variabl¥, denoted E(X)by again employing the idea of a weighted averaigthe
different possible values of the random varigblert now t he Aweightso wild.l
probabilitiesof those values

E(X)= & (valug? (probabilityof value

all possible
values

(v) Calculate the expected value of the number of mat€wement on how it compares to the average
value you obtained in the simulatigoart (1)).

(w) Is the expected value for the number of matches equal to the most probable outcome? If not, explain
what i s meant by an Aexpectedod value.


http://www.rossmanchance.com/iscam3/glossary.html#complement
http://www.rossmanchance.com/iscam3/glossary.html#AdditionRule
http://www.rossmanchance.com/iscam3/glossary.html#ExpectedValue
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Notice that if we wanted to compute the average number of matches, say after 1000 trials, we would
look at a weighted average:

gz 1H0+1+2+0+ .. (#0f05)% 0+ (#0f15)3 1+ (#of 25)% 2+ (#0f 45)2 4
1000 1000
But from the results we saw above, each term (# of)/1000 terms converges to the probability of that

outcome as we increase the number of repetitions, giving us the above forni{lg f&o we will
interpret the expected value as the longmeanof the outcomes.

Another property of a random variable isvtgiance This measures how variable teduesof the
random variable will be. For a discrete random variakjeve can again use a type of weighted
averagebased on the probabilities of eacdlueandthe squared distances betweengbssible values
of the random variabland the expected value.

Var(X) = & (value- E(X))?2 (probability of value

all possible
values

(x) Calculate the variance of the number of matchAés take the square root to calculate stendard
deviationSD(X).

Var(X) = SD(X) =

We will interpret this standard deviation similarly to how we did in Investigation A: how far the
outcomes tend to be from the expected value. Here we are talking in terms of the probability model; in
Investigation A we were talking in terms of the histalidata.

(y) Confirm that the value of theastdard deviation you calculatethkes sense considering the possible
outcomes for the random variable.

Discussion Notice that we have used two methods to answer questions about this random process:

1 Smulationi repeatinghe process under identical conditions a large number of times and seeing

how often different outcomes occur

1 Exact mathematical calculationsing basic rules of probability and counting
This approach of looking at the analysis using both simulation and exact approaches will be a theme in
this course. We will also consider some approximate mathematical models as well. You should consider
these multiple approaches as a way to assess thepappeness of each method. You should also be
aware of situations where one method may be preferable to another and why.


http://www.rossmanchance.com/iscam3/glossary.html#Variance
http://www.rossmanchance.com/iscam3/glossary.html#StandardDeviation
http://www.rossmanchance.com/iscam3/glossary.html#StandardDeviation
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Practice Problem B

Suppose three executivesi, Brooklyn, andCarson drop their cell phones in an elevator and blindly
pick them back up at random.

(a) Write out the sample space ushkigC notation for the outcomes.

(b) Carry out the exact analysis to determine the probability of at leaskeonativereceivingtheirown
phone

(c) Calculate the expected number of matches BxegutivesHow does this compare to the case with
4 mothers?

(d) Use the Random Babies applet to check your results.

Practice Problem B

Reconsider the Random Bahid®w suppose there were 8 mothers involved in this random process
(a) Calculate the (exact) probability that all 8 hess receive the correct babllifit: First determine

how many possible outcomes there are for ratgr8 babies to their mothers.]

(b) Calculate the probability thakactly7 mothers receive the correct baby.

(c) Using the Random Babies applet, approximate the probability that at least one of the 8 mothers
receives the correct baliow does your approximation compare to the probability of this event with 4
mothers?

(d) Using the Random Babies applet, approximate the expected vathe faxmbenf the eight

mothers receing the correct baby. How does your approximation compare to the situation with 4
mothers?

Practice Problem B.C

An American Roulette wheel consists of 18 black slots, 18 red slots, and 2 green slots. A ball is rolled
while the wheel is spun and players can bet on which slot or type of slot the ball will end up in.

(a) A common bet is color. If someone b&ion red, and the ball lands in any of the 18 red slots, the
player wins $2 (a netrofit of $1). What is the probability they will witheir bet on re@

(b) Include a onesentence interpretation of the probability you calculated in (a).

(c) Another common bet is a number. If the ball lands on the chosen number, thengllegerl profit

of $35. What is the probability someone wins if they bet on a number?

(d) Below are two graphs showing theeragenet winnings over 1000 simulated plays of a color bet
and of a number bdtHint: What happened on the fi'sD or sonumber betd7Explain how you think

the expected valugong-run average winningsf each bet compareBo they have the same sign?

(e) Explain which bet displays a larger standard deviation.

'
bobp
025 ot

T

)
] | LS

Cumulative average winnings

0 200 400 600 800 1000
spins
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Investigation C: Modelling Hurricanes

A modelis an artificial representation or a simplification of something more complicated, like a toy
airplane. Models can be useful in making predictions (e.g., weather models) or to help us better
understand the phenomena under study. For example, what fagbaxs the severity of a hurricane?

Visit https://scied.ucar.edu/interactive/mdikaricane
1 Move the red hurricane symbol to a circle on the map and read what happens.

1 Switch between the Sea Surface Temperature, Moisture, and Wind maps to see the data for each
circle.

1 Which circles create the strongest hurricanes? Why?

(a) In your own words, explain how sea surface temperature, moisture, and wind interact to create strong

hurricanes or weaken them.

(b) Explain how you could evaluate the accuracy of this mafdelirricane strengtivhat would you
do next if you decided the model was not appropriate?

In this course, you will encounter two main types of models: statistical models and probability/
simulation models. For example, the Random Babies simulation in Investigation B, allowed you to
simulate hypothetical data to estimate probabilities of diffeevents. As long as the modelalid, we

can predict thaall four mothers receiving the correct babies would not happen very often in the long
runMost models rely on simplifying assumptions,

The graphs below shohistogramsof the hurricane data with different probalyilihodels(red curves)
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(c) Describe the difference between a histogram and a dafghain might histograms be more useful?

(d) Which modelred curve)do you consider aditermatch to the observed data?
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(e What does t heinthiesituatioM\Wihy woeald such mmadel be useflvhat
assumptions would you need to makidiht: Which do you consider more likely, a year with 13
hurricanes or with 147?]

To get an idea of statistical modelyou will collect some data
1 Using a measurement tool provided by your instructor, measure the circumferenenro$ a
ball.
1 Record your measurement here: cm (to the nearest hundredths place)

(f) Did everyone in class find the same value? What are some possible explanations for different
measurements?

We can think of these measurements as observations from a random process, which we can summarize
with a statistical modelf we consider 85cmt he fitrue value, 0 then we <ca
as

Measurement recorded 28.5 +random error

(g) How could we estimate thHkelya mount of random error in your

Much of what scientists do is try to measure, explain, and minimizantlentof random variation.
(hSuggest a way to reduce the measurement error

(i) What does theermfi mo d e | 0 nVé¢hg wouldhseiah a model be usefWWhat assumptions
need to be made?
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Practice Problem @

Researchers often compare data generated from a model to observed data to help validate the model. If
the moded s kasdnablynatches the observed data, that helps confirm tha{theynodel builders)
understand the underlying data generating process.

Open this app to model the tennis ball measurement random process:
https://iambethchance.shinyapps.io/Modeling8/

(a) Suggest and label four possible sources of variation in the tennis ball measurements. Enter them as
the four pie charts and conjecture sizes and probabilities for those sources (e.g., right now, Spinner 1
assumes perfect measurement with 0.50 probability,lacm error with 0.25 probability and a +.1 cm

error with 0.25 probability). Include a screen capture of your random process.

(b) Simulate one measuremdayt pressing the Simulate data button. What did you find for the total

random error across your four sources? Will this be the same eve®y time

(c) Generate the same number of measurements as we took in class. Compare the simulated data to the
actual data from class (e.g., shape, center, spread). What looks similar and what looks different?

(d) Suggest a way to adjust the model that you think will lead to simulated data that better matches the
observed data. Briefly justify your choice.

Practice Problem C.B

Supmse human body temperatures can be modelled with a normal distribution with me%h 98.6
Suppose you take repeated measures of your temperature over several days.

(a) Which distribution below do you think is more likely? Briefly justify your choice.

A B | C | D
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&
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Frequency

Frequency

(b) Explain why you might be suspicious if someone told you Distribution D was their results.

(c) Suggest four possible sources of variation in your body temperature measurements.

(d) Distributions AC have the same mean (98.6) but different spread or variability. Which of the graphs
above has the largest standard deviation? Approximate the value of each standard deviation by
interpreting the standard deviation as a fAtypic
(e) Thed distributionsar e a-shafibdl bnd symmetric. 0 Do you tF
measurements on the same individual will behave this way? Briefly explain your reasoning.

(f) Suppose | randomly select one of the temperatures from Distribution C. Approximate the probability
that the temperature is larger than’B9 Interpret your probability in context.


https://iambethchance.shinyapps.io/Modeling8/
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CHAPTER 1: ANALYZING ONE CATEGORICAL VARIABLE

In this chapter, you will begin to analyze results from statistical studies and focus on the process of
statistical inferencdn particular, you will learn how to assess evidence against a particular claim abqut
a random process.

Section 1Analyzinga process probability
Investigation 1.1: kend orfoe- Inference for a proportion
Investigation 1.2Can wolves understarfdimancue®i Binomial random variables
Probability Detour: Binomial Random Variables
Investigation 1.3: Are you clairvoyanit?Standardizing
Investigationl.4: Heart transplant ortality - Factors affectingjwalue
Investigaion 15: Butteredside down again? Two-sided pvalues
Investigation 16: Kissing the right way Interval of plausible values

Section 2Normal approximationfor sample proportions
Investigation 17: R e e s e 0 § Samplirgadistebution of sample proportiof@ptional)
Investigation 1.8Halloweentreat choices One sample-test continuity correction
Probability Detour: Normal Random Variables
Investigation 19: Kissing the right waycont.)- Onesamplez-interval
Investigation 110: Heart transplant prtality (cont.)- Confidence levelPlus FourAdjusted Wald
Investigation 1.1: Ganzfeld experiments Power calculations

Section 3: Sampling fromfanite population
Investigation 1.12: Sampling wordsBiased and random sampling
Investigation 113: Sampling wordgcont.)- Finite population correction
Investigation 1.14: Teen hearing les®ne sample-procedures
Investigation 1.15Countingconcussion$ Nonsampling errors, hypergeomettistribution
Probability DetourBinomial approximation to Hypergeometric distribution
Investigation 1.16t iterary Digest- Issues in sampling
Investigation 1.17 Cat households Practical significance
Invedigation 1.18 Womensenators Cautions in inference

Example 1.1: Predicting Elections from Faces
Example 1.2: Cola Discrimination
Example 1.3: Seat Belt Usage

Chapter 1 Summary
Chapter JAppendix: Stratified random sampling

Investigating Statistical Concepts, Applications, and Methods

o
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SECTION 1: ANALYZING A PROCESS PROBABILITY

In this investigation you will be introduced to a basic statistical investigation as well as some ideas and
terminology that you will utilize throughout the course. You will combine ideas from the preliminary
investigations: examining distributions of data and simulating models of random processes to help
judge how unusual an observation would be for a particular probability model.

Investigation 1.1: Friend or Foe?

In a study reported in the November 2007 issusaifire researchemsvestigated whether infants take

into account an individual 6s actions towards ot
perhaps laying the foundation for social interactidartlin, Wynn, and Bloom, 2007In other words,

do children who arendét even yet talking still f
their action® In one component of the studgixteenlO-montho | d i nf ant s were show
character (a pieyweegkeswgbdewi omtibgooy!l t hat. coul
Then the infants were shown two scenarios for t

to the top of the hill by another charactéref h e | tpypandone where the climber was pushed back
down the hill by another charactéh€i h i n dt@y) Tée infant was alternately shown these two
scenarios several times. Then the child was presented with both pieces of wood (the helper and the
hinderer characters) and asked to pick one to play Witleos demonstrating this component of the
study can be found &ttp://campuspress.yale.edu/infantlab/media/

Collecting the Data

Definitions: A sampleis acollection of observed outcomes generated by repeated realizaitmns
randomprocessThe set of observations should reflect the typical behavior, and the variability
inherent in that proces8. s t sanplésizés the number obutcomes observed.

(a) Identify the sample in this study.
(b) Do you think it is reasonable toodelthese observations as independent realizations of the random

process under Aidenti cal conditionso? Explain.

(c) Why is it important that the researchers varied the colors and shapes of the wooden characters and
even on which side the toys were presented to the infants?

Definitions: The measurements we are taking definevtr@ble We classifythe type of variablas
categoricalassigning each observation to a categoryjuantitative(assigning each observation a
numerical measurement). A special type of categorical variableimsegy variable, which has just
two possible outcomgsof t en | abel ed fisuccesso and Af a

(d) What is the variable we are measuring about elskrvatiof? Is it a quantitative variable or a
categorical variable?


https://pubmed.ncbi.nlm.nih.gov/18033298/
http://campuspress.yale.edu/infantlab/media/
http://www.rossmanchance.com/iscam3/glossary.html#sample
http://www.rossmanchance.com/iscam3/glossary.html#randomprocess
http://www.rossmanchance.com/iscam3/glossary.html#samplesize
http://www.rossmanchance.com/iscam3/glossary.html#variable
http://www.rossmanchance.com/iscam3/glossary.html#categorical
http://www.rossmanchance.com/iscam3/glossary.html#quantitative
http://www.rossmanchance.com/iscam3/glossary.html#binary
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Definitions: A researchguestionoften looks for patterns in a variable or compares a variable acr
different groups or looks for a relationship between variables.

(e) Whatresearch questiois of interest here?

Summarizing theDbservedData

To summarize the distribution of a categorical variable, we can simply count how many are in each
category and makelar grapho display the results, one bar for each outcome, with heights
representing the number of observations in each categgpgrating the bars to indicate distinct
categories

HThe Araw datao can be f oun@dfauData.txhHow manudosoe we b |

see of each possible outcoP&ketch the bar grapfoptional: See Technology DetouGjve your
graph an fiactive title, 0 a concise sentence st a

Technology Detour, Loading in a Data File

1 For JMPRchooseile > New > Datatable. Open thénfantData.txt(raw data) link from the data
files page and select all the observations and the variable name and copy the data into the
clipboard. Return to the data table in JIMP and s&ditt> Paste with Column Names
Or if the .txt file is saved on your computer, you can chédgse> Openand use the puliown
menu to change the file type.

Technology Detour, Tallying the Outcomes
1 In JMP ChooseAnalyze > Tabulate In the new window, drag the choice column to either the
Drop Zone for columns or for rows. Prd3sne

Technology Detour;, Bar Graphs

Creating a bar graph in JMP (summary data) '] Untitled 3 - Tabulate 2 - MP Pro

1 Inthe Tabulate window (from above), use tr i
red down arrow in tF “Trapulate
spot 0) &how ChareBest whien e
using the Drop zone for rows. Show Control Panel
OR ¥ Show Shading



http://www.rossmanchance.com/iscam3/glossary.html#categorical
http://www.rossmanchance.com/iscam3/glossary.html#bargraph
http://www.rossmanchance.com/iscam2/data/InfantData.txt
http://www.rossmanchance.com/iscam2/data/InfantData.txt
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1 If you have the categories and counts in a d 1 -_- -

window, choosé&raph > Graph Builder.
Drag the variable names to tk@xis and the

Pelper hindeer |
counts to thg-axis. Press the"7icon to pe toie i @
convert the chart to a bar graph. - —

Creating a bar graph in JMP (raw data) -—-

1 From the Data Table window il —

1 SelectGraph > Graph Builder. Drag the I e inderer )
Choice variable to the Jxis. Hoveruntil the , g @
X-regionshows the group labels and then le - ke _

go. Press the"7( fi B acondtg convert the
chart to a bar graph.

OR [Anslyze] Graph Tools View W Cast Selected Columns int
1 ChooseAnalyze > Distribution. With the = Ditiutin [¥, Columns] choice
choice column highlighted, press the Y, v rhnira
Columns button (or drag to the white box). LI L » | v Frequencies
PressOK. You have lots of options here Histagram Options » | v Horizontal Layout
(using the hot spots), like turning the graph Mosaic Plot Auxes on Left

horizontal, adding an axis (putting it on the
left), adding labels, separating bars, etc.

Handy Reminders

1 In JMR Your options change under different windowvays check the hot spots for more
options. You can also save preferences (Eit > Preferences > Platforms > Distributior).
You can also presSet Preferencem the[ISCAM Journal file (This file contains some short cut

Drawing Conclusions Beyond tifeample

Clearly a majority/more than half of the infants chose the helper toy in this sample of 16 Bdiants
does that convince us thiafants in generahre more likely to pick the helper taythe long ruf? In
other wordswhat is theprobability that aninfant will choose the helper toy?

Model assumption: Note we are assuming each infant has the same probability of picking the
toy, we just dondédt know the value of that

(g) What do the researchers think is true about the value of this probéatjtydo they think it idarger
or smaller than 0.50)

(h) Is it possible that in the long run infants just choose equally between the twe.tpythe
probabilityan infantwill choose the helper toy &5) and we just happened to see more than half
choose the helper toy in our sample?


http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
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(i) Is it plausiblethatthe observed majorityccurred becausefants just prefer the color bl@ae

So that leaves us with twexplanations for the majority we observed
(1) There is something to the theory that infants are genuinely more likely to pick the helper toy (for
some reason)
(2) Infants choosequally between the two toysthe longruand we happened to ¢
had an unusual sample whenestof the infants in our samplackedthe helper toy.

()) So for the twagpossibilitieswe are still considering, how might you choose between them? In
particular, how might you convince someanaether or nobption (2) isplausiblebased orthis study?

Our analysis approach is going to be to assume the segptahatioris true (similar to how in a legal
trial we assume a defendant is innocent), and then see whether our data are consistargistent

with that assumptianTo do this, we need to investigate the values we expect to see for the number
choosing the helper toy whé infants areequallychoosing between the two toyss you saw with the
Random Babies (Investigation B), we camulatethe outcomes of a random process to help us
determine whicloutcomesare more or less likely to occur.

(k) Suggest a method for carrying outsamulation of 16 infants picking equally between the two toys.

Simulation

Fora 5650 simulation modelye can flip a fair coin. W canarbitrarily definefhead$ to be choosing
the helper toy anéitailsd to be choosing the hindartoy. We will repeat tie random procesks times to
represent the 16 infants, awe will count how many times we flip headspresenting aimfant
choosng the helper toyThe chart below shows this mapping of the real world, which we saw one
instance of, and the simulation model, which we can easily repeat manyKeegsn mind that in th
simulationmode| weknowthe probability of heads is 0.50.

Real world Simulation model
One observation Infant choice Coin toss
Sample 16 infants 16 coin tosses
Success Picks helper toy Landsheads
Probabil it y Unknown 0.50

() Flip a coin 16 times, representing the 16 infants in the guwsrepetitionof this random process)
Tally the results below and coumbw many of the 16 chose the helper toy:
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ACoul d h aoutemdse e n 0
Heads (helper toy) Tails (hinderer toy)

Total number of heads in 16 tosses:

(m) Combine your simulation results for each repetition with your classawate¢be scale below
Create aotplotby placinga dot above the numerical result found by each pérson s et of 16 t

T T T T T
0 1 2 3 4 ] G 7 8 9 10 11 12 13 14 15 16
<-- number of heads (helper selections) -->

(n) Did everyone get the same number of heads every Wie® is an average or typicaimber of
headsn aset of 16 tossésls this what you expected? Explain.

(o) Does 14 heads appear to be an unusual outtmmié observations frora process where heads
should appear 50% of the time in the long run?

We really need to simulate this hypothetical random selection process hundreds, preferably thousands of

times This would be very tedious andtimeo nsumi ng with coins., so | etod

(p) Use theOne Proportion Inferencappletto simulate these 16 infants making this helper/hinderer
choice, still assuming that infants have no real preference and so are equally likely to choose .either toy
1 Keep theProbability of headsset t00.5.

f Set theNumber of Tossedo 16. Describe process:

1 Keep theNumber of repetitions at 1 for now. Probability of heads:

1 PresDraw Samples Number of tosses:
Number of repetitions:

Report the number of heads (i.e., the number of infants wi o
choose the helper toy) f or HShowanimation
assumption of no preferenoautcome. | Draw Samples |

Number of heads:


http://www.rossmanchance.com/applets/OneProp/OneProp.htm
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(q) Uncheckthe Show animationbox and pessDraw Samplesfour more times, each time recording
the number of the 16 infants who choose the helpeiDtiolyyou get the same numbairheadsall five
times?

(r) Now change th&lumber of repetitions to 1995 and pres®raw Samples to produce a total of

2,000 repetitions of thisandomprocess of tossing a coin 16 timesr thedotplotyou have created,
what does each dot represérd., what would you need to do to add another dot to the grépth)@
graphvariable quantitative or categorical?

(s) Now that we have a better picture of the long behavior of this process, discuss whether you

would considepption 2before )il nf ant s choose equally between t
happened to géluckypand f i nd most of the infants in our s
plausible conclusion for this studgxplain your reasonings if to a skeptic.

Discussion:Returning to our legal trial analogy, if you decide tiat observed d a i @nlikelyto

occutby chance alone, you are going to Arejecto t
evidence the defendant is guilty). If you dedle data/evidence is nohusuaby chance alonghen
you fAfail to rejecto that assumption (dwa we s a

a r epno@ingthe defendant innocent, just that the evidence is not inconsistent with that assumption
Anot )Yuiltyo

Sobased orthesesimulation results, we would say the data (14 helper choices out of 16 trials) is
unusualunder theassumptiorthat infantsgenuinelyhave no preferencandarechoosng blindly when
preseredthe toys Thisevidencec onvi nces us that fAThere i s somet
genuinely more |ikely to pick the helper toy (f
why so manyof theinfantsin this study pickedhe helper toyver the hinderer toyNe h a pravend t
this is true, but based on the strong majority these researchers saw, even for this small sample size of 16
we would consider the evidence convincing (fAbey
probability of choosing the helper toy in thedomprocess is greater than 0.5. Because the researchers
controlled for other possible explanations for the observed preference liksuttdor and handedness
we will conclude that there is convincing evidence that infants really do hgemuanepreferencdor
the helper toy over theinderingtoy.
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Study Conclusions

I n a study of #fAsoci al eval u-aetbal mfantshave eepseterance
for a Ahel pingo toy over a Ahinderingo t o)
random process with equal probability of successtailwe find that getting l#hfants choosing the
helpertoyisn ot consi stent with the types of val
choosing equally between thetwotoys Thi s means t hat tdtrengr ese
statisticalevidence torejectthiin o pr ef erence o nibed @ff aamand 6c |
actually governed by a process where there is a genuine preference for the héipeatttaast that
itds more complicated t ha n.Otcaushthiscontlusiondeperids
on the assumpti on tdtt hid sdee nlt 6 cian f a mtfsaén t cshoo i
larger process of viewing the videos and selecting aAisp. keep in mind that not all infants had :
clear preference for either object.

Practice Problem 1A

In a second experiment, the same events were repeated but the object climbing the hill no longer had the
googly eyes attache@he researchers wanted to see whetiepreference was made based on a social
evaluation more than a perceptual prefereSapposeB of 12 (different)infantschose the pushp toy.

(a) If you were to use a coin to carry out a simulation analysis to evaluate these results: how many times
would you flip the coin for one repetitian6, 8, 10, 12, 160r 1000?

(b) Use theOne Proportion Inferencapplet todecide whether it is plausible that when the googly eyes

are removd infants do not have a genuine preference between the two toys. What do you conclude?

Practice Problem 1.1B

In 2019, the home team won 54 of the first 88 games of the Premier Soccer Leaguewasdar

these games as a sample from a random process (all games that could have occurred in first 3 months).
(a) Could we use a coin tossing simulation to model this random process@vitheach coin toss

represer? What are we assuming about the process? How many times would we toss tbe @oin
repetiio’Def i ne what i s meant by dAprobability of su
(b) Use theDne Proportion Inferencapplet to decide whethérese data provide convincing statistical
evidence thathe home tears more likely than the visiting teato win in the long runJustify your

conclusion.

(c) At the beginning of the 2020 seastans were not allowed at the games due t&Cit®navirus
pandemicFor the first three months of this season, the home team won 40 of 87 matatide

whetherthese data provide convincing statistical evidence that the home team is morihéketiye

visiting teamto win when no fans are presedustify your conclusion



http://www.rossmanchance.com/applets/OneProp/OneProp.htm
http://www.rossmanchance.com/applets/OneProp/OneProp.htm
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Investigation 1.2: CanWolves Understand Human Qes?

Previous research has demonstrated that domesticated dogs can be trained to understand human cues
such as looking or pointing at an objegtit it was not clear how the animals would perform with
fibehavioral cuedshowing intensuch aseaching for, but not obtainingr trying to operan object

Lampe et al.Z017) gave captive wolves, pack ddgsng in identical conditions to the wolveand pet

dogs living with familiesas s e r i e sc hoofi chedAlibbéeseasplaced outside a fenced
compartment, and container was placed at each ehthe table, one containing food and one empty

The experimenter would gitbe cueas to which container had the foadd therthe animal would

touch one of the two targaetext to the containers 6-yearold female timbewolf, Yukon, chose the
intended container i of the 8 trials with behavioral cues.

(a) Identify the sample/random process for this styéynt: What is the sample size?]

(b) Identify the variable of interest forishprocess[Hint: The variable is theneasurements recorded for
each observatiohls the variable quantitative or categorical?

(c) If Yukonwas purely guessing, how often would you exjecto identify the correctontaine?

We will think of the sampleof 8 attemptsasidentical observations from a random process, and we are
choosing between two possibilities

(1) Yukoncan understand behavioral cues

(2) Yukondoes not consistently understand behavioral cues and is guessing randomly

Definition: In drawing conclusions beyond our sample data to the underlying random process,
will often be choosing between two competing claims aboutitiderlying process:

1 Thenull hypothesiswhichist he fAby chance; al oneodo expl an
1 Thealtemative hypothesjswvhich isusually what the researchers are hoping to show.

In Investigation 1.1, thaull hypothesis was that infants (in general) choose equally among the t
toys in the long run. The alternative hypothesis was that infants have a genuine preference for
helper toy.

(d) Identify the above possibilities as the null and alternative hypotheses.

(e) So our simulation model is going to assume the null hypothesis is trueeamtl see how unusual it
is to find6 successes and 2 failures in 8 attenfpta n we us e @ c olowmdnytenesi n g 0 a
will we toss the coin?


https://www.nature.com/articles/s41598-017-12055-6#MOESM1
http://www.rossmanchance.com/iscam3/glossary.html#null
http://www.rossmanchance.com/iscam3/glossary.html#alternative
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(f) Use theOne Proportion Inferencapplet to carry out,000 repetitions ahe simulationCheck the
Summary Statisticsbox and eportthe mean and standard deviation of ysianulateddistributionof
Afcoul d have .beeno outcomes

Mean: Standard deviation:

(g) Based on your simulation resulghich assum&Yukonis guessingshould we b&ery surprised to
seeb correct guess@E£xplain/support your reasoning.

aSlkadzZNAy3a dwl NBySaacé

In Investigation 1.1, the observed result (14) was pretty far in the tail of the distribution and you

probably agreed that we could consider it unustiab result(6 out of8) is not agnconsistent with the

null hypothesiss o wher e do waFirsfiwerneedoatghh &€ el iome@ measure o
could just calculate thineoreticalprobability of6 heads irB tosseg0.1094), but keep in mindhat if

we have a larger sample size (e.g., 100 tosses)athandividual outcome (e.g62 heads) will have a

small probability.So we want to judge how extreme our observation is relative to the other observations
in the simulated distributiorOne way to do this is to count how masytcomesare aor even more
extreme(even further from the expected valdileqn the observed outconteor example, if we tell you

that only 1% of rattlesnakes are longer than 2.5 meters, then you know to be very surprised+o see a 3
meter rattlesnake and you may even begin to think that what you are looking at is not a rattlesnake at all!

(h) In the applet, entéin theCount samplesbox andkeept he fAas e xt r greatethams 0 b u
or equal toz. Report the proportion of the repetitions wilor more heads (correct choices).

In 1,000 repetitions, assuming the probabilitychbosing correctlys 0.50, we found %
of repetitionsof 8 attemptgo result in6 or more successes

Notice that we consider the direction of the alternative hypothesis to help us determine which outcomes
we consider fAmore ext r e fesdail prdbabilityyaudoundmthlser ved ou
referred to as thp-value

Definition: Because the simulation assumes the null hypothesis to be true, we can refer to the
distribution yousimulatedas thenull distribution When youdetermine the proportioof the resultsn
the null distributiorthatare at least as extreme as the observed result, you are estimating a
probability. We will refer to this probability as thevalue We use the {value to evaluate the
strength of evidencagainst the null hypothesis

The smaller the pvalue, the stronger the evidence against the null hypothesiBhere are no hard
andfast cutoff values for gauging the smallness of-agbue,but generally speaking:
1 A p-value above 0.10 constitutittle or no evidencagainst the null hypothesis.
1 A p-value below 0.10 but above 0.05 constitutexlerateevidence against the null hypothesis.
1 A p-value below 0.05 but above 0.01 constitigigeng evidencagainst the null hypothesis.
1 A p-value below 0.01 constitutegry strong evidencagainst the null hypothesis.


http://www.rossmanchance.com/applets/OneProp/OneProp.htm
http://www.rossmanchance.com/iscam3/glossary.html#nulldistribution
http://www.rossmanchance.com/iscam3/glossary.html#pvalue
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(i) Did everyone in your class obtain the samalue? If notare you surprised

Because we are assuming a random proceswlye we ¢c a
for the pvalue In fact, we have been assuming a very special random prodasspaal process

Probability Detour¢ Binomial Random Variables
A Binomid random variableounts the number of successes in a random process with the folloy
properties:
1 Each trial results ieitheri s u ¢ ¢ e s s 0 (we havefdinary cateagorieabvariable)
i1 The trials arendependentThe outcome of one trial does not change the probability of su
on the next trial.
1 The probability of succesp, is constant across the trials.
1 There are a fixed number of triats,
If the number of successeés,is a binomial random variabléhen we can say X Binomial (0, p).

Because we are assuming the null hypothesis to be true, we are treatingerapkas an identical
repetitionof a random processgith a probability ofsucces®f 0.50for eachattempt (always two
containers to choose frongnd oneattemptoutcome does not impact theobability of success on the
nextattempt(e.g., a screen was lowered between attempts and the location of the food randantized
time) so theattemptsare independenWe are counting, the observed numbef correctchoicesn the

n = 8 trials. So X~ (is distributed asBinomial 8, 0.50) and w want todeterminethe probability of
observing 6 or more successes in 8 attempts by chance R(@e6). We will illustrate this

calculation next, and then turn to technology to find binomial probabilities.

Calculating Binomial Probabilities

() Let S represent Success and F represent Faoresider one particular outcome for therials with

6 successeSSFSSSFBecause we are assuming the trials are independent, we can find the probability
of thiseventby multiplying together the probabilities of the individual outcomes in the event.

P(SSFSSSFS= PE) x PES) x P(F) x P(S) x P(S) x P(S) x P(F) xP(S) =

(k) But there arether possible outcoméisat wouldalso result iré successes aritifailures(for
example SFSSSSSEFHow many ways are there to arrange@lseiccesses among t@alots?

This is where théinomial coefficientomes in handyThis binomial coefficient, denoted I&(n, k) or

ang ; : . :
ag =__A 5 counts the number of ways there are to séléetns from a set afiitems In this case,
g -

A

we want to find the number of ways to sel@spots from the trials for the successes:

C(8, 6) =8/(612!) =


http://www.rossmanchance.com/iscam3/glossary.html#binomial
http://www.rossmanchance.com/iscam3/glossary.html#independent
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(I) Becausehe 28 outcomes corresponding to 6 successesnutually exclusivf canét occur
simultaneously)we can find the probability @ft leasione of them happening by addialy of the
probabilitiestogether:

P(SSFSSSFS) + P(BRO®SFSSF) + é. =

In general, théinomial probability of obtaining successes in a sequence aidependentrials with
" - ang ok ang n!
success probability on each trial is: P(X k) = k(1- whereggg=——
p v (X% x 2-p) & - !

(m) Isthe number you found in)(our pvaluefor this study If not, how would we find the-palue?

(n) In the One Proportion Inference appteteck theExact Binomial box. (Optional: See Technology
Detour below.How does the binomial distribution match up to your earlier simulation results? How
does t he bi noaivdluatomgae to wiiatyrussintlaied ea@ieid everyone in class
obtain the -wlaethe fAexacto p

(o) Write a onesentence interpretation of thisvalue in this contexKey components to include: what
random process is being repeated, what is the null hypothesis that we are assuming to be true, what is
the observed result we are considering, which outcomes are we considering to be more extreme?

Conclusions
(p) Based on this analysis, do these data provide convincing evidence that wolves can understand
behavioral cues?


http://www.rossmanchance.com/iscam3/glossary.html#mutuallyexclusive
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Study Conclusions

If we assumé‘ukonis guessing between the two containers, regardless of the cue, then finding
more successes in 8 triadsactuallynot verysurprising (binomial yvalue = 01445; about %% of
samples from a 50/50 process would sltoar more successes in 8 tridliis does not provide
convincing evidence thafukonc an per f orm fabove chance, 0
whether other wolves or other cues would show better performance

Practice Problem 12

WhenYukonwa s gdomneunicativecués (| oo ki ng painting tb the contamér)ai ner ,
instead of behavioral cugshe was correct in 7 out of 8 attemjiiees this outcome provide convincing
evidence thatvolves understand communicative cties

(a) Sate the null and alternative hypotheses for this study.

(b) Report both a simulatiebased anthe exact pvalue. Include a aasentence interpretation of the p
value in this contexithe probability of assuming ).

(c) Summarizeyour analysis anthe conclusions you would draw from this study.

(d) Across the 12 wolves in the study, in the 64 trials with communicetieg thewolvesunderstood
the cue 41 times. What is the newalue for these resuR&xplain why this wouldhotbe an

appropriate analysis.

Practice Problem 1.2B

A study inPsychonomic Bulletin and Revi€laea, Thomas, Lamkin, & Bell, 2007) presented evidence
that fApeople use facial prototypes when they en
experiments they conducted, you will be asked to match photos of two faces to the names Tim and Bob.
Ther esearchers wrote that their participants fAov
You will conduct a similar study in class to se
more than you would expect from random chaice (r e @A r a n d thene ixno tagciat e 0 =
prototyping and people pick a name for the face on the left at random).

(a) Whatis the sample/random processd variable in this studw¥hat assumptions are we making

about this process?

(b) State the null and alternative hypotheses for this study.

(c) Report the count, proportion, and percentage o r riecd d tyiof y i mgourclased s f ac e
(d) Use the applet or the technology instructions below to obtain a binowedlie What do you

concludeabout thenull hypothesi8

(e) Do you think theproperties of thé@inomialrandom variable are met h@révhat assumptions need to

be made?
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Investigation 12

Technology Detour, Calculating Binomial Probabilities

Calculating Binomial Probabilities in JMP

Using theDistribution Calculator in thelSCAM  Parameters

Journal FiléDownloadthisfile to your computer = P(Success) 0.5

and then opethe.jrn file to launch JIMB N 16

1 SelectBinomial from theDistribution pull
down menu.

1 Specify the values of the probability of
success’() andn (the sample size).

1 Leave the Type of Calculation as is.

1 Selet Probability OptiorX > Qabut specify ~ Q3 <X<=Qb
Qato equal ¥ (e.g., 13).

1 PressEnter.

Probability Options
X<=0Qa
@ X>Qa

Input

Qa:

Investigation 1.3 Are You Clairvoyant?

A standard test for extreensory perception (ESP) asks subjects to identify whitikeo$§ymbols(e.qg.,

circle, plus,square, diamond, waves) is on the front of a card, viewed by the experimenter but not the

o oorrdctlyidentdigs mb o |
the symbobeing viewed by the experiment@he subject is given several trials, with thewed

subjectThe experi menter concentrates
symbol randomly determined feach ofthe trials with no discernible pattern.

(a) Online tests are available as wélb tohttps://paulomara.com/egpst/or
https://www.krasnostup.com/ESP/indegpen.htmlt o t est your

c |

ai

rvoyance

to happen rather than reading what someone else is thingelgkt the Sense the unknown test type
thenpressTEST ME Click on the card that you believe is about to be sh&epeat for 10ounds

keeping track of the number of hits in your first 10 attempts.

Number of hits:

(b) Identify thesampleand variable for thisandom procesgHints. What is the sample siz&Phat was

measured about each observatjon?

(c) Do you consider it reasonable to model your observations as coming from a binomial random

process? Explain your reasoning.


http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
https://paulomara.com/esp-test/
https://www.krasnostup.com/ESP/index-esp-en.html
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Terminology Detourin analyzing data, it is important ttifferentiate betweea statisticandthe
parameterThe observedtatisticis a (known) numericalalue that summarizeke observed results,
whereaghe parameteris the same numerical summadmyt applied tothe underlying randonprocess
that generated the dafEhe value of the statistic is what we observe in the study, whereas the vé
the parameter is rarely known.

In Investigation 1.1, the statistic could be either the number (14) or the prog0r@d8s) of infants
who chose the helper toy. The parameateuld then be the longun probability of annfant picking
the helper toyln the case of a binomial random variable, wmituset h e sy rfibwericasé ~ 0
Gr ee k | e ttdrepreseiit this unknpwn process probability.

(d) Identify (in words)the parameter of interest for this stutlyhat symbolill we use to represent this
parameter?

e The null hypot hesi s iaregudssing éveryton&tatathieas éanull c | ai r
hypothesisising symbols and words.

(f) State the alternative hypotheasing symbols and word@\otice that the hypothesized values ‘for
in the null and aoltheyeare nompeting statements@ldodtmover | ap

(9) Assume the null hypothesis is true and let the random vafatégote the number of correct
identifications (hits) in 10 attemptd we were to simulate this random process, could we toss coins? If
not, suggest another way we could generate simulated results assuming the null hypothesis to be true.
(e.g., what would you want an applet to do?)

(h) Where do you think your null distribution will be centered? Wdratthe largest and smallest
possible values for the number of correct identifications in 10 atteM{itaPare the largest and
smallest values you think you will see in the simulation?

(i) In theOne Proportion Inferencpplet, specify the values fprandn. Carry out one repetition of the
simulation. Explain the simulation process in your own words.



http://www.rossmanchance.com/iscam3/glossary.html#statistic
http://www.rossmanchance.com/iscam3/glossary.html#parameter
http://www.rossmanchance.com/applets/2021/oneprop/OneProp.htm
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() Then check th&xact Binomial boxto see the null distributioafter infinitely many repetitions
Press th&esetbutton to remove the one simulated reaunlicheckthe Summary Statistics box. What
are thetheoreticalvalues for the mean and standard deviatibtine null distributiof?

Mean = Std Dev =

It can be shown that when X is Binomialp), the expected value is E(X)r= p and the variance is
V(X)=np (17 p). (SeelnvestigationB for more discussion of expected value and variance of a
random variable.)

(k) Verify these calculationsiatch the applet outpahd remember that the standard deviation is the
square root of the variance.

() Was yourstatisticfrom (a)in the direction specified by the alternative hypotHeKig was, is it in
one of thdails (outer edgs) of the null distributiorin (j)?

If your observedhumber of successess below the mean, then you can conclude that your data do not
provide evidencén favor of the alternativlypothesis and you should not start your own psychic

hotline! But if your result was above the mean, then we would like to measure the strength of evidence
against the null hypothesis. You have already seen how to do that uswaiue p

(m) Use the applet to explore how many hits a subject would need in 10 attempts foathe @ be
below 0.05[Hint: Use your mouse to drag the red ljne

An Alternative Measure oRareness
As an alternative to the-yalue, another measure of where an observation falls in a distribufion is w
many st and athavalddsfrom the meamwf theddistribution

(n) How many standard deviations was your observed result 1 ' ..|||. LB L L

the expected value for the binomial distribution?

(=] 1 kS 3 4a

n

This calculation is often referred to standardizingthe statistic.

Again, there are no hard and fast rules for what constitutesa ———; 5 s =+ s &
value here, but generally, when we have a fairly symmetric
distribution, values more than 2 standard deviations above or
below the expected val(mean)are considered extreme.

Number of successes

(o) How many standard deviations from the méapected valuelould 5 hits be?
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() Suppose you donoét kisdaawoyartaedtyduelan togive theerdson?2s 0 me o n
attemptsWhat are theheoreticalexpected number arsfandard deviatiofor the random variabl€,

thenumber of hits when = 25assuming they are just guesseagh tim& How do they compare tihe

values you found iiy)?

(9) How manyhitswouldsomeonmeed t o get correct in 25 attempi
guessing et 6s consider two ways to deci de:
1 Approach 1What value foic would give you a probabilitipelow 0.05 of obtaininghiat many or
morehits? In other words, what is the smallest value eb PC > c) < 0.05?
1 Approach 2What is the smallest value othat is at least 2 standard deviations from the
expected value?

(r) How do your answers for these two approaches compare?

(s) Suppose you changed ttestto use only4 symbolsDoes this change the expected number or
standard deviatiofor the number of hiteshena subject is guessirtHow many would someone need
to identify correctly to convince you they could perform better than guessing in theulohg

Summary

The number of correct answers in 25 attempts, for someone who is gueasibg, modeled with a
binomial distribution (assuming the probability of a correct answer is 0.20 each time and there
pattern from attempt to attempt). Il n this
will be 0.20 rather than 0.5 due to the five caim choose fromwhich we could model with spinner
rather than coin tossel§ someone is simply guessing, in the long run they will guess correctly b
chance alone 20% of the timEhis means that if we give someone 25 attempts, we expect them
answer correctly 0.20 x 25 = 5 times (on average, in the long run), with a standard deviation o
V252 0.20° 0.80=2 hitsin 25 attemptsKk e e p i n mistatticdlsh agtn i tfh ec afh c e
will depend on both the mean and the standard deviation of the null distribaotibis case, someon
would need 9 or more hits to be more than 2 standard deviabongthe meanyhich corresponds
to a pvalue of 0.048. (It is not a coincidence that the 0.0508ugives very similar results to the 2S
cut-off.)
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Practice Problem 18
(a) Supposehe test had consisted okgmbolsinstead of Fwith n = 25 still). How will that change the
binomialdistributior? [You should comment on both the mean and the standard deviation.]
(b) Would an outomeof 9 correct guesses be more or less surprising in this(easesymbolsy
1 Will the probability of 9 or more correct identificatiortse larger or smallghan with 5 symbol3
1 Will the outcomeof 9 be more or fewer standard deviations from the ntiean with 5 symbol3
(c) Whatabout 10 symbols®/hatarethe mean and standard deviation of the binomial distrib®tion
Would an outcome of 9 or more correct identifications be more or less surphiamgith 5 symbol3
(d) How does thshapeof the binomial distribution change as you low&Explain why.

Practice Problem 1.3B

Return to the wolin Investigation 1.ZYukon). In another study, Yukooorrectlyunderstood
communicativeue in7 of 8 attempts.

(a) Identify (in words) the parameter and statistic in that study.

(b) How many standard deviatiodsl the observed statistfall abovethe expected valugssuming
Yukon picksequally between the two containers regardless of thendhe long ruf

(c) Would her performancee considered a surprising outcomeenthe null hypothesiss true?
Explain.

Return to the infants choosing a helper toy over a hinderer toy 14 times out of 16 choices.

(d) Identify (in words) the parameter and statistic in that study.

(e) How many standard deviations did the observed statistic fall above the expected value assuming
infants choose equally between the two types of toys.

In the infant study, researchers also looked at the amount of time the infants spent watching the two
videos (to sewvhetherone captured their attention more than the other).

(f) Identify a possible parameter of interest for this new variable.

Practice Problem 13

Suppose you select 100 students at your school to estimate the propiostiaehents at your schoaho
prefer Coke to Pepsi.

(a) Identify therandom processf interest.

(b) Identify thesamplen the study.

(c) Define theparameterof interest in the study.

(d) Define thestatisticin the study.

(e) Suppose you want to estimate the average number of states visited by students at yoDesicigool.
the parameter of interest.
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Investigation 14: Heart Transplant Mortality

Poloneicki, Sismanidis, Bland, and Jon2804) reported that in September 2000 heart transplantation at
St. Georgeds Hospital i n London was suspended b
previously Newspapers reported that the 80% mortality rate in the last 10 cases was of particular

concern because it was over five times the national averagevariable measured wasether or not

the patient died within 30 days of the transplaithoughthere was not an officially reported national
mortality rate(probability of death within 30 days for patients undergoing this procedbee)

researchers determined that 15% was a reasonable benchmark for comparison.

(a) Define thesample random proceasd variable for this studys the variable quantitative or
categorical?

Sample/Random process:

Variable: Type:
We need to consider which outcomeweé | | consi der fAsuccesso and whi
The choice is often arbitrary, though sometimes we may want to focus on the more unusual outcome as
success.Infact n many epidemiol ogy studies, fideatho is

(b) Considering death within 30 days as a succedmealtheparametenof interest in this study (in
words), including the symbol we can use to refer.tis it reasonable to model thigart transplantation
processas a binomial proce8s

Parameter:

Binomial process?

(c) If there is nothing unusual about the mortality rateh&arttransplantations at this hospital
(compared to other U.K. hospitglsyhat does this imply about thalue ofthepr obabi | ity of

(d) If the patients at this hospital are indeed dying at a higher rate than the benchmark rate, what does
this imply about thealue ofthepr obabi | ity of HAsuccesso?

(e) Translate your answers to (c) and (d) to a null and alternative hypothesis statements. Keep in mind,
the null hypothesis claims the observed resul't
translates the research conjecture.

Null hypothesis ¢ften denotedHo):

Alternative hypothesisoften denotedHa):


https://pubmed.ncbi.nlm.nih.gov/14751918/
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) Of the hospital és ten most recent transplant
within the first 30 days following surgeris this sample result in the direction suspected by the
researchers? Explain

You could use the One Proportibrferenceapplet to use simulation or the binomial distribution to find
the pvalueMany statistical software packages will ca

Technology Detour, Binomial Test of Significance

Conducting a Binomial Test in JMP
1 ChooseAnalyze > Distribution
o With raw data drag the variable to the Columns
slot. Press OK. Axirhnica
o With summarized dataove the column with the ipley Options "
category names to the Y, columns slot and move th
column with the counts to the Freq slot. Press OK.
T From t he var i abléseRiobabilitiest s
1 Specify the hypothesized probability of success for the
category you want to define as success (only). —
1 Then pick a onsided alternative hypothesis (greater thar 'Test Probabilities
less than). Level Estim Prob Hypoth Prob
JMP assumes fisuccesso to  nelper 0-87500 0.50000
alphabetically unless you specify otherwise v@ibls > MEEEN  0.12500
Column Info > Column Properties > Value Ordering
Note fAnot equal too altern
Investigation 1.5.
1 PresdDone

* Distributions

Histogram Options

-

Mosaic Plot
Order By 3
Test Probabilities

(9) Find and report the-yalue from your technology (including appropriate notation for the esfent
interes}.

(h) Provide a detailethterpretation of your pvalue

The pvalue is the probability adbtaining or successes in

trials from a random process, assuming

(i) Evaluateyour p-value:what conclusions would you draw about the probability of death within 30
days of a heart transplantthts hospital?
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Does it matter which outcome | choose to be success?

() Suppose that we had focused on surviseBO daysather than deatwithin 30 daysass a fisucc e
in this study Describe how the hypotheses would change and how the calculation of the biromial p

value would chang&hen go ahead and calculatedinterpretthe exactbinomial pvalue with this set

up. How does its value compareyour answer in (i How (if at all) does your conclusion change?

A represerd
Ho: Ha
p-value = P(X )
Interpretation: The+value is the probability afbtaining or

successes in observations from a random process, assuming
p-value has (circle one) Increased  Decreased Stayed the same

Conclusion has (circle one)No change No longer significantNow significant

Does the sample size matter?

(k) Following upon the suspicion that the sample of size 10 aroused, these researchers proceeded to
gather data on the previous 361 patients who received a heart transplant at this hospital dating back to
1986. They found 71 deathsthin 30 daysamong heart transplantations

Calculate the sample proportiohdeathdor these data:

Predict whetherthisi mor e or | ess convincing evidence
0.15. Explain your reasoning.

Usetechnology tadeterminethe binomialprobability of finding at least 71 deaths in a sample of
361 ifp=0.15.

() Is the probability inK) convincing evidence to consider the sample result surprising if the mortality
rate at this hospital matched the national rate? Explain.

(m) Is the evidence against the null hypothesis stronger or weaker than the earlier analysis based on 10
deaths? Explain how you are deciding and why the strength of evidence has changed in this manner.
(n) Calculate the expected number of dea#{X), for each samplsize



O Chance/Rossman, 2026 ISCAM IV Investigation 1.4

The following graphs display the twibeoreticalprobability distributions (for sample sizes 10 andn
=361), bothassuming the null hypothesis £ 0.15) is true. These graphs show just how far the
observed values (8 and 71) are fromékpected valuef thenumber of death€(15 x 10 =1.5 and
0.15 x 361 =54.15) in each cas¥ou should also note that the shape, centeryandbility of the
probability distributiorfor number of successese all affected by the sample size

-
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Keep in mind that of interest to ustish e 0 b s e r walatve Ipcaten in teeuli distdbsition
Thus, we are most interested in heariablethe possible outcomesref r om t he fiexpect ed

The center of the distribution isndét all that i
we determine what the center of the distribution will be by how we specify theypathesisEven the
shape i sno6t anit owhirhaasweringrotir eesearshtquestion.

(o) Identify another feature (beside centglnapeand variability) of theabove distributions that differs
between them.

(p) How many standard deviations is the observed sample propabibwethe hypothesized probability
for the second dataset?

Expected value whem= 361 ando = 0.15:

SD whenn = 361 andp = 0.15:

Number of standard deviations 7Jlaisovethe expected value:

Does this calculation also provide strong evidence against the null hypothesis? How are you
deciding?

(9) In your opinion, viich data set do you think is more valid to ugke larger sample size or the more
recent data? Explain how you are deciding.


http://www.rossmanchance.com/iscam3/glossary.html#expectedvalue
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Study Conclusions

A samplemortality rate of 80% is indeed quite surprising, even with a sample size as smalifas
the actual probability of death were 0.Ihe (exact) pvalue is 0.000008and theobserved statistig
is 5.76 standard deviations above the expected valaeiding extremelystrong evidencéhat the
actual probability of death at this hospital is higher than the national benchmark (fe:ébthan 1
in 100,000 sets of 10 operati ons waldowelveriive :
must be cautious about doing this type of
observation to motivate our suspicion and then use the same data to support our suspicion. C
initial suspicion has formed, we should colleetv data on which to test the suspicidheactual
investigation examined all previous heart transplantations at this hospital over the previous 14
In this broader study, theyalue is0.0097and the observed number of success2s48 standard
deviationsabove the expected numbsitill providingvery strong evidence against the null
hypothesisThat i s, there is strong evidence tha
than the 15%ationalbenchmarkWe must howeverpe cautioubecauseur study has not
identified what factors could Headingto the higher rate. Perhaps this hospital tends to see sick
patients to begin with. The researchers actually performed a more sophisticated analysis that
incorporated information about the risk factors of all the operations at this hospital and reache
similar conclusions.
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Practice Problem 1.4A

In April 2014, the city of Flint Michigan switched its water supply to the Flint Rivan effort tosave
money. The U. S. Environment al Protection Agency
concentrations exceed an action level of 15 parts per billion (ppb) in more than 10% of homes sampled,
then actions must be undertaken to control casrgsand the public must be informeéd the initial

sample of 71 homes, 8 tested above 15 ppb.

(a) Suppose our variable ¥gas the lead concentration level above 15 pjpdo# reasonable to model

this as a binomial process? Justify your response for each condition. Be sure to explain how you are
defining success and any assumptions you are making about the process.

(b) Define (in words) the parameter of interest.

(c) State null and alternative hypotheses for testing whether the probability of a house testing above 15
ppb is more than 0.10.

(d) Report the binomial-palue for your hypotheses in (c).

(e) After dropping twai s u s p iolosenatinssp6 of the 69 remaining observations were above 15

ppb. Report the binomial ywalue for your hypotheses in (c). Is the seconalpe larger or smaller than

the first?

Practice Problem 1.4B
Reconsider the wolfYukon)who correctlyunderstooch communicative cue inof 8 attemptsL e t
represent the probability &fukonidentifying the correct contain&ith a communicative cue

(@) If the alternative hypothesisissH =~ > 0. 5 Ovalue® Basdd on thasyatiub, statgpan
appropriate conclusion in terms of the alternative hypothesis.
(b) If the alternative hypothesisisH =~ < 0. 5 Ovalue® Based ori thisyaiub, statepan

appropriate conclusion in terms of the alternative hypothesis.
(c) Under what circumstances will avplue calculatiorike thesebe larger than 0.507?

Practice Problem 1@

One of the first times the U.S. Supreme Court considered statistical significance in an employment
discrimination case was Hazelwood School District vs. United Stag877. The U.S. government

sued the City of Hazelwood, a suburb of St. Louis, MO, on the grounds that it discriminated against
African Americans in its hiring of school teachers. The evidence introduced noted that of the 405
teachers hired in 1972 and 1973¢(frears following the passage of the Civil Rights Act), only 15 had
been AfricanAmerican. By comparison, according to 1970 census figures, of the almost 20,000
elementary and secondary teachers employed in the St. Louis area, 15.4% were African American. We
want to decide whether the data on these 405 teachers is convincing ethaétive Hazelwood hiring
process had a probability of a new hire being African American that was less than 0.154.

(a) What is the expected number of Africamerican hires in a sample of 405 teachers if the probability

of a new hirébeing African Americarequals0.154?

(b) Using the binomial distribution, how many standard deviations is 15 from the expected number of
new hires that ar&frican Amer.when the null hypothesis is true. What conclusion would you draw?

(c) The St. Louis City School District had recently followed a policy attempting to maintain a 50%
African American teaching staff. If you exclude the St. Louis City School District,ttreggroportion

of eligible teachers in the St. Louis area that were Afrsarerican was 0.05%hat is the new

expected number of hires? What conclusions would you draw?

(dDi scuss briefly how this case illustrates fth,
areao in the cases of discrimination.


https://caselaw.findlaw.com/court/us-supreme-court/433/299.html#:~:text=Because%20a%20fluctuation%20of%20more,rebut%20the%20Government's%20other%20proof.
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Investigation 1.5:Buttered Side Down Again?

The folks atMythBustersa popular television program on the
Discovery Channel, wanted to investigate whether a piece of toast
has been buttered on one side is more likely to land bditeessy side
down or butteedside up. First, they wanted to design a talspping
rig that would have no builh bias for unbuttered toast to land on eitt
side when droppedtor this pilot study,tey | abel ed t
Abot t o muanbuttevexpiedeswoftoast and counted how many
|l andedoWwhop i

(a) Identify thesample/random proceasd variable of interest in this study. Which outcome will you
consi der Déwehave &bsnsnuaPprocess?

(b) Identify the parameter of interest in this study and a symbol you could use to represent it.

(c) State the null hypothesis using symbols and words.
Ho:
(d) With 10 pieces of toast, what outcomes for the number of successes would convince you that there

was a problem with the rig? Suggest a way of stating the alternative hypothesis that reflects this
interest/prior suspicion.

Ha:
You have now statedtwo-sideda | t er nat i ve hypot-hiedeée ¢do0 ( aisttichyem a tt ih?
less than or strictly greater than). So now we need to detiby al ues we wil |l consi
extremeodo in -cawd.cul ating the p

(e) In this pilot study, the toast landed-pwvn 3 times and tepp 7 times. Use th@ne Proportion
Inference appletto calculate the binomial probability of 3 or fewer successes in 10 atteaspisning
the null hypothesis is truge., P(X< 3) where X is the number landing tdpwn).

() ConjectureWh at ot her outcomes would you consider e
successes?

(g) If we calculate théwo-sided pvalueas P(X< 3) + P(X> 7), what would you report for theyalue?
Would you find this pvalue to be convincing evidence in favor of the {sided alternative hypothesis?


http://www.rossmanchance.com/iscam3/glossary.html#twosided
https://www.rossmanchance.com/applets/2021/oneprop/OneProp.htm
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What ifour original hypotheses had beess H=0.55vs. H“ 1 0. 55,
(h) Restate the alternative hypothesisvbrds. How will the null distribution change?

(i) Make this change in the applet and find the binomial probability of 3 or fewer successes.

() Now find P(X> 7) when* = 0.55. How does it compare to PE3)? Whydoes this make serize

Inthistext we will consider outcomes fimore ext.|
pr ob ab ledsthanyequial ghe tail probabilityof the observed outcome

So for this null hypothesis = 0.55) because P(% 7) > P(X< 3), we wouldnot considerx = 7 to be
Amor e e xtx=&meefore wewauld not includex =7 in the pvalue calculationNotice,
this distinction arose once our binomial distribution was not symmeétiic (0. 50) .

(k) Find P(X> 8).Is x = 8 considered more extreme than 37

() Calculatethe twasided pvalue as P(X 3) + P(X>8)

(m) Verify your result by checking thEwo-sidedbox in the applefHint: Make sure you are starting
with X < 3]

There are other ways t panddesdlts willevaryfaonass differenksbftwarene 0  a
packagegsee Practice Problem 1.But the results will be more similar the more symmetric the null
distribution is, andvhen the null distribution is skewealljusting for the asymmetry is generally
preferred to going fAithe same -didedpgvaduB.ce 0 on each

Definition: Two-sided pvaluesare used withtws i ded al ternative hyp
two-sided pvalue considersutcomes in both tails that are at least as rare as the observed resul
where at least as rare could be defined as having a stadlf@obability of occurring as the observ
statistic. If the null distribution is symmetrithe approaches are equivalent and the-sicted pvalue
will be double the onsided pvalue.

(n) The MythBusters decideal3/7 spliiwas fiway out si de a random sampl
a different toastiropping rig. Do you agree with their conclusion from the pilot study? Write a short
paragraph to the MythBusters justifying your answer. Include appropriate numerical evalsapport

your argument.


http://www.rossmanchance.com/iscam3/glossary.html#twosided
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After building a new rigthat they were more confident had no bia
they used the rigp drop buttered toast from the roof of a building
The Mythbusters werenodt sured u‘
side down (as in the myth) or whether, like a curved leaf falling fr
a tree, the toast might try t -3
side (from being buttered) down. So agdrey wanted to use a two
sided alternative hypothesis, allowing for either possibility to be ¢
interest.

They dropped 48 pieces of toast, with 19 landing bedtsidedown.

(o) Use the applet tarfd the twosided pvalue for testing b " 5vs.HO“. 0 D&you have
strong enough evidence to reject BHvyarewoul hypot
making this decision?

Study Conclusions
These data (19 out of 48) do not provide convincing evidence against the null hypothesis that
buttered on one side is equally likely to land beiteside up or down (twsided pvalue = 0.1934).
In other words, it is plausible that this is a 50/50 process. However, this analysis cannot be ug
proofthat” = 0.50, as other values could be plausible as well. The sample data allow for man
(technically, infinitely many) plausible values of this probability, as you will explore in the next
investigation.

Discussion:Recall that the process we are using to test our hypotheses is to first assume the null
hypothesis is true. For this reason, we can never use this process as duitkieceull hypothesis,

only | ack of evidence against it. Keep in mind
absence. 0 Al so, note that our evidence depends
complete statement is that we do notéhavidence in favor of the alternative that we specified, and that
our strength of evidence could differ if we started with a different alternative hypothesis.
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Practice Problem 1.5

There are other approaches for caléntathe twasided pvalue.For example, we could consider an
outcomek more extreme than the observed, if P(K)=< P(X = observed).

(a) Explain the distinction in this approach and the one used above.

(b) Return to the pilot study with 3 successes om=»fL0 dropsBased on thisewapproach, which
values above 5 would you consider more extreme than 3 Whel55?Document your justification.
What is the resulting tweided pvalue?[Hints: Use As extreme asin the appletConfirm your results

by changingthe putl o wn menu from Affail so to Aindividual
(c) Suppose = 20 and you observed 0 success@sd the twesided pvalues using the approach
suggested in (b) fdr = 0.13,* =0.145, and = 0.15.According to the twesided pvalues, which of
these values are plausible foat the 10% level of significan@&Vhat strange behavior do you observe?
(d) Or we couldchooséo usex values that are the same numf@mrmore)of standard deviations above
the mean or double the os&led pvalue.Why do you think these methods aw@ recommendeth
generaP

e 1tds i nt e rsiedtpvalnegfor thénpalat studyhisealsonotetatistically significant. If it
had been, would it be reasonable for the Mythbusters to use tisdedkepvalue instead to support

their conclusiof? Explain.

TechnologyDetour ¢ Two-sided pvalues

In One Proportion Inference applet
1 Check the twesided box
o For the fAsmall est sethe pulldoorvorb anbe Nl u ttyod fal
value on other side that is first below the -Giged pvalue)
o For the -fiamaé b e septhe putchecan memdii v iod wial o
probabilities smaller than the observed)
0 (These will match when the distribution is symmetric.)

In IMP
Note: The defaulttws i ded t est under Analyze > Distr

Select an alternative hypothesis for testing probabilities,

®) probabilities not equal to hypothesized value (two-sided chi-sguare test)
i) probability greater than hypothesized value (exact one-sided binomial test)
() probability less than hypothesized value (exact one-sided binomial test)
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In the previous investigation, you learned how to decide whether a hypothesized value of the parameter
is plausible based on a two-sided p-value. The two-sided p-value is used when you do not have a prior

suspicion or interest in whether the hypothesized value is too large or too small. In fact, in many studies
we may not even really have a hypothesized value, but are more interested in using the sample data to
estimate the value of the parameter. What are all the plausible values for the parameter?

Investigation 16: Kissing the Right Way

Most people are rigfhtanded and even the right eye is dominant for most paeesearchers have long
believedthat latestage human embryos tend to turn their heads to the @ghthan biepsychologist

Onur Gunturkur(Nature 2003 conjectured that this tendency to turn to the right manifests itself in

other ways as well, so he studied kissing couples taketherboth people tend to ledheir headso

the right more often than to their I¢éind if so, how strong the tendency Id and his researchers

observed couples from age 13 to 70 in public places such as airports, train stations, beaches, and parks i
the United States, Germany, and TurkBye observersvere careful not to include couples who were

holding objects such as luggage that might have affected which direction they Wmedl modelthe

overall decisiormaking process when kissiag a binomial random process

(a) Identify thesampleand variable in this stugyas well as the parameter of interest.
Sample Variable: Parameter:
(b) If Dr. Gunturkinwants toinvestigatevhether a majority of kissing couples lean right in the long

run, is this a onsided or a twesided test?

(c) Dr. Gunturkunactually conjectured that 2/3 of kissing couples would lean right in the lon§tate
appropriate null and alternative hypotheses for his conjecture.

(d) A Tic-Tac ad once claimed 74% of kissing couples lean right. State appropriate null and alternative
hypothess forinvestigatingthis ads claim.

(e) Dr. Gunturkunfound 80 out of 124 couples leaned rigbalculate the observed sample proportion
Note: We can use the symbitio refer to a sample proportion.

(f) Based on DrGunturkid s r ehat is yaur,besinguess for the longrun probability a kissing
couple leans rigtDo you think 0.50 will be a plausible value fo?P 2/3? 0.74? Explain your
reasoning.


https://www.nature.com/articles/421711a
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Wecoulde mp| oy -aadefit or &l t ype of appr oacpappeaopladsble e r mi
based on what we observed in the samfiés involves testing different values pfind seeing whether

the corresponding twsided pvalue is largethan some prspecified cupff, typically 0.05. (This cut

off is often called théevel of significance That is, we will considet aplausiblevaluefor p if

assumindg =“ does not make our samttisticlook surprisinglyielding a small pvalue)

(g9) Use theOne Proportion Inferencapplet to @termine the valuest “ such that observing 80 of 124
successes or a result more extreme occurs in at least 5% of sdhtiplssUse values op that are

multiples of0.01 until you can find the boundaries where ¢acttwo-sidedp-values(using the tails of

the binomial distributionghange from below.05 to abov®.05. Then f eel free to fAzi
deci mal pl aces o f] Onathee acumbea Ime below, indycateuwndtiddmwhidh katues are
rejected(not plausibleand with anO which values are not rejected and therefore considered plausible.

T T T T T T T T T T T T | T T T T T T T T T | | T |
0.50 0.51 0.52 0.53 0.54 0.55 056 0.57 0.58 059 0.60 0.61 0.62 0.63 0.64 065 0.66 067 068 0.69 070 071 072 073 074 0.75

possible values of =

Definition: A confidence intervalCl) specifies the plausible values of the parameter based on t
sample result

What you found ind) will be called a95% confidencé n t e asivvea$ dierived using the- 0.95 =
0.05 cutoff valuésignificance level

(h) Interpret the confidence interval from) (What are you 95% confident of?

(i) Repeat @) but using0.01 rather tha®.05 as the criterion farejectionplausibility (level of
significance) [Hints: You can check th8how slidersboxin the appletind use the slider or edit the
orange number to change the valué afKeep in mind that you are changing the conjectured value of
, hot the obser ywhidhshouldtshyeatr80 Doest i cc € 9DDEs conf i der
include more or fewer values than ®&%6 confidence intervaExplain why this makes intuitive sense.

T T T T T T T T T T T T T T T | T T T T T T | | T |
0.50 051 052 053 054 0.55 056 057 058 059 060 061 062 063 064 065 066 067 068 069 070 071 072 073 074 075

possible values of =

Explanation:


http://www.rossmanchance.com/iscam3/glossary.html#levelofsignificance
http://www.rossmanchance.com/applets/OneProp/OneProp.htm
http://www.rossmanchance.com/iscam3/glossary.html#confinterval
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(j) Identify a value that is captured in the 99% confidence interval but not the 95% confidence. interval
Interpret the meaning of this observati&xplain what your analysis reveals about this value as a
plausible value of .

Study Conclusions

The researchers are assuming they have a representative sampléiftomial randonprocess and
want toestimatep, the underlying probability that a randomly selected kissing couple leans to th
right. Based orthis sample of 124 observations, we estinfate be close toHu80/124 =0.645.
However, we know there is some sampling variability, so we want to find an interval of values
appear to be plausible valuespofWe do this by finding the values 6f for which the twesided p
value(Ho: “ =* vs. H:“ | “ )isgreater tha®.05. These are all the values of the parameter sug
that our sample result is not overly surprisigo u s houl d have found .,
using the fAsmal | esttoleapploxinatel@35/ad0i727 (reswtdfrora ysipg
different softwareor the applet will differ slightly)Thus, based on these sample results, we are
Aconfident 0 t h atthe prbbabiliy @ randan kissing douple leand right, is betwe
0.56 and0.73.
A 99% confidencenterval forp extends fron0.529 to 0.749 (a smaller lower endpoint and a larger
upper endpoint, but a similar midpoiat)d therefore includesdditional plausiblealuesof the
parameter compared to tBB% interval The 99% confidence interval is wider than the 95% interv
becauseai gher | evel of conf i de nYoewillrleargathermethodsria
calculathng confidence intervals for Binomialprocess probability ithe next section

Discussion:In thisinvestigationyou have learned asecoydp e o f fA st at previdingam | i N
interval of plausible values for the parameb@sed on an observed sample stati€ianfidence intervals

provide a nice companion to tests of significance and are also very useful by thervgbbressa test

of significance allows yoto testthe plausibility ofa specific hypothesized value, if you reject the null
hypothesis, the test of significance provides no information beviadifferenthe actual parameter is

from the hypothesized valuk you falil to reject the null hypothesis, you only know that the tested value

is one of many plausible values.cAnfidence interval provides an estimate (with bounds) of the actual
value of the parameteYou will learn some additional methods for finding confidence intervals later in
this text, but do be aware that some software p
binomial twasided pvalues.

Alternativdy, another way to define a binomial confidence interval is to find all the valitesuath
that P(X< observedXx (11 confidencdevel)/2 and P(X> observedX (11 confidencdeve)/2.

(k) Use the applet to findhé 95%confidence intervalHints: Remember toise the onsided pvalue
andchange the direction of the tail probability betweesmnd>, but not =}

I I I I I I I I I I I I I I I I I I I I I I I I I I
0.50 051 0.52 0.53 054 0.55 056 057 058 059 0.60 061 062 0.63 0.64 065 0.66 0.67 0.68 069 070 071 072 073 074 0.75

possible values of =

How dcestheresulting 95% confidence intervebmpareo (g)?Whi ch i nt er E@lain.i s 0 b e
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Probability Detour¢ Binomial Confidence Intervals

Probably the most weknown Binomial confidence interval method is tBl®pperPearsonmethod

(Biometrika,1934) Rather than using twsided pvalues, it will consider a value f6érplausible as

long as the onseided tail probability is smaller than {Iconfidence lev@l2. One advantage of the

ClopperPearsommethod is there is a simple computer algorithm for finding it, rathertbeading to
checkall values as you have done here.

The method we first showed you (keeping all valu€s with a twosided pvalue larger than (L
confidence levglusing the twesided pvalue based on the tail probabilities) is attributed to Blaker
(The Canadin Journal of Statistic2000. We could refer to this as tlismallest tail probability
method

Anot her approach wouilvdh| e 0t @ pp9g esaldtipeallidps md It
switching to usingP (X =Xx) to find values ok more extreme than observed in finding the-siaded p
value. This methadhttributed to SterneBjometrika,1954), has the disadvantage that the interval
produced can have holdsbr example, a value like 0.12 may be in the interval of plausible value
value 0.13 may not, and the value 0.14 may be again.

Many prefer the Blaker method to theles of theSterne methgcandB | a k e r 0 i5 nom gainimg
favor overClopperPearsorbecausehe intervaldend to be shorte¥Ve will see some other method:
later in this texas well For now, keep in mind the likelyuality between confidence intervals and

tests of significancerhe confidence interval is the set of values for which we wiailldo reject the

null hypothesis in favor of the twsided alternativeéSo we can interpret the confidence interval as
set of plausible values for the parameter in that they are the values such that our observed sar
result would not be surprising. Keep in mind that saying a valplausibleis not the same as sayin

avalue iprobable We wondét make probability statem
() Explainwhyitisnotappr opri ate to say AThere is a 99% pr
of kissing couples I ean right when they kiss. 0

(m) Use technology (see Technology Detour below) to determine the 95% and 99% -Clearsem
confidence intervals for the probability that a kissing couple leans to the right. Comment on how 99%
confidence interval compares to the 95% interval, examiminiy midpoints and widthsHijnt: Average

the endpoints to find the midpoint; subtract the endpoints to find the width.]


http://www.rossmanchance.com/iscam3/glossary.html#duality

O Chance/Rossman, 2026 ISCAM IV Investigation 1.6

Technology Detour; Exact Confidence Intervals

Di fferent software packages use different
distinction when the sample size is large.

In IMP:Clopper Pearsofftail probability < (1-confidencé/2)
Using thelSCAM Journal file selectConfidence Intervdbr One Proportionwith SummaryStats.
1 (The raw data option does not give an exact binomial confidence interval.)

1 With summarized data, specify the count and sample size, and select the Binomial radi
button.

(n) Optionat Compare the Cloppd?earsord9%interval to the Blake®9%interval. Which is
narrower?

Output from R
Theiscambinomtesincludes some interesting graphs.
Binomial (n= 124, ==0.5542) The bottom graph illustrates
1] | ‘ ‘ ‘ ‘ ‘ ‘
I
60

the 95% confidence interval
The interval is centered at tt
‘ ‘ | | || 1 observed sample proportion
' nkand displays the two
20 100 endpoints of the interval of
plausible values for the
Binomial (n=124, z=10.729) process probability.
The top graph shows the
i distribution assuming the
| [ | | ‘ ‘ ‘ | | | I lower value of the confidenc
S — T — m interval as the process
80 70 90 100 probability. This is as far left
Mumber of successes .
as we can shift thaoull
distributionbefore the area t
the right ofthe observed
—_— ”-5[5‘2 i 0728 _ number of successes, &ps
0.6452 below0.025. The middle
graph shows how far we cat
0.50 0.55 0.60 0.65 0.70 0.75 0.80 move thadistributionto the
right (largest plausible value
of “) before the probability
below80 dips below0.025.

000 004

Mumber of successes

005
1

0.0a
1

1.4

1.0

0.6

process probability

Practice Problem &

(a) Recall the 8 out of 10 st atd4).Basedanthisoesult,St .
what is an intervabf plausible values faheunderlying mortality rate & t . G @ [plint:greudcan

use a 95% confidence level if none is statBe&$cribe how you found the interval and name the method
used.Report the midpoint and width of this interval.

Ge


http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
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(b) Use technology to calculate the 95% confidence interval based on the 71 deaths among 361 patients.

Comment on how the width and midpoint of this interval differ from the interval ifegg@lain why
these changes make sense.

(c) Based on the interval in (b), if you were to test‘H=0.20 vs. H: “  0.20, would you reject or fall
to reject the null hypothesis? Explain how you krtbes conclusion based on the confidence interval
without actually conducting the test.

Summary of Exact Binomial Inference (Sampling from a Binomial Process)
Let X represent the number of successes in the samplethedrobability of success farbinomial
randomprocess

To test Ho: p = po
We can calculate ayalue based on the binomial distribution with parametensdpo. The pvalue
can be onsided or twesided based on the statement of the research conjecture.

If Ha: p > po: p-value = P(X> observedl

if Ha: p < po: p-value = P(X< observejl

ifHapl pcpval ue = sum of both tail problabeés o

(100 xC)% Confidence Interval for p: The set of values such that the tgided pvalue based on
the observed count is larger than the @) cut-off.

Technology
1 One Proportion Inference appletfor approximate and exact binomial probabilitygue)
1 JMP:
i For a onesided pvalue:Analyze > Distributiofraw or tallied data using Freq)
1 For a confidence intervalSCAM Journal file> Confidence Interval for One Proportieising
Summary Statspecify the number of successes and the sample size

Handy Reminders
T mMIMPRemember to | ook under fAhot spotso an



http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
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SECTION 2: NORMAL APPROXIMATIONS FOR SAMPLE PROPORTIONS

So far, all the studies you have examined have involved one categorical binary variable and the

relevant statistic has been the number of successes, or equivalently the proportion of successes, where
fifsuccesso is defined as t terofbeart tramspesntatiprodeaths, aumbherof ( e . g .
helper toys, number of correct choices) in a particular sample. You have used simulation from a coin-

tossing type process to approximate probabilities (p-value, error probabilities) and you calculated exact
probabilities using the binomial distribution.

Historically, when computers were less prevalent, these empirical and binomial probabilities were often
cumbersome to determine and statisticians instead applied a far more convenient approximation
method to estimate the probabilities of interest. In this section, you will see how the normal probability
model can be used as a third method to approximate the p-values, confidence intervals, and error
probabilities from the previous section. See the Probability Detour for more information about the
normal distribution.

|l nvestigation 1. 7: Reesebs Pieces (Optional)

Manufacturers often perforfiguality check® to ensure that their manufacturing process is operating

under certain specificationSuppose a manager at Hersheyds is ¢
process is no |l onger producing the correct col o
(a) Conjecture A friend finds 10 orange candies in her bAges this convince you that the three colors

are not equally likely What other information would you want to kn@What if she tells yothese

orange pieces wef0% of the candies in her bag?

(b) Take a (presumably representative) sampleof 25 Reeseds Pieces candi e
of orange, yellow, and brown candies in your sample.

Orange: Yellow: Brown:
(c) Identify thesample/random proceasd variable for your sample.
Sample/Random process
Variable: Type:

(d) Define AsuccessOo to be aorangercandygiereasonablelty an d
treat these data as observations from a binomial process? Explain.

(e) Prediction:Based on your data, do you think ethéd is a plausible value for the probability
Her sheyds process pHowdeyowedecideng? Woat monegnérmati@mdd you
need?
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Reporting the sample proportion as the statistic is often more informative than the sample count, but that
means we need to know about thal distribution of sample proportions

(f) OpentheR e e s e 6 applBtiSettheasplet to
assume 0.333 process probabiliBfa R e e s e (Describe process:

Pieces candy beingrange.The applet is set to take  propability of orange[0333 |

a sample oh =25 candks. Number of candies
9 Click the Drav_v Samplesbutton Number of samples
The applet will randomly select a sample of 25 o
candies sort thenby color, and report the Show animation
samplenumberof orangecandies | Draw Samples |

Total Samples =0

1 Click theDraw Samplesbutton again. Choose statistic:

. . @® Number of orange
Did you get the same number of orange candies & proportion Oforgnge

. [ Summary Statistics
both times?

(g) Change th&lumber of samplesfrom 1 t01998 uncheck th&how animationbox, and click the
Draw Samplesbutton againNow select thé>roportion of orange radio button. What does each dot in
this dotplot represent?

Recall that for a binomial random variable, X, the expected value E€X) £ and the standard
deviation SD(X) = ¢ *“ p “ dtcan also be shown that random varialftdlew theserules:
1 For any constart, E(cX) = ¢ E(X)

1 For any constant, SD(X) = |c| SD(X)

(h) Use the above informatipand the fact thajib X/n, to deriveformulasfor E(Hand SD{ju

(i) Using” = 0.333 and = 25, verify that your formulas match the results from checkingthmemary
Statisticsbox in the applet.


https://www.rossmanchance.com/applets/2021/oneprop/OneProp.htm?candy=1

O Chance/Rossman, 2026 ISCAM IV Investigation 17

() Prediction:If we had instead taken000 samples of size= 100 candies, how do you think the
distribution of the sample proportions would compare to the distribution whegs? Explain.

(k) Without pressing Reset, change Miember of candiesin the applet td00, theNumber of
samplesto 2,000, and presBraw Samplesto generate a new distribution. Check 8tew previous
results box to display the previous distribution in the background in light.ddegcribe the behavior
(shape, center, variability) of this (new) distribution and how it has changed from the prEoicus on
the most substantial change in the distributisithis what you expected?

() Repeatj) and k) for a sample size af =5 candies.

(m) Return to the scenario where 25 and‘ = 0.333.Earlier, youfoundthat in this scenario Bis
0.333and SDfHx 0.094Cal cul at e t hef ffsod:l owi ng HAcut

“ i 2 SDOM= and + 2 SDf=

(n) Use the applet to determine the percentage of samples with a sample proportion within 2 standard
deviations of the expected value.
1 Set the probability of orange to 0.333 and the number of candies to 25.
1 Generat&,000 samples.
1 Enter the first valuérom (m)in theAs extreme asox.
1 Check theTwo-tailed box and therthe betweenbox.
1 Enter the second value in the kbt appears
Write a sentenceeportingthe percentage of samples with a proportion of oraagdiesetween these
two values.

(o) Repea(m) and (n)for n = 100(including using the new SD and new-aits). How does the
percentage of sampl@sthin two standard deviations of 0.388mpare?
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Definition: TheEmpirical Ruleor the68-95-99.7rule states that for moundshaped, symmetric
distribution,
1 the interval (meain SD, mean + SIpshould capture approximately 68% of the distribution]
1 the interval (neani 2 SD, mean +2 SD) should capture approximately 95% of the
distribution.

1 the interval (neani 3 SD, mean +3 SD) should capture approximately 99.7% of the
distribution.

(p) Do your simulation results agree with the empirical?ule

(q) Complete the following statements:
Roughly % of sample proportions fall within of the value of .
For roughly % of samples; falls with of any sample proportion.

Discussion:Notice that if we know the value 6fand we know the sample sigewe can predict the
value of the sample proportion fairly preciselfis will be very helpful to us in deciding whether an
observed sample proportion is“Afar awayo from a

Practice Problem 1 X
In this investigation, you took samples of 25 canddetween what two values should 95% of the
sample proportions fall whegm= 0.507?

Practice Problem 1.7B

An expert witness in a paternity suit testifies that the length (in days) of pregnancy (the time from
conception to delivery of the child) is approximately normally distributed with mea70 days and
standard deviatioa = 10 daysThe defendant in the suit is able to prove that he was out of the country
during a period that began 280 days before the birth of the child and ended 230 days before the birth of
the child.

(a) Does a normal model seem to be a reasonable assumption here? Explain why or why not or how you
might decide.

(b) If the defendant was the fathdrtbe child, what is the probability that the mother could have had the
very long (more than 280 days) or the very short (less than 230 days) pregnancy indicated by the
testimony?
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Investigation 18: Halloween Treat Choices

Obesity has become a widespread health concern, especially in clidsearchers beve that giving
children easy access to food increases their likelihoedrm$umingextra caloriesSchwartz, Chen, and
Brownell (2003 examined whether children would be willing to take a small toy instead of edraty
trick-or-treating orHalloween They had seven homes in 5 different towns in Connecticut present
children with a plate of 4 toys (stretch pumpkin men, large gthe-dark insects, Halloween theme
stickers, and Halloween theme pencils) and a plate of 4 different name brand carigiepg]dtuit
flavored chewy candies, friit | avor ed crunchy wafers, and fAsweet
children were more likely to choose the candy or theTbg houses alternated whether the toys were
on the left or on the righData were recorded for 284 children between the ages of 3 and 14 (who did
not ask for both types of treats).

(a) Identify thesample/random proceasd variable of interestVhich outcome do you want to consider
Afsuccesso?

Sample/random process
Variable: Success:

(b) Define (in words) the parameter of interest in this study.

(c) State an appropriate null and alternative hypothesis involving this parameter (in symbols and in
words), for testing whether there is strong evidence of a preference for either the toys or the candy

Ho:

Ha:

~

(dWhat does fit he omeapand standamd deviationfofodré stthre but i on of A
successeso under t he nexgerimeraygbmontiabpsocess? Dofyouvexpecmo d e
this distribution to be symmetric and Afilled i

The normal distribution has many, many applications to quantitative variables in general (e.g., many
biological variables like height are assumed to follow a normal distribution). For now, we will focus on
using this mathematical model as an approximatahe null distribution

Central Limit Theorem: 1 f t he sample size iIis | arge en
s u ¢ c efar a @n@mial random variablgill be well-modeled by the normal probability
distribution The samplesizeis considered large enougteif “ pmandée p “ p 1t

(e) Why does the value of the process probabilijynfatter when we check this condition?


https://pubmed.ncbi.nlm.nih.gov/12859885/
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(f) Does the Central Limit Theorem appear applicable for the Halloween study?

(9) Use theOne Proportia Inferenceapplet to verify your answers to (d). Check Mamal
Approximation box to verify your answer to (f).

There are actually some nice advantages to using the normal distribution rather than the binomial
distribution, though less so as computers have become so advanmicede, tail probabilities can be
approximated by finding the area under the normal ctatheer than summing binomial probabilities

Finding ap-valuewith the normal approximation
(h) In the sample, 135 children chose the toy and 149 chose the teedihe applet to finthe
following two-sided pvalues andexplain briefly how each is found:

Simulation:

Exact binomial:

Normal approximation: %38 E 140

~—Number of heads—

The normal approximation is typically applied to the null distribution of sample proportions rather than
sample counts.

(i) Use the radio button to toggle t@&oice of Statistic to Proportion of heads What changes about

the null distribution?hat is the observed value of the statistic?

Key Result: When the Central Limit Theorem applies, the distribution of sample proportions is
approxi mately normal with mean "€Qjal“ pt ¢ J€.

When we are wusing t normal distribution, it
statistico by cal cu

the null distribution.

h
I

e
ating how many standard dev
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()) Standardizehe value of the statistic for the Halloween study by comparing to the mean and standard
deviation of the distribution cfample proportiondnterpret your result in context.

Standardized statistic z = (obsexV/statistia expected valygSD of statistic)=

Interpretation:

(What if we had used the sample count instead?)

and uses

Definition: TheOne Proportiorz-testcalculates the standardized statisticias

the standard normdlistribution (mean 0, std dev 1) to find thegue.

(kY What d o essbsctiptied yodi?z er o0 0

Key Result: In any normal distributiovi t h me an
standar d,weexpecttheinemat [{(i2s, € + 2s)
to capture approximately 95% of the distributibnother
words, 95% of sample proportions should fall within 2

“p “ T¢ of“.So with a normal distribution, the two
standard deviation guideline matches up with a$wed p
value below 0.05.

() What do you concludabout theplausibility of thenull hypothesisased orthis standardized
statistic?

(m) Use technology to find the correspondinggdue.[Hints: You can calculate the probability from the
z-value usingstandard normal distribution (mean 0, SDeLy.,Normal Probability Calculatcapplet or
use the Technology Detour below to carry out asaraplez-test]
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Technology Detour; One Proportionz-test

In TheoryBased Inferencapplet

{ Enter the sample size and either the col ' _
or the proportion of successes, press ~ Scenario: [One proportion v Options

. b igni
Calculate to display sample data. fTest of significance

Enter data o
1 Check the box fofrest of significance D Paste data EO;Eﬁ
1 Specify the hypothesized value |:‘| — |-
T Use the button to specify the direction o :i =
i count:
the alternative sammeﬁ:ﬁ

9 Press th€alculate button.

| Calculate |

In IMP:Using thelSCAM Journal file selectHypothesis Test for One Proportion

1 Use Raw Data or Summary Stats

1 Remember to specify a direction for the alternative, a hypothesized proportion, and a signif
level (e.g., .05)

(n) Provide a one sentence interpretation of thislpie in context.

(o) Do you think the researchers are pleased by the lack of significance in this test? Explain, in the
context of the study, why such a result might be good news for them.

Improving the normal approximation
Even t hough tecenicagcaosnsdei d itohnes oi f or t forghisrstody weadulda p pr
still use a fAcontinuity correctiond to I mprove

(p) Which pvaluein (h) (exact binomial or normadpproximation) is closer to yosimulated pvalue?
Is this expected?

(9) In the binomial distribution P(X = 135) = 0.22W0hat is P(X = 135) with the normal distributi®n
How do P(X < 135) and P(X 135) compare in each distribution?

To makethe normal probability (which is finding P(X < 135)) closer to the binomial probability, which
finds P(X< 135)= P(X < 135) + P(X = 135)we want to include more of the area under the normal
curve above 135 in our calculatioh continuity correctiordoes this byising the normal distribution to


http://www.rossmanchance.com/applets/TBIA.html
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find P(X < 135.5) insteadThis does not change the binomial probability but should enlarge the normal
probability.

() In theOne Proportion Inferencapplet specify 135.5 in the As Extreme As b@xusing number of
successes as the statistic, otherwise use 135.5/@8% 7 instead) and press Caufhat does the
applet use for the rigtdide cutoff? Why? How does the qwalue change? Is it now more similar to the
binomial pvalue?

Many software programs allow you applythis continuity correction for a orsamplez-test (e.g.,
usingnkb (X © 0.5)h as the input) or may do so by default. However, whisnlarge, you may not see
much difference in the values

Technology Detour, Continuity Correction

In TheoryBased Inferencapplet
1 Check thecontinuity correction box to Standardized statistic: z = -0.83
apply the continuity correction to the p-value = ©.4061
standardizedtatistic and fvalue. C continuity correction

Binomial (n=284, = =0.5), Normal(mean=0.5, SD=0.02967)

= P(X= 135 )+ P(Xz 149)

Zo = 0.4405

[11)

C
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g %ﬁ‘rﬁ_
(=]
= I I I I I I I
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Number of Successes (Proportion)

Study Conclusions

If we definep to be the probability that, when presented with a choice of candy or a toy while
trick-or-treating, a child chooses the toy, and if we assume the null hypothegis=<8.5) is true, the
above calculations tell us that we would observe at most 135 children chatsyn@r at least 149
choosingcandy) or atleast149 of the 284 children choosiragtoy (or at most 135 choosing candg)
about 9% of all possiblesampledrom such a proces$hus, this is not a surprising outcome wipen
=05.We f ai l to reject the null hypot hesi s a
likely to chooséhe toy or the candy
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We do have some cautions with this study as it was conducted in only a few households in
Connecticut, diconvenience samplieso we cannot claim that these results are representative of
children in other neighborhoodd/e al so dondét know 1 f the chi
whether their preference for toys could decrease as the novelty weare aff | f fAbet t ¢
were offered)Furthermore, when the children approached the door they were asked their age i
gender, and for a description of their Halloween costurhe researchers caution that this may ha
cued the children that their behavior was being observed (even though their responses were r
by another research member who was out of sight) or that they should behave a certiil way
these researchers were optimistic that alternatives could be presented to children, even at Hal
to lessen their exposure to large amounts of candy.

Practice Problem BA

In Investigation 16, Dr. Gunturkinconjectured that 2/3 of kissing couples lean right.

(a) Would the normal approximation (Central Limit Theorem) be valid for the kissing study in
Investigation 1.8 Justify your answer.

(b) Dr. Gunturkinfound 80 out of 124 couples leaned righhis sampleFind the ongroportionz-test
statistic and normdbased twesided pvalue Do thestandardizedtatistic and gvalue agreePlow does
the normalbased praluecompare to the exact binomialMpluefor this study

(c) Repeat (b) using the continuity correction and compare the results.

PracticeProblem 18B

A student wanted to assess whether her dog Muffin tends to chase her blue ball and her red ball equally
often when they are rolled at the same time. The student rolled both balls a total of 96 times, each time
keeping track of which ball Mtin chasa. The student found that Muffin chased the blue ball 52 times

and the red ball 44 times.et 6 s treat the blue ball as fAsucces:
(a) State the appropriate null and alternative hypotheses in symBelsu(e to describe what the

symbol represents in this contgxt

(b) Reportand interprethe values of the-test statistic andormatbasedo-valueusing a continuity

correction

(c)Summarizeyor concl usi o nsqgudstondoncarting hesdoguMuiim t 6

(d) Explain the reasoning process behind your conclusion.

(e) How would your answers to the previous questions change if we had used the red ball as success?

(f) Suppose you want to redo this study using a sample size of 200 tosses. You plan to use a significance
level ofa = 0.05, and you are concerned about the power of your testpvh@60. Calculate this

powerandi nt er pr et what #Apower o implies in this con-
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Summary of One Proportioa-test (Sampling from Binomial Process)

Let po representhe (constant) probability of success for tx@omialrandomprocess assumed by th
null hypothesis

To test Ho: p = po
We can calculate ayalue based on the normal distribution with mean equad &md standard

deviation equal to/5 @~ p.y7n

Standardized (Test)Statistic: Zg =m which follows a N(0,1) distribution
old-Po

p-value:

if Ha: p > po: p-value = PZ > z)
if Ha: p < po: p-value = PZ < z)

if Ha p I po: p-value = 2PZ > |z))

Validity: This procedure is considered valid as long as the sample size is large relative to the
hypothesized probabilityn(x po > 10 andn x (1- po) > 10), and you have a representative sample
from the process of interest.

Technology:

9 Theory-Based Inference appletSpecify the hypothesized value, use the button to specify th
direction of the alternative (< > for not equal), enter the sample size and either the count or|
proportion of successes. Press@aculatebutton.

1 JMP: Using thelSCAM Journal file selectHypothesis Test for One Proporti¢with Normal
Approximation radio button).
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Probability Detour¢ Normal Random Variables

Many quantitativevariables have a distribution that can be reasonably modeled nattmeal

probability curve This is a continuous probability distribution (ggposed to the binomial, which ig

a discrete distribution) that specifiedby two quantities:

1 Mean, denoted bgn(fimud), which is the peak and point of symmetry

i Standard deviatigrdenoted by (fisigmad), which is the distance between the meaneauh
inflection point

In other words, the mean determines the center of the distribution, and the standard deviatior

controls how variable (spread out) the distributiormiee sandard deviation can be loosely

interpreted as a typical distance of the observations from the mean.

This normal curve is given by the following function:
N(ms):

f(x) =

1
'ﬁ(x'm)z
1 e -0 <x<uo f(x)
S\2p . < \ &7

Notes: The symbdl is used here to refer t
the irrational Tha ml
constant in front of the exponential term
ensures that the total area under any nor
curve equals one mas ms m  ms  mas

« X =
Probability calculations: Then the probabilitypf an observation falling iany particular intervabn
thex-axisis determined by the area under the normal cavegthat interval In principle, this area
could be determined by integrating the functio® abovethe interval However this particular
function has nelosed formanti-derivative, so we rely on technology to approximate these area
therefore these normal probabilities.

The empirical rule: For a mouneshaped, symmetric distribution (like the normal) with mé&aand
standard deviatiop,

1 theinterval €1 s, + s) should capture approximately 68% of the distribution.

1 theinterval €1 2s,¢& + 2s) should capture approximately 95% of the distribution.

1 theinterval ¢ 7 3s, ¢ + 3s) should capture approximately 99.7% of the distribution.
7 )
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Investigation 19: Kissing the Right Way (cont.)

Recall the study published haturethat found 64.5% of 124 kissing couples leaned right to kiss
(Investigationl.6). We previously used simulation and the binomial distribution to determine which
values were plausible for the underlying probability that a kissing couple lean§' hight particular,
we found0.5 and 0.74 were nqilausible valusfor “ but0.6667 wasThe 95% CloppePearson
Binomial confidence interval was (0.554, 0.729pw you will consider applying the normal modssl
another method for producing confidence intervals for this parameter

(a) With a sample size of 124 kissing couples, does the Central Limit Theorem predict the normal
probability distribution will be a reasonable model for the distribution of the sample proportion?

Note When you do not have a particular value to
use the sample proportion in checking the sample size condition for the CLT. (This is equivalent to
making sure there are at least 10 successes arabti(:failures in the sample.)

(b) Do you have enough information to describe and sketch the distribution of the sample proportion as
predicted by the Central Limit Theor@xplain.

(c) Suggest one method for estimating the standard deviation of this distribus@mple proportions
based on the observed sample datdculate this estimate.

Definition: Thestandard erroof the sample proportion, Si{uis an estimate for the standard
deviation offjHi.e., SD(\iubased on the sample dataund by substituting the sample proportion f

p: SEOHEr ——.

(d) Now consider calculating@% confidence interval for the process probabifitpased on the

observed sample proportighfWh at 6 s t h e loa exgeetsotsee @ sampleapropoetibiall

awayfrom the underlying process probability? [Hint: Assuming a normal distributich 9 5 % ¢ .
Largest fpausible distance =

(e) Use the distance in (d) and the observed sample proportiph @645 to determine an interval of
plausible values fop, the probability that a kissing couple leans to the right.
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An approximat®5% confidence interval for the process probability based on the normal distribution

would benHu ¢ nH  nHEE. That is, this interval extends two standard deviations on each side of the
sample proportion. We knothat for thenormal distributiorroughly 95% ofobservations (hersample
proportions fall within 2 SDs of thenean (here the unknowamocess probaliiy ), so this method will
ficaptur® the process probability for roughly 95% of samples.

However, we should admit that the multiplier of 2 is a bit of a simplification. So how do we find a more
precise value of the multiplier to use, including for values other than 95%?

Definition: The (100 xC)% critical value z*, is thez-score
value such that P¢* OZ Oz*) = C whereC is any specified
probability valueandZ represents a normal distribution with
mean 0 and SD 1.

Note We use the symbat to distinguish this value, found
based on the confidence level, fragnthe observed-score for
the data.

(1-0/2

We will use technology to do this. Keep in mind thatzivalue corresponding to probabili€in
the middle of the distribution, also corresponds to having probabilityQ)2 in each tail.

Technology Detour, Finding Percentilefrom the Standard Normal Distribution

In Normal Probability Calculatoapplet

f You can | eave the mean set to zer o asncdort

1 Check the box next to the first < sign and specifyptitedability valueto correspond to the lowe
tail probability of interest(1 - C)/2. Press Enter/Return and it will display the negatfvealue

In IMPusing theDistribution Calculator

1 From the Distribution puldown menu, selediormal (at the top of the list)
1 Specify the values for thmean (0) andstandard deviation (1)
1
1

Change thdype of Calculationto Input probability and calculate quantiles
SelectCentral Probability and specify the confidence level (e.g., 0.95)
1 PressEnter/Return.

() Use technology to more precisely determine the number of standard deviations that capture the
middle 95% of the normal distribution with mean = 0 and standard deviatiofHint.. In other words,

how many standard deviations do you need to go on each side of zero to capture the middle 95% of the
standard normalistribution?]

(g) Using this more precise value for the tiplier, determineand interprethe 95% confidence interval
for “.
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(h) Now find the critical value for a 90% confidence interval. Is it larger or smaller than with 95%
confidence? Why does this make sense?

Putting these together, we haversesamplez-interval (akaWald interval) for a process probdiby :
One sample z-confidence interval( o r A Wa | d foi pnWhen we adveda) least 10 succes
and at least 10 failures in the sample, an approximate confidence inteqvas ffiven by:

Bl- B

gtz T whered’ corresponds to the confidence level.

(i) Based on this formulayhat (expressionys the midpoint of theconfidencanterval? What
(expression)s the width of the interval?

Midpoint: Width:

() How doesncreasinghe confidence level affect the width of the intern@kplain.

(k) How does increasing the sample size affect the width of the inté&xpl&in.

Definition: Thehalf-width of a confidencénterval is also referred to as therginof-error.
So the above interval formula is of the common fogtatistic’ margin-of-error, wheremargin-of-
error = critical value x standard error of statistidHere,margin of error =& nfHp nHE.

Although 95% is the most common confidence level, a few other confidence levels and their
corresponding critical values are shown in the table helow

| Confidence level | 90% | 95% | 99% | 99.9% |
() Use technologysee Technology Detour belowg) find the90%

z-confidence interval for the probability that a kissing couple leg = sosc . *7*

to the right. )

T T T T T T T
050 055 060 065 070 075 080

process probability

How do the midpoint and width of the 90% confidence interval

. . 0.561 0.7294
compare to those of the 95% confidence interval? ¢ 95%Ck

0.6452

T T T T T T T
050 055 060 065 070 075 080

process probability
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Technology Detour; One poportion z-confidence ntervals

z-interval with IMP
1 Open thdSCAM Journal fileandselectConfidence Interval for One Proportion
1 Specify Raw Data (column of outcomes) or Sumngtats

o With SummaryStats keep the radio button set to Normal Approximation
Scenario: [One proportion x|

z-interval with TheoryBased Inferencapplet
1 Keepthe pulldown menu set t®ne proportion .

1 Specify the sample sizeand either the courmtr I" Paste Data
the sample proportio Or check the Paste Data
box and paste in the individual outcomekgck n W
thelncludes headerbox if you are also copying ]
over the variable name). count. |30
9 PressCalculate. sample p: [0.6452
1 Check the box foConfidence interval Calculte |
1 Change theonfidence levefrom 95 to 90 %
f Press the€alculate Cl button I Confidence interval

confidence level |E|ﬂ % Calculate CI |

(m) How dothewidths of thez-intervalscompare to the Exact Binomial Confidence Intervals reported
by R?

90 percent confidence interval: 0.568 4 0.7166

95 percent confidence interval: 0.5542 0.72 90

Sample Size Determination

(n) Suppose you are planning your own statiput kissing couple8efore you collect the data, you

know you would like the margtof-error to be at most 3 percentage points and that you will use a 95%
confidence levelUse this information to determine the sample size necessary for your study.

[This is a very common question asked of statisticiahak about how to determine this using the
interval formula What information do you know? What information are you looking for?]

Approach 1:.Usethe sample proportion found in the original study as an estimate for the unknown value
of p.

Approach 2:Without a preliminary study, you can ud®& as an estimate of this probability
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(o) How does the sample size required differ based on how you estinmatke calculatio@ Why is
Approach 2 considered a ficonservativeo approach

Discussion:We can solve fon by inverting the formula for the margof-error, assuming a value for

The largest value for the margafi-error occurs wheh = 0.50, so that value can be used for a

conservative estimate of the necessary sample¥szeshould alwaysound your value up to the next
integer to also ensure t he marNgticenthatahis caculatianis wo n 6
much more difficult with a binomial confidence interval which does not have a simple formula to
manipulate.

Practice Probleni.9A

Recall from Practice Problem 1.8B thattadent wanted to assess whether her dog Muffin tends to
chase her blue ball and her red ball equally often when they are rolled at the same time. The student
rolled both balls a total of 96 times, each time keeping track of which béfinvilnased. The student
found that Muffin chased the blue ball 52 tinzewl the red ball 44 time®/e arbitrarily decided ttreat
the blue ball as fisuccess. 0

(a) Is using theorpasedz-procedures valid in this study? How are you deciding?

(b) Determine and interpret a 958&onfidence interval.

(c) Report the margin of error of your intervBetermine and compare b@w the margin of error
changes with a 99% confidence level

(d) What would be the necessary sample size if we wanted a nudrgimor of 0.01 for a confidence
level of 95% Explain how you are finding this.

Practice Probleni.9B
(@ In an actual study, how do you know whether your interval actually contains the value of the
unknown parameter?
(b) What is the distinction betweestandard deviatiomndstandard erro?
(c) Reconsider Muffin and suppose our confidence interval is (0.2689, 0.¥84ith of the following
interpretations are valid?not valid, why not?
1 You are 95% confident that the interval (0.2689, 0.4811) contains the sample proportion of blue
balls chased by Muffin.
1 There is a 95% chance that the interval (0.2689, 0.4811) captures the probability Muffin chasing
the blue ball
1 95% of the time the interval (0.2689, 0.4811) contains the probability of Muffin chasing the blue
ball
In the long run, 95% of sample proportions fall in betw@2689 and.4811.
If the null hypothesis is true, there is a 95% chance the interval contains the parameter.
| am 95% confident that Muffin chased the blue ball between 27% and 48% of the time.

= =4 =4
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Investigation 1.10: Heart Transplant Mortality (cont.)

Recall Investigation 4, where you learned that 8 of the 10 most recent heart transplantation operations
at St. Georgeods Hospital resulted in a death.

@ Use technol o dipomiak(CldpperPdarson®®6 canédereeiriterval for the
probability of death in the heart transpla
T MIJIMPuse Jour nal Fi |l e(SdmmarpStats} .d elmicreo mindaler v al
Report the interval, including the midpoirt ) and width

(6N NAE QN € RED®QE QN €).Qe O

(b) Use your calculator to calculate the 95% one propogtimnfidence intervahi-u & ——. (Show

the values substituted into the formylalso report the midpoint and width.

(c) Use technology twerify your calculation ofthe one proportioz-interval (also called th&Vald
interval)
T MIJIMPuse Jour nal File €& confidence interval

(d) Do you consider the one proportipinterval valid for these data? Explain how you are deciding.

Key ldea: Theconfidence levebf an interval procedure is supposed to indicate the-tong
percentage of intervals that capture the actual parameter value, if repeated random samples we
from theidenticalprocess. As suglthe confidence level presents a measure ofdlebility of the
method. A confidence interval procedure is considered valid when the achievadrormyerage rate
matches (or comes close to) the statd@domina) confidence level.

Statistical confidencés a statement about theethod not a probability statement abaurt
individual interval.

To consider whether thene sample-intervalis valid for this study we can pretend we know the
process probability, generate many random sanfgdasthat processalculate confidence intervals

from the simulated sampleand see what percentage of these confidence intervals capture the actual
valueof the process probability that we specified

(e) Openthe Simulating Confidence Intervaégpplet


https://www.rossmanchance.com/applets/2021/confsim/ConfSim.html
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Suppose the actual process probability of death isahd5ou

ISCAM IV

plan to take a sample of 10 operations and apply-thierval

(aka Wald)method Set the value oZ, to 0.15and theSample
size(n) to 10. PressSample Click on the interval to see the

endpoint(s), midpoint, and wid{lwerify).
Did you obtain the same interval as @2Why or why not?

Investigation 1.10

Describe process

Statistic [ Proportions ~|
Distribution [Binomial ~|
Method [Wald v
n
Sample size (n)

Number of intervals

| sample |

Did the interval succeed in capturing the valué oivhich we set to be 0.2%1ow can you tell?

(f) Change the Number of intervals to 100 and press Sample until yoatlaastl,000 intervalsn the
Running total How many of theseandomintervals succeed in capturing the actual value of the process
probability (0.15P Does this method appear to succeed in capturing the value of the parameter (which

we assumed to be equal td %)

95 %

fiof

t he

ti meo?

Because the-interval procedure has the sample size conditions of the Central Limit Theorem, there are
scenarios where we should not use #socedure to determine the confidence intervathese cases,
one option is taise the Exact Binomial distribution (Clopgeearson) method

(g) Use the Method pullown menu to seleéxact
Binomial and continue to press Sample until yamegrateat
least1,000 confidence intervals from a process with 0.15

andn = 10.

Does this appear to be a 95% confidence interval m@thod

Statistic

[Proportions

Distribution [Binomial

Method

[Exact Binomial

(h) What is the average width of these intervds@e the Mean of thieCl Widths) graph.)

TheClopperPearsome t h o d

Wi

have

a

coverage

rate of at

meaning the coverage rate is higher than 95% so the intervals are longer than they néidteto be
method is also fairly complicatdda s
alternative method that has been receiving much attention of late is often cafgstir@uprocedure:

opposed

t o:

fgo t wo

At andar d

T

Definition: Plus Four 95% confidence interval for p:
91 Determine the number of successes (X) and samplergizethe study
Increase the number of successes by two and the sample size, lantboalculate a new
proportion ) = (X + 2)/(n + 4). Make this value the midpoint of the interval
9 Use thez-interval procedure as above for the augmented sample size- df)(

‘50196 5(1_ ﬁ)
"N n+4



http://www.rossmanchance.com/iscam3/glossary.html#PlusFour
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In short, with 95% confidencéhe idea is t@retend you have 2 more successes and 2 more failures than
youreally did.For confidence levelsther than 95%researchers have recommended uthed\djusted
Waldmethod:)= (X + 0.5(z*)?)/(n + (z*)?) andi = n + (z*)? so the interval becomég z* [p1- p)/7 -

() Investigate the reliability of the Plus Four procedure:
1 Use theMethodpull-down menu to change from Statistic  [Proportions v]
Exact Binomialto Plus Four (95%). Distribution [Binomial v
1 Generatat leastl,000 confidence intervals from a Method  [PlusFour (85%)  v|
process witlp = 0.15 andn = 10.
Is this coverage rate close to 95%?his an improvement over the (Waldinterval?

() What is the average width of tRéus Fourntervals?Do these intervals tend to be narrower than
intervals calculated usintye Exact Binomial interval procedure?

(k) Use theMethodpull-down menu to toggle between the Wald &has Fouiintervals [Hint: You can

Sort the intervals first.What do you notice about how thedpointsof the intervals compare? (Also

think howr) andnHiffer, t hese are the values shown in the 0
Why isthe change in the midpoints of the intervadeful in this scenario?

() In the applet, change the number of interval$G@ PresReset Use the puldown menu to select
theBlaker method (the Exact Binomial using the tail probabilities), and wait a bit. (If it's just 100 at a
time, it's not too bad to hit Sample a few more times.) Report the percentage of intervals that capture the
parameter AND the average width of these 100 intervals.

Running Total: Average width:

(m) Does this appear to be a 95% confidence interval procedure?

(n) In your simulations, which method appears to have the shortest intervals? (Pick one.)

Key ldea: The Plus Foumethod is more likely to be a 95% confidence interval method than the
samplez-interval methodlt is never a bad idea to use the Plus Foethod.

AFudging our datao may seem | i ke cheating, but
The plus four adjustment is not that different in principle from the continuity correction we suggested
with p-values. Many statisticians now recommend using this procedure over the one praportion
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interval procedure because it achieves the stated confidence level for any sample size and over the
ClopperPearsorbinomial interval procedure because the intervals tend to be sfrateywer) In fact,

the more general case (something other than 95%) is becoming the default in many software. packages
(The Blaker method in others.)

(o) Determineandtheninterpreta Plus Four confidence intervidr the probability of a death during a
heart transpl ant o p e r Hirtsi Yoncanadb thealculatiGreetherdyeharsl, h o s p
first finding r) andz*, or with software (e.g.the TheoryBasedinferenceapple) by telling the

technology there were 4 more operations consisting of two more deaths than in the actuaNsaenple.

You canodot wuse the Simulating Confl]idence I nterva

() Repeat for t he | aatrgveated Bdéathslout ola36dpebationsH@G\wedo they e 6 s
95%Wald andPlus Fouiintervals compare in this ca@@®mpare the centers and widths)

Wald interval: Plus Fouiinterval:

Comparison:

DiscussionAs you can tell, there are several ways to obtain a confidence interval for a process
probability. When the sample size is large, they will yield very similar results for the endpoints and the
coverage rate. When the sample size is small, the Adjusted(RlakiFour for 95%) method is

preferred. You can use the Clopggarson (Exact Binomial) confidence interval method when the
sample size is small, but t hese estimateemarghafiesor t e nd
simplicity, though are more computationally efficient than the Blaker method discussed in Investigation
1.6. Below we compare the 95% confidence intervals for the 8 of 10 and 71 of 361 studies for these
met hods pl us a f i,Wwhchisa moteelirect iBversionef the ane samplegptogortion
z-test.

n=10 n= 361
1 Wald interval (aka normal approximation aka asymptotic) (.5521, 1.048) (.1557, .2377)
Finds the values qf so that P{z< &5 2=C

JEL- B/n TBI appletor IMP
Formula:m'lJ ¢ nHp AHE
Tendency for poor coverage properties if small extremep



https://www.rossmanchance.com/applets/2021/tbia/TBIA.html?hideExtras=1
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91 Plus Four (special case of Adjusted Wald (.4776, .9509) (.1590, .2410)
0 :
(95%) Ad‘d tV\{O Sl‘,ICCGSS‘es ‘and two ffllures to sample resu TBI applet orIMP after adjust
Formula:y & 1 p 1) 7&; where p= (X +2)/(n+4) and sample data
I =n+ 4. Very good coverage properties
1 Adjusted Wald (aka AgrestiCoull) (0.4794, .9541).1588, .2409)

n & fp NI N=X+052d/(n+2?),i=n+z+
Very good coverage properties.

Wilson interval (aka Score interval
T Wilson interval ( interval) i b (4902, .9433) (1590, .2408)

<z=C JMP (Analyze > Distribution)

Vp@- p)/n—

Finds the values qf so that P{z<

Erl20y Bl- B, Z% (4422, .9646) (1577, .2423)
aree 2n n 4n R prop.testw/ continuity corr.
1+2z%/n
Can have poor coverage properties Withear O or 1.
1 Exact Binomial (ClopperPearson) (.4439, .9748) (.1569, .2415)
Finds the values qf so the P(Xx< k) > (1- C)/2 and P(X> k) JMP (summary stats)

> (1- C)/2 wherek is observed number of successes
Tends to be Aconservativeo

1 Blaker (Inv 1.6) (.4445, .9632) (.1570, .2403
Finds the values ¢f so the twesided pvalue (using tail R (blakerC)
probabilities) is less (L C)/2.
Tends to be shorter than the Cloppearson interval.

Whatever procedure is used to determine the confidence interval, you interpret a (valid) interval the

same way as thentervalof plausible values for the parametéor examplewe are95% confident that

the underlying probability of deathithin 30 daysoh heart transpl ant operat |
Hospital is betweef.16 and02 4 ; wher e by, 0vieInedhthat d wefwerd te nsé this

procedure to construct intervals from thousands of representative samples, roughly 95% of those
intervals will succeed in capturing the actual (but unknown) value of the parameter of interest.

Keep in Mind:The main things you should focus on in your study of confidence intervals are:
1 Whatparameter is the inteal estimating (in contex®)
1 What are the effects of sample size, confidence leveltrensample statistion thewidth and
midpointof theinterval?
What do we mean by fAconfidenceo?
What are the effects (if any!) of sample size, confidence levelthengictual parameter valoa
the coverage rate of the method?
1 Why might oneconfidence intervaiethod be preferred over another?

il
T

Also note how to useechnologyto perform these calculations. You should NOT use the Simulating
Confidence Intervals applet to construct a confidence interval for a particular sample of data.
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Practice Probleni.10A

Return to your exploration using tBémulating Confidence Intervadpplet. Assumethatp = 0.667is

the probability that a kissing couple leans to the right.

(a) From theMethodpull-down menu select tHecoreinterval methodEvaluate the performance of this
interval method, clearly explaining your stefsint: Does the performance depend on the value of
that you use? What if you change the valué td something closer to 0 or A¥verage widthsJ?

(b) Starting witha , use the quadratic formula smlve forp andverify thefirst formula for

the Scoreinterval.

(c) Showthatthe midpoint of theSaore formulafound in (b)simplifies tothe midpoint of the Adjusted

Wald procedure

(d) Show that with 95% confidence the midpoint of the Adjusted Wald procedure can be approximated
with (X + 2)/(n + 4), thePlus Four method.

7

Practice Probleni.10B

(a) Suppose that you take 1000 samples framn@omprocess and generate a 95% confidence interval

for p with each sampldf you randomly seleabneof theseintervak, what is the probability that you

will select an interval that capturp8

(b) Suppose you take one sample from a random process and generate a 95% confidence interval to be
(0.15, 0.25)What is the probability that this interval captutés

(c) In general, how does increasing the confidence level impasidtieandcoverage ratef a

confidence interval procedure?

(d) In general, how does increasing the sample size impaeidtieandcoverage ratef a confidence

interval procedure?
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Investigation 1.11: Ganzfeld Experiments

Statistician Jessica Utts has conducted extensive analysis of studies that have investigated psychic

functioning. (Combining results across multiple studies, often to increase power, istztited

analysis) Utts (1995 cites research from Beand Honorton1994) that analyzed studies that used a

technique called ganzfeld.
I n a typical ganzfeld experiment, a fAreceiver o i
halved pingpong balls over the eyes, having a red light shone on them. The receiver also wears a set of
headphones through which [static] noise is pthyThe receiver is in this state of mild sensory deprivation
forhalfanhowDur i ng this time, a fisendero observes a r
send this information to the receiver ¢é The r ece
[four] possible targets, from which they must decide which one most resembled the images they
witnessed. Most commonly there are three decoys along with a copy of the targeWikgedid

Utts has stated that she believes there is convincing evidence of ESP but that the effect is small.
(a) Suppose you want to test whether the subjects in these studies have EprRquidhto the actual
probability thatreceiversdentify the correct image among the four possible tar§tséte appropriate
null and alternative hypotheses, in symbols and in words.

Ho: Ha:

(b) The Bern and Honorton study remah 329
sessions. Is this a large enough sample size to
employ the Centtd.imit Theoren? If so,
sketchthe predicted behavior of the null
distribution of sample proportionReport the
predicted mean and standard deviation.

In Investigation 13, you determined that someone was asked to choose among 5 symbols in 10
rounds, they would need to correctly identify 5 or more of the symbgpiothuce a gvalue below 0.05

and be at least two standard deviations away from the expected 2 correct identifitatioms r e s u | t
mor e corr ect 0 reedionoehionghe values bflthe statidtidtheat lead us to reject the null
hypothesis).

Definition: Therejection regiorconsists othevalueswe would need tobserveor the statistic in
the study in ordeto be willing to reject the null hypothesis.

(c) According to the distribution in (b), what proportion of the 828sionsvould need to be successful
(Ahitso), in order to reject the nul/l hypot hesi
level of significance?
1 InthePower Simulatiorapplet specify theHypothesizedprobability of succesg.25) and the
sample sizg329).Specify 1000or theNumber of repetitions and pres®raw Samples Choose
theProportion of successess the statistidJse the pulldown menu to set tHeevel of
Significanceto 0.05and pres€ount. Check theNormal Approximation andSummary Stats
boxesto verify (b).
Draw a sketch of theull distributionand report the rejection regidéound by the applet. Include a ene
sentence interpretation of this region.



https://www.ics.uci.edu/~jutts/air.pdf
http://citeseerx.ist.psu.edu/viewdoc/download;jsessionid=D97D004003D79ED839A32B3CB8DC468B?doi=10.1.1.377.3258&rep=rep1&type=pdf
http://en.wikipedia.org/wiki/Ganzfeld_experiment
http://www.rossmanchance.com/iscam3/glossary.html#rejectionregion
https://www.rossmanchance.com/applets/2021/power/power.html

O Chance/Rossman, 2026 ISCAM IV Investigation 111

Definition: A Type | errorin a test of significance occurs when the null hypothesis is truedut
decide to reject the null hypothesis. This type of error is sometimes referrea tasaspositive or a
Nnfalse alarm. o

(d) According to the applet, what is tfreormal approximationprobability of making a Type | error in
this study How could you have known this in advafi¢Blote that the normal approximation is not
required to correspond to an integer value for the rejection region.)

While a Type | error focuses on the null hypothesis being true, what if the null hypothesis-idialge
likely are we to make the correct decision to reject the null hypothesis?

Definitions:
1 A Type Il erroroccurs when we fail to reject the null hypothesis even though the null hypoth
Is false. This type of error is someti me

1 Thepower of a test whep = pais defined as the probability of (correctly) rejecting the null
hypothesis assuming thepecificalternative value for the paramet&hus, power reveals how
likely our test is to detect a specific difference (or improvement or effect) that really is there

Note Power = 1Ii P(Type Il error)

(e) Suppose the probability of identifying the correct symbol is actually D&€ribe how the
distribution of sample proportions will differ from (b).

() In the applet, change thdternative probability of successvalue to 0.30, and check tis&ow
alternative box. PresDraw SamplesandCount. Review the applet output aptovide a onesentence
interpretation of th@ormal approximationalue, 06645 Is this value the probability of a Type Il error
or the power of the test?

(g) Now use the applet ttind the probability ofejectingthe null hypothesis thdt = 0.25 when in
reality“ = 0.35? Explain your stepdow has thgrobabilitychanged and why?

(h) Change the level of significance from 0.05 to 0.01 and press Géamtdoes lowering the level of
significance influencéincreases, decreases, no chatige)


http://www.rossmanchance.com/iscam3/glossary.html#typeIerror
http://www.rossmanchance.com/iscam3/glossary.html#typeIIerror
http://www.rossmanchance.com/iscam3/glossary.html#power
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Rejection region:

Probability of Type | Error:

Probability of Type Il Error:

Power (assuminfy = 0.35):
(i) Suppose the study had only involved 35 sessi®esause the sample size is small, use of the Central
Limit Theorem is questionahl&ncheck the Normal Approximation box and check the Exact Binomial
box. Specify a hypothesized probability of 0,2 alternative probability of 0.38nd a level of
significance of 0.05Report the following:

Rejection region:

Probability of Type | Error:

Power (assuming = 0.35):

() How does the power in (i) compare to what you found for p@adrer[Hint: see §)]? Explain why
this relationship makes intuitive sense.

Many software packages will calculate power for you, especially with the normal approximation to the
binomial.

Technology Detour, Calculating Power
Keep in mind the results will differ a bit if you use the binomial distribution/only allow discrete val
to find the rejection region.

In IMP

1 ChooseDOE > Sample Size Explorers Power >Power for One Sample Proportion

1 Specify theform of the alternative, thievel of significanceAlpha), an alternative probability of
success, ansetthe Test Method to Normal Approximation

1 Specify theSample Size, theull probability of succes@Assumed Proportion), and alternative
probability of success (Altaeative Proportion)

1 PresEnter

In fact, the most common application is to specify the desired power and solve for the necessary sample
size before conducting the study to determine how many obserwvgbarshould take
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(k) If your technology allowsor use trial and errorsee how many sessions would be needed in the
ganzfeldstudy to have at least an 80% chance of rejecting the null hypothesis if the actual probability of

success ip = 0.30.

(1) How will your answeto (k) change if the actual probability of succesp s0.357?Determine the
number of sessions needed in this case.

Key ldeas:In any test of significance, we need to guard against two types of errors:

1 Typelerror= f al sely rejecting a true null hy
1 Typellerror= failing to reject a false null
We control the probability of a Type | error by stating a level of significance before we collect g
data We chiefly control the probability of a Type Il error by determining what sample size is ne
in a study to achieve a desired level of pawerdo so, you need to establish in advance how fals
you think the null hypothesis is/what size of a difference you want to be able to detect. This is

done through subjeehatter knowledge or prior study results

Study Conclusions

If the researchers believe there is a genuine but small effect (say 5 percentage points) of ESP
with a sample size of 329, there is about a 65% chance that, when the probability of a correct
identification equals 0.30, they will obtain a sample et convinces them to reject the null
hypothesis that = 0.250 With a sample size of around 500, there is over 80% chance that the
researchers will find evidence of ESP wlien 0.3Q Keep in mind that with a large sample size, w
can often find atatistically significantesult that we may not considamactically significant

Discussion When the sample size is small, the binomial distribution can be used for power calculations,
but notice that the discreteness of the binomial probability distribution can complicate raiters

another example where the normal distribution is simpler, but do keep in mind use of the normal
approximation is not always valid.
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Practice Probleni.11A

For the research study on the mortality rate at St.gseod s hospi t al), the goalwassot i gat
compare the mortality rate of that hospital to the national benchmark of 0.15

@ I1I'f you were to conclude that the hospital 6s
does not, what type of error would you be committi@gdqose oneType I, Type I, Both, Neither)?

(b) If you were to conclude that the hospisatieath rate does not exceed the national benchmark when it
really does, which type of error would you be commit{i@9oose oneType |, Type Il, Both, Neither)?

(c) Which error, Type | or Type Il, would you consider maritical here? Explain

(d) Suppose you wanted to know the power of the test when the mortality rate at this hospital was 0.20
and when the mortality rate at this hospital was (=25 which alternative probability would you have a
lower chance of committing a Type |l erfdExplain.

Practice Problem 1.1B

(a) If Abe were to use a significance level®®5 and Bianca were to use a significance level@f,

who would have a smaller probability of Type | eftBxplain briefly.

(b) If Abe were to use a significance level®®5 and Bianca were to use a significance level@f,

who would have a smaller probability of Type Il eft&xplain briefly.

(c) If Abe were to use a significance level of 0.05 with a sample size &0 and Bianca were to use a
significance level of 0.01 with a sample sizenaf 100, who would have a smaller probability of a type
| error?

(d) If Abe were to use a significance level of 0.05 with a sample size &0 and Bianca were to use a
significance level of 0.01 with a sample sizenaf 100, whose test would have more power?

Practice Problem 1.1C

For the research study on the mor t4thedogiwasmt e at
decide whether the mortality rate of that hospital exceeds the national benchmark 8tipddse you

plan to monitor the next 20 operations, using a level of significance of 0.05. Also suppose the actual
death rate at this hospital equals 0.20

(a) Determine the rejection region and the power of this test.

(b) Repeat assuming the actual death rate at this hospital equals 0.25. How does the power compare, ant
why does this make sense?

Practice Problem 11D

Suppose you want to test a personodsYoafilonecupy t o
with Soda A and two cups with SodaBie subject tastes all 3 cups and is asked to identify the odd

soda. You record the number of correct identifications in 10 atteAggameevel of significance =

0.05and a onesided alternative.

(a) I'f the subjectds actual probability of a co
level of significance of = 0.05? Hint: What is the null hypothesis?]

(b) Write a onesentence interpretation of the power you calculated in (a) in context.

(c) What is the power if you give the subject 20 attempts?
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Practice Probleni.11E

Suppose that you want to-cenduct the kissing study in a large city with a sample of 100 kissing
couplesYou want to test the null hypothesis:ld = 0.667 against a or@ded alternative g p < 0.667
using a significance level af = 0.05, and you are concerned about the power of your testmwhéxb.
Consider the following graph

(a) Which regiorgs) represents the

probability of making a Type | error?
[ 1] v

(b) Which regiorfs) represents the

probability of making a Type Il error?

I I 1l v
(c) Which region(s) represents the power «
the test?

I Il 1] v

1 1 1 T T =
0.35 040 045 050 055 060 065 070 075 0.80
<-- sample proportions —->

Practice Problem 11F
The table below shows the possible states of the world and the possible decisions we can make. Indicate
where the types of errors fall in this table and where the test makes the correct decision.

State of the world

Ho true Hp false

Reject H

Test decision
Fail to reject H
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SECTION 3: SAMPLING FROM A FINITE POPULATION

So far, we have treated each set of data that we have investigated as a sample from an ongoing
random process with a constant (but unknown) underlying probability of success. It is more common to
consider sample data as coming from a larger, but finite population (e.g., a sample of adults from
among all Americans aged 18 years and older). So what we now want to consider is (i) how to select a
sample from the population to allow us to generalize our sample observations back to that larger
population and (ii) what statistical techniques we need to make such inferences. You will see that
though many of the analysis procedures are the same, there are a few more issues to consider as well.

Investigation 1.12: Sampling Words
(a) Circle 10 representative words in the following passage.

Four score and seven years ago, our fathers brought forth upon this continent
a new nation: conceived in liberty, and dedicated to the proposition that all
men are created equal.

Now we are engaged in a great civil war, testing whether that nation, or any
nation so conceived and so dedicated, can long endure. We are met on a great
battlefield of that war.

We have come to dedicate a portion of that field as a final resting place for
those who here gave their lives that that nation might live. It is altogether
fitting and proper that we should do this.

But, in a larger sense, we cannot dedicate, we cannot consecrate, we cannot
hallow this ground. The brave men, living and dead, who struggled here have
consecrated it, far above our poor power to add or detract. The world will

little note, nor long remembe r, what we say here, but it can never forget what
they did here.

It is for us the living, rather, to be dedicated here to the unfinished work

which they who fought here have thus far so nobly advanced. It is rather for

us to be here dedicated to the great task remaining before us, that from these
honored dead we take in creased devotion to that cause for which they gave
the last full measure of devotion, that we here highly resolve that these dead
shall not have died in vain, that this n ation, under God, shall have a new
birth of freedom, and that government of the people, by the people, for the
people, shall not perish from the earth.
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The authorship of literary works is often a topic for debatere some of the works attributed to
Shakespeare actually written by Bacon or Marf@W#hich of the anonymously publish&gderalist
Paperswere written by Hamilton, which by Madison, which by 3&yho were the authors of the

writings contained in the Bib®The fieltso f fAl i t er aanyd cifmprug n snigad st yl on
ways of numerically analyzing authorsd wor ks, |
occurrence of specific words

The above passage is of course Abraham Lincolnd

the battlefield near Gettysburg, PlA characterizing this passage, we would ideally examine every
word. However, often it is much more convenient and even more efficient to only examine a subset of
words

Definition: Thepopulationis the entire collection ajbservational unitthat we are interested.iA
sampleis the subset of the population for which we collect data.s t ganplésizés the number
of observational units in the study.

In this case you will examine data for just 10 of the wandbe addres3Ne are considering this
passage to bemopulationof 268 words, and the 10 words you selected are theregamplefrom
this populationNow we define the sample as a collection of individualsbservational unitthat
have distinct characteristics, rather than a finite set of repeated realizations of a random proce

In most statistical studies, we do not have access to the entire population and can aolysidta for
a sample from that populatio®ur ultimate goal isat make(appropriateronclusions about tHarger
populationbased on only the sample data

Up until now, we have generally been assuming we have a representative sample from aarinfinite
goingprocesge.g.,toast dropshospital transplant operations, candy manufacturig) madesome
assumption, like the process is not changing over time and that there is no tendency to select some
types of outcomes more than others (e.g., getting the first 5 candies from the manufacturing process
rather than throughout the dai).fact, a binomial process assumes you have repeat observations from
the exact same process but with randomness in the actual outcome that occurs (semetiargs
chooses the helper toy, sometimes not; the randomness is in the.choice

In thisinvestigation instead of sampling from an @wing process we are sampling from a finite

population (the 268 wordslh fact, we actually have access to the entire populd@onhwhat if we

d i d?hvé still need some way of convincing people thatsample is likely to be representative of the
populationL e t 6 this pomilation toexplorehow samples behawehentheir andom chancebo
from which observational units are selected to
made by the observational units.

(b) Consider the sample you selectedan Suppose | wanted to focus whether the word is shofif
the sample is truly representative, Dieff i aleo dWilschmd
to be 3 or fewer letters. Record Y or N for each word you selected.

1 2 3 4 5 6 7 8 9 10

Word
Short?



http://www.rossmanchance.com/iscam3/glossary.html#population
http://www.rossmanchance.com/iscam3/glossary.html#obsunits
http://www.rossmanchance.com/iscam3/glossary.html#sample
http://www.rossmanchance.com/iscam3/glossary.html#samplesize

O Chance/Rossman, 2026 ISCAM IV Investigation 1.2

(c) Identify the observational unjbbject being studiednd variable for this sample.
Obs unit: Variable: Type:

(d) Do you think the words you selected are representative of the population wb&&8in this
passageHow are you deciding?

Definition: The termparameterbefore considered the process probability, is also used to refer t
numerical characteristic ofopulation We will continue to denote population parameters with
Greek letters, for exampfeor mfor a population proportion or population mean, respectively
statisticcontinues to be the corresponding numberchidulated from sample dat/e denote the
statistics for a sample proportion and a sample meajhdioglaf respectively.

(e) Calculate theproportion of short words your samplels this number a parameterastatisti€
What symbol can we use to refer to it?

Proportion short Parameter or statistic? Symbol:

(f) Theproportionof all 268 words in this populatiahat are short is 0.41s this number a parameter or
a statistic? What symbol can we use to refer to it?

(g) Did everyone in your class obtain the same samglportior? Describe a way for deciding whether
this sampling method tends to produce samples that are representative of the larger pégutaison
parameter.

(h) Construct a dotplddisplayingthe proportion of words in your sample that are shandthose of
your classmates

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Label:

What does each dot in this dotplot repre8ent


http://www.rossmanchance.com/iscam3/glossary.html#parameter
http://www.rossmanchance.com/iscam3/glossary.html#statistic

O Chance/Rossman, 2026 ISCAM IV Investigation 1.2

(i) What does the graph ih)(tell you about whether this sampling method tends to produce
representative samples?

Discussion:You haveagainwitnessed the fundamental principlesaimpling variabilityValues of

sample statisticgary when one takes different samples from the spopeilation The distribution of
statistics from a repeated sampling is often callsdnapling distributionIn this caseywe are treating
eachsample asnobservational unit and the sample statistics as the variable of interest (so the graph
| abel shoul d be proporgoh shodn)Athough weecledrly expegt there to be
sampleto-sample variation in the statistic, tieas aproblem if there is a tendency to over or
underestimate the parameter of interest.

Definition: When characteristics of the resulting samples are systematicallyediffesm
characteristics of the population, we say that the sampigthodis biased When the distribution of
the sample statistics, under repeated sampling from the same population, is centered at the va
population parameter, the sampling method is said tmb&sed

For example, we suspect that your class repeatedly and consigtedglystimatedhe proportion of
short wordsNot everyone has tendeestimate, but if there istandencyo err in the same direction
time and time again, then the sampling method is bidsedher words, sampling bias is evident if
we repeatedly draw samples from the population and the distribution of the sample statistics ig
centered at the population parameter of inteNste that bias is a property of a samplingthod not
ofasinglesamplést udi es have shown conkemiéncelsampladgn (jeu g
selecting the most readily available observational uistsdt a good basis for selecting represental
samples, so we will rely on other techniques to do the sampling.for us

() Do your class results indicate a tendency to overestimate or to underestimate the population
proportion“ ? Could you have predicted that in advance? Explain.

(k) Consider another sampling method: you close your, ppast at the passagd words,select
whatever word your pen lands,@nd repeat this 10 time#&/ould this sampling mabd be biase?lif
so, in which drection? Explain.What if you looked at 20 words instead of 10?

(1) Suggest a better method for selecting a sample of 10 words from this popthiatisiikely to be
representative of the population
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Definition: A simple random samplgives every observational unit in the population the same ch
of being selectedn fact, it gives every sample of singhe same chance of being selected

So, with a simple random sampigsize 10 any set of 10 words is equally likely to end up as our
sample

The first step is to obtain a list of every member of your population (this list is cabed@ing framg
Then, give each observational uait the list a uniquéd number

The following is a sampling frame for the Gettysburg address, with each word in the population
numberedYou then use technology to select-di§it number at random, and then maitcto the word
in the population withhatID number Then repeat to randomly select additiofuadique) IDs (words)

1Faour 3&in B9 dedicate 103 But, 137 add 171 here 205 these 239that
2scaore 36a 70a 104 in 138 ar 1720 206 honored 240this
Jand 37 great 71 portion 105a 139 detract. 173the 207 dead 241 nation,
4 seven 38 civil 72of 106 larger 140The 174 unfinished 208 we 242 under
Syears 39 war, T3that 107V sense, 1471 wearld 175 wark 209take 243 God,
Baya, 40testing T4 field 108 we 142 will 176 which 210increased 244 shall
7 aur 41 whether T5as 109 cannat 143 little 177 they 211 devotion 245 have
G fathers 42 that TEa 110 dedicate, 144 note, 178 who 21210 246 a
9brought 43 nation, 77 final 111 we 145 nor 179 fought 213 that 247 new
10farth 44 ar 78 resting 112 cannot 146 long 180 here 214 cause 248 birth
11 upon 45 any 79 place 113 consecrate, 147 rermember, 181 have 215for 249 of
12this AE nation 80 far 114 we 148 what 182thus 216 which 260freadom,
13 continent 47 50 81those 115 cannot 149 we 183 far 217 they 251 and
14a 48 conceived 52 who 116 hallow 180 say 184 s0 218 gave 252that
15 nemw 49 and 83 here 117 this 151 here, 185 nobly 219the 253 government
16 nation: A0s0 84 gave 118 ground. 152 but 186 advanced. 220 1ast 254 of
17 conceived 41 dedicated, 85 their 119 The 1830t 187 It 221 full 255the
18in 52 can 86 lives 120 brawe 1584 can 1881is 222 easure 256 people,
19 liberty, 53 long 57 that 121 men, 155 newer 189 rather 223 of 257 by
20and A4 endure, S8 that 122 living 186 forget 190 for 224 devotion,  258the
21 dedicated 55 4Ye 89 nation 123 and 157 what 191 us 225that 289 people,
2210 a6 are 90 might 124 dead, 158 they 192to 226 we 260 for
23the 57 et 91 live. 125 wha 159 did 193 be 227 here 261 the
24 proposition 58 an 921t 126 struggled 160 here. 194 here 228 highly 262 people,
25that 533 33is 127 here 1611t 195 dedicated 229 resalve 263 shall
26 all B0 great 94 altogether 128 have 162is 195 to 230that 264 not
27 men B1 battlefield 95 fitting 129 consecrated 163 for 197 the 231 these 265 perish
28 are B2 of 96 and 1301t, 164 us 198 great 232 dead 266 fram
29 created B3 that 97 proper 131 far 165the 199 task 233 shall 267 the
30 equal. B4 war. 98 that 132 above 166 living, 200 remaining 234 not 268 earth.
31 Wowe G5 Wye S8 we 133 our 167 rather, 201 before 238 have
32we BE have 100 should 134 poor 1680 202 us, 236 died
I3 are B7 come 101 do 135 power 169 be 203 that 2371in
34 engaged BSto 102 this. 1360 170 dedicated 204 fram 238 vain,

Technology Detour, Selecting a Simple Random Sample

In applet You canuserandom.orgor ourGeneraeé Random Numbemppletto select a simple rando
sample of integers by specifying the range of integers (e.g., 1 to 268) and, if an option, how m
numbers you want to generate.

In IMP

 ChooseFile > New > Data Table
From theRowsmenu, selecAdd Rows. Add 5 rows to the tableRPresOK.
Right click the column headin&electFormula.
UnderRandom selectRandom Integer.
Enterl and 268 as the bound3ick OK.

Random Integer (1 , 268 )

1
1
1
1
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(m) Insteagdwe will use theSampling Wordsapplet.
1 Several variables on the words in the Gettysburg Address have already been preloaded. Use the
Choose ariable pull-down menu to change the variableStaort. Verify our claim about the
value of the population proportion.
1 Check theshow Sampling Optionsbox. Specifys as theSample size PresDraw Samples

Write downtheresulting ID numbers, theelected words, anghether the word is short
1 2 3 4 5

ID number
Word

Short?

(n) Reportthe proportion of short word your randonsample of 5 words

(o) Combine your results with your classmates to produce a dotplot pfdpertions of short words
Comment orthedistributionand particularly how icomparsto the one inl).

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Label:
Comparison:

(p) When taking random samples, did everyone obtain a sgrgpertionequal to the population
proportionor is there still sample to sample variaon

(9 Sothenm what way would you say these r athahthem: s amp
0

0
ficircle 10 ?wordso met hod

Of course, to really see the lotgym patterrio the sampling distribution of the statistiee would like
to take many more random samples from this population

1 Change th&lumber of Samplesfrom 1 to 999 (for 00 total)

1 PresDraw Samples

(r) Describe the behavior of the distribution of sample proportions. Would you say the computer is using
an unbiased sampling method? How are you deciding?


https://www.rossmanchance.com/applets/2021/sampling/OneSample.html?population=gettysburg
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(s) Notice that you took a smaller sampie=(5) with theappletthan when you circled the words £
10). Which sampling method was less biased?

(t) Prediction: Suppose we use the computer to take samples of size 10 instead, how do you predict the
distribution of sample proportions will change?

(u) Selectthéixedr adi o button i n the applet (so th® axi ¢
thesample size ithe applet to create the new distribution of sample proportitms/Has the
distribution changed? Is this what you predicted?

Discussion:Even with randomly drawn samples, sampling variability still exrstisdom sampling
errors). Althoughnot every random sample produces the same characteristics as the popaladiom,
sampling has the property thhe sample statisticio not consistently overestimate the value of the
parameter or consistently underestimate the value of the pargwmileigh is not changing)rhe mean
of the abovalistributionsof sampleproportiongthe statistis) are bothvery close td.41, the
populationproportion(the parameterBecausehe distibutions of the sample statisti@s a random
variable)arecentered at the value of the population parambtghgraphsare consideretb
demonstratanunbiasedsampling methodwith random samples, Bifx“ , even when sampling from
a finite population.

Notice that in judging bias we are concerned only with the mean of the distribution, not the shape or
variability. However, if we do take larger samples=(10 rather than = 5), we improve th@recision
of our statistics as they will tend to cluster even more tightly around the popydegjmortion In
designing a study, it is critical to first make sure there is no sampling bias (use random sampling), then
the sample size (not the number of samples) will determine how close the statistic can be expected to be
to the parameter.
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Summary

We hawe seen two very desirable properties of samppdeortionsvhenusingrandom samplefom a

large population:

1 The distribution of samplproportionscenters at the populatiganoportion(so thesampling method
is unbiaseql.

1 The distribution of samplproportionshas less samp#®-sample variability when we increase the
sample sizeproducingincreasegrecision.

Simple random samples are not as simple as they sound. They require a complete sampling frame and
100% response rate. This can be quite a challenge, especially if you areadtarestividuals

throughout the country for example. There are gbhebability sampling methodbat are typically
unbiasedSee thigliscussiorfor a brief introduction to cluster sampling, multistage sampling, stratified
sampling, and systematic sammgl These techniques will come up later in the text and can be much
more practical to carry out.

Practice Probleni.12A

Suppose that you take many random samjplesthousands) from a population and graph the

distribution of the resulting sample statistics.

(a) If the distribution of sample statistics is centeagthe value of the population parameter, tisethe
sampling method unbiase@Hoose oneYes definitely, Maybe or maybe not, No definitely not)

(b) If the distribution of sample statistics appears to be normally distributed, then is the sampling method
unbiased?Choose oneYes definitely, Maybe or maybe not, No definitely not)

(c) If most of the sample statistics are close to the value of the population parameter, then is the
sampling method unbiase@@@hoose oneYes definitely, Maybe or maybe not, No definitely not)

(d) If the sampling method is biased, then will increasing the sample size reduce th€liase (One

Yes definitely, Maybe or maybe not, No definitely not)

Practice Probleni.12B

Explain the distinctions between the following pairs of terms:
(a) parameter and statistic

(b) bias and precision

(c) sample size and number of samples

(d) sampling error and random sampling error


http://www.rossmanchance.com/stat301F20/lectures/sampling.html
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In Section 3, we have transitioned from sampling from an infinite process to sampling from a finite
population. We discussed randomly selecting the sample from a list of the entire population as a way to
convince critics that the sample is likely to be representative of the larger population and therefore, we
are willing to generalize results from a randomly selected sample to the larger population.

So now the firandom chanceo we are modelling is not
which individuals we obtain in our sample. As suggested in Investigation 1.12, sample statistics from

random samples will again follow a predictable pattern, allowing us to measure the strength of evidence

against claims about the population parameter and to estimate the margin-of-error in our estimates of

the parameter. We will again consider simulation-based p-values, exact p-values, and a mathematical

model for estimating the p-value and confidence interval.

Investigation 1.13: Sampling Words (cont.)

In the previous investigation, we saw that if we take random samples from a finite population, the mean
of the sampling distribution of sample proportions should equal the population progioetidd U
“ . But what about the standard deviation of the distribution of sample prop@rtions

One option is the same formula we used befdfen-u “ p “ 7¢.
(a) Forthe variablevhether the word is shqrt = 0.41 If we take samples of size 10, what does the
above formula predict for the standard deviatbthe sampling distributich

(b) Usingthe Sampling Wordspplet generate a distribution of 10,000 random sampiaszen = 10,
calculating the sample proportion of words that are short eachWimet does the applet report for the
standard deviation of the sample proportiissit close to the theoretical vawyou calculated in ()

(c) Repeat (a) and (b) usimg= 100as the sample size. Are the theoretical and simuliésed
standard deviations still similar?

Formula: Applet simulation:

DiscussionThe t heoretical formula wedbve been using f
assumes that the probability of success is constant and the trials are independent (properties of a
binomial random variable). Now that we are sampling without reptaat from a finite population, the
population characteristics do change slightly as we remove observations. The probability the first word

is short will be 110/268 0.410, but if that word is short, the probability the next one will also be

shortis now 109/26P 0.408 And if the first word is not a short, the probability the second one will be
shortis 110/267® 0.412 In other words, the probability of success (short word) for th&ial depends

on what we obtained in the first trial.
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Key Result: When sampling without replacement from a finite population, the observationstare
independent.

This means we can no longer use the binomial distribution to calculate a theoretical standard deviation.
This impacts our qvalue calculations and our confidence intervaigarticular, the predicted standard
deviation is too large, and our confidence intervals hallehigher coverage ratélsan we need

However, we can use a slightly different formula that corrects for the lack of independence. (The
explanation for this formula is in Investigation 1.15.)

Definition: Using thefinite population correction factoy a better estimate of the sanybesample

variation in sample proportions is Sf{= —— ——— wherenis the sample size amdlis the

population size.

(d) Compute this formula for the samples of size 100. How does the prediction of the standard
deviation change? Why? How does it comparthe standard deviation of the sample proportions
simulatedby the applet?

Discussion The finite population correction factor should decrease the predicted value of the standard
deviation (always multiplying by a value less than one) and give a value that is closer to the simulation
results.

Suppose we have a very large population, how does this impact our calculation of the standard deviation
of the sample proportiofds

(e) In the applet, change the population size by selectingl@@button What is the population

proportion of words that are short?

() Generate 10,000 samples of size 100 from this populatiarReportthe mean and standard
deviationand comment on how the&pmpare to (c)

Because we are now sampling a much smaller fraction of the population, the original formula provides a
reasonabl@rediction of the sampl-sample variation in the sample proportions. Note that the

correctionfactor 0 & T U p isvery close to onehenN is largeandso itcan be ignored!

Key Result: When the population size is much larger tHamsample size, we can model sampling
from a finite populatiormssamplingfrom an infinite process as beforkéhe population sizeN) is
considered much larger than the sample sigd N> 20 E£.
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If the population size is not large, we ukefif i ni t e popul ation correctior
methodsother than simple random sampling would also require calculating a different standard
deviation You can learn more appropriate techniques in a course on sampling design and methods.

Discussion:Once again you see the fundamental principaofpling variability Fortunately, this
variability follows a predictable pattern in the long rWith random sampling, we expect the sample
proportion to be frepr es e.Theasdcond lepadvaritage ofirandgmo p u |l a
sampling is we now know how to estimate the size of the satmysi@mple variationSample
proportiongthat are based on larger samples will tend to fall even closer to the popptapontionp
asthere is lessariability among the sample proport®iso first, selectandomlyto avoid bias, and
then if we canncreasethe sample size, this will improve tpeecisionof the sample result®nce we
know the precision of the sample results in repeated samples, then we can decide whether any one
particular sample result can be considered statistically significant or unlikely to happen byichgnce
the random sampling proceisslone A small pvalue does not guarantee that the sample result did not
happen just by chance, but it does allow you to measure how unlikely such a result is

In Investigation 1.15y ou wi I | consi der a me tvadugthkifgthe compu't
population size into accourtiowever,ilmany si tuati ons we dondt Kknow
that it is large, and insteadewill proceed directly to thieinomial ornormatbased method, as long as
the technical conditions are met.

Practice Problem 1.3A
(a) Which of the following are advantages of studies with a larger sample €zeek(all that apply
Better represent the population (reduce sampling bias)
To more precisely estimate the parameter
To decrease sampling variability
To make simulation results more precise

(b) In conducting a simulation analysis, why might we take a larger number of san@iesk @ll that
apply)

Better represent the population (reduce sampling bias)

To more precisely estimate the parameter

To decrease sampling variability

To make simulation results more precise

Practice Problem 1.3B

(a) Standardizedtatistics and confidence intervals can take this finite population correction into
accountIn theSimulating Confidene Intervalsapplet, use th#ethod pull-down menu to seleétinite
Population. Set“ = 0.410, N = 268, anch = 40. Sample 2000 intervals and determine the coverage rate.
Is the coverage rate close to the desired 95%7?

(b) But now tryn = 10Q What is the coverage r&#Vhat is the average interval widtii#hat is the

problem with the performance of the method?

(c) Now change the method from WaldRmite Correction. How does the width of the intervals

chang® How does the coverage rate change?
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Most surveys are taken on a sample selectedf r om a very | arge popul ation €
Investigation 1.14: Teen Hearing Loss

Shargorodsky, Curhan, Curhan, and Eag84i() examined hearing loss data for 1771 participants from

the National Health and Nutrition Examination Survey (NHANES, 260%ged 1219 years.

(WANHANES provi des nat i-sentianabata onrthe pealth staus of the diviiam, c r o
noninstitutionalizedJ.S.p o p u | pA stamdardizéd health exam was given along with the survey

and through audiometric measuremeB&3teenswere found to have at least some level of hearing loss
(average hearing threshold level at least 15 dB in eitherMews of this study spread quickly, many

blaming the prevalence of hearing loss on the higher use of ear buds by teens. At MSNBC.com

(8/ 17/ 2010) , Carla Johnson summari zed the study
st udy Wsail/fisst decide whether we consider this an appropriate headlooerding to the

2008 U.S. Census, there were 21,469,780 teens in America between the ages of 15 and 19.

(a) Define the population and parameter of interest in this study (in symbols and in words).

Population:

Parameter:

(b) State the null and alternative hypotheses for deciding whether these data provide convincing
evidence against this headline (in symbols and in words).

Key Result: Combining what we have learned in the last few investigations, we can expand the
Central Limit Theorem for a sample proporti®hen drawingandom samplefsom a large but
finite population with a large enough sample size, thesdhgpling distributiorof the sample
proportionnkwill be well modeled by a normal distribution with mean equad,tthe population
proportion of successes, and standard deviation eqg-t  “ p “ ft.

1 We consider the sample size large enougixg > 10 andnx(1- p) > 10.
I We consider the population sizd)(arge if it is more than 20 times the size of the sample.

(c) Assumingthe null hypothesig true is the normal model appropriate for the distribution of sample
proportions based on this sample size and on this population size? Justify your answers numerically.

(d) Use technology to carry outzdest of the hypotheses you specified in (b). Reporstiedardized
statistic and yvalue, and confirm how you would calculate shendardizedtatistic by hand.
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(e) Does this fvalue provide convincing evidende\el of significancea = 0.05) against the headlifie
Justify your answer (in context) and explain the reasoning behind your evidence or lack thereof.

(f) Calculate andnterpreta 95% confidence intervédr the parametels this interval consistent with
your test decisionExplain.

(9) Do you feel comfortable with generalizing the findings from your test and confidence interval to the

population of all American teems 2005067 Explain.

Study Conclusions

We have no reason to doubt that the NHANES sample will be representative of the larger pop
of U.S. teens. Although we are not told how they selected the sample, they claim it was nation
representativeand presumablywas collected using probability sampling metho@he population
size(~21 million teens)s quite large compared to the sample size of nearly 1,800 teens, so that
condition for using the normal model for the sampling distribution of the sample proportions is
The sample size is also very large relative to the hypothesized population propobt2® ©f20 x
1771 = 354.2 an@.80 x 171 = 1416.8both easily exceed 10)herefore calculations from the
binomial probability model and the normal probability model will be quite similader the null
hypothesis that 20% of B. teens have some hearing laks, sampling distribution of the sample
proportion will be appraratelynormal, with a mean @.20 and a standard deviation@®095
Therefore our sample proportiomt 333/1771 £.188 lies 1.26 standard deviations below the
hypothesized population proportion, yielding a 8ided pvalue 0f0.2068 [Theory-Based Inference
(TBI) applet). This pvalue is not small and does not provide convincing evidence against the cl
thatp = 0.20. We would get sample proportions as or more extrer@d 88 (meaningt leasias far
from 0.20) in about 21% of random samples from a population where 20% of teens have some
loss. Thereforghe headline seems appropriatbe confidence intervall@l applet) tells us that we
are 95% confident that between 17.0% and 20.6% of all U.S. teens have some form of hearing
(Do keep in mind tha®.20 is just one plausible valwef .) It’is difficult to evaluate these values
without knowing whether this percentage is increasing over time which we will investigate later
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Practice Problem 1.14
In 2018, the General Social Survey (GSS) used probability sampling methods to randomly select more
than 2,000 adult Americans. Oatthe questions they asked was:

In 2016, you remember that Clinton ran for president on the Democratic ticket against Trump for the

RepublicansDo you remember for sure whether or not you voted in that election?

Of the 2,181 respondents who were eligible to vote and remembered whether they had voted, 1523
(69.8%) said they votedlet“ represent thproportion of all eligible voterastho would claim to have
voted in the 2016 electioithe United States Election Projebttp://www.electproject.org/ reports that
136,753,936 ballots were cast for pdesit that year, with 230,931,921 citizens eligible to vote,
corresponding to 59.2% voter turnolfitwe testb: © = 0x 59 21 v 6 doswBléncludeh a t

Summary of One Proportioa-Procedures for Proportion of Large Population

Let p representhe (unknown) population proportion of successes and given that you have a
representative sample from the population of interest.

Test of Ho: p = po
Standardizedtatistic z = (NFupo)/ “ p “ ¢
p-value
If Ha: p > po, the pvalue is P(Z z).
If Ha: p < po, the pvalue is P(& z). _
If Ha p I po, the pvalue is 2P (2> |z)) o o

C% confidence interval for p:

f Wald Interval:)Hu 6z nHp nHEE where- z* is the 100 x (+ C)/2"" percentile of the standar,
normal distribution.
Technical conditionsn kw10 andn(1 1 fH> 10 (which means there are at least 10 successes
10 failures in the sampkothe normal approximation should be valahd population size 20n
(so the standard deviation formula works)

1 Adjusted Wald Intervalj & 1 p 1) Z& wheren = (X + 0.52*?)/(n + z*2) andi = n + 2+
(For 95% confidence, add two successes and two failures, aka Plus Four Method.)
Technical conditionspopulation size> 20n

Technology:
1 Theory-Based Inference appletOne Proportion
1 Specify the sample size and either the sample count or the sample proportion
- Remember to adjust these values if performing the Adjusted Wald interval
1 Check theTest of Significandeox and/oithe Confidence Intervdlox
- Specify the value gbo, use the < button to change the direction of the alternative
- Specify the confidence level

1 JMP: Analyze > Distribution
1 Use a column of data or Tabled data (column of outcomes, column of counts)



http://www.electproject.org/
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1 Use the hot spot to seletést Probabilitiegspecify the hypothesized probability for succes
and select the alter na t-sidedgpvalienmizchestizenaormsal (
approximation, the onsided pvalue is the exact binomial) and pré&ssne

1 Use the hot spot to selg€bnfidence Intervadnd select the confidence level for the Score
confidence interval

Investigation 1.15 Counting Concussions

Concussions, particularly among high school and collegiate athletes, have been given increased attentior
in recent yearsA 2017 national Youth Risk Behavior Survey found about 15.1% of U.S. high school
students reported having at least one concussion in the previouBnge@lence was higher among

those who played on a sports team. A student project group was interested in the probability of
concussion among the male soccer and football players at their univEngyysent a survey to the

team rosters and found that 12 of the 33 respondents reported at least one concussion in the previous tws
years (20172019) The anonymous survey was emailed to all 110 players, and included a list of injuries

a s k iyes@r nd questions about various injuries, in order to distract the athletes of the true purpose

of our survey Based on these data, is there evidence that the proportion of all 110 male soccer and
football players at this university who had at least one concussion in the last 2 years is larger than 0.15?

(a) Identify the observational units and response variable in this.d&uthe response variable
guantitative or categoricaHow areyoud ef i ni ng a fAsuccesso?

(b) Identify the sample, the population, and the sampling frame used in this study.
sample
population

sampling frame

Definition: Non-sampling errorg€an occur even after we have a randomly selected sahiag are
not associated with the sampling process, but rather with sources of bias that can arise after tt
has been selected

Sources of noisampling errors in surveys include biasgidhonestor inaccurate responses by
respondents due to leading word choice in survey questions, sensitive questions, faulty memo
order in which questions appear, a leading tone, and the appearance of the interviewer.

(c) Identify some precautions taken by these students to agnghmplingerrors.


http://www.rossmanchance.com/iscam3/glossary.html#nonsampling
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(d) What proportion of students in the sample reported a conc@ssitins larger than 0.73Do you
think it isreasonable to consider this sampleeggesentative of allarsity teanfootball and soccer
players at this school? Explain why or why not.

We can still ask: dAalf the population proportion
this population to produce such a | arge sampl e
now we need to consider that the sample did noecinom a large population and this can impact our
estimate of the amounf random sampling variation

(e) Suppose 15.5% of all 11@ale football/soccer playesd this school suffered a concussion. If we
randomly select one athlete, what is the probability he had a concussion?

(f) Now consider randomly selecting a second athlete from this population:
1 If the first athlete had a concussion, what is the probability the second athlete did as well?

1 If the first athlete did not have a concussion, what is the probability the second athlete did?

You shouldfind your answers in (farenot quite the same. This illustrates a violation of the
independence assumptiohour binomial model. However, if the population is large compared to the
size of the sample, then the conditional probabilities are almost egdalve can approximate with a
binomial distribution. But when the population is not large, we need to takiat¢kaif independence
into account.

Key Result: When samplingvithout replacemerftom a finite population that is not more than 20
times the size of the sample, the Atri al s/

The consequence is that sieould nouse the binomial distribution to calculate P{X2). Instead of a
calculation like C(3312)(0.155)%(1 - 0.155¥*, we would need a calculation like

(17/110)(16/109% (6/99)(93/98k (73/78) +é .
for all the possible sequencafsoutcomesTurns out there is a different probability distribution we can
use called th@ypergeometric distribution

To calculate hypergeometric probabilities, we need to consider another probability rule.
1 When outcomes are equally likely, then the probability of an event equals the number of ways
for the event to happen divided by the total number of possible outcomes.

For example, there are 268 words in the Gettysburg Address, 125 contain thex(&ditert 46.6%) and

143 do not. Using counting rules, there are C(268, 5) = 11,096,761,368 different samples of 5 words that
we could select from the Gettysburg Addrdast if we want to select oreword and four nore-words,



O Chance/Rossman, 2026 ISCAM IV Investigation 1.15

there are C(125, 1) x C(143, 4) = 2,087,710,625 such sariples, if X = number oé-words in a
sample of 5 wordsye find P(onee-word) = P(X = 1) = 2,087,710,625/ 11,096,761,368188.

Probability Detour¢ Hypergeometric Random Variables
To be aHypergeometric random variable random process must have the following properties:
1 n dbservations are drawn without replacement from a populatidiobiects.
1 There are two distinct types of objects in the populatibsuccesses andi M failures.
The main distinction between a hypergeometric random variable and a binomial random varig
the trials are no longer independertie probability of drawing a success for the first objedi/is.
But if we do draw a success, then the probability of success for the second objeictlig(N T 1).
If we replaced the item, then we would be back to a binomial process.

In general, the probability of obtainikgsuccesses from a population withsuccesses andii M

o _ C(M,KC(N- M,n- K) Cfag A
failures is P(X ) = C(N.) where C§, b) = é%+_—b!(a- )]

The expected value of the hypergeometric random variable is EMJN)X n and the SD(X) is

£ - S — . (Compare these twbinomial withp = M/N.)

Technology Detour, Calculating Hypergeometric Probabilities

In IMP(using theDistribution Calculator

1 Select Hypergeometric from the Distribution Distribution | Hypergeometric
menl’!' . . Parameters

1 Specify the_PopuIatlon Sl_ze, the number_of bopulation Size N
successes in the population (Number of items | = . o
and the sample size. Sarmple Size o

1 Choose the tail probability and specify the
number of interest (e.g., 12) Probability Options

1 ¥ <= Qa (lower tail) Input
® X > Qa (upper tail)

Note To find P(X> 12), we use P(X > 11). ) 08 < X <= Qb (between) o

) K==0a or X>0Ob (outside)

(g) Continuing to suppose 17 of the 110 athletes had a concussion, use technology to find the probability
that a random sample of 33 would have 12 or more successes.

(h) Write a onesentence interpretation of the probability you calculated.


http://www.rossmanchance.com/iscam3/glossary.html#hypergeometric
http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
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(i) What does the-palue in (g) tell you about theroportion ofall U.S. collegiate football and soccer
playerswith a concussioh

Discussion:The hypergeometric distribution is able to tell us that if we listed all possible samples of 33
players from this population, how many would be at least as extreme as the observed sample. In many
sampling situations, our population size is large enougdtitieebinomial distribution gives a very
reasonable approximation to the exastgtue. For this reason, the binomiav@lue is much more

commonly used than the hypergeometricatue.

Probability Detourc¢ Binomial Approximation to Hypergeometric Distribution

If we instead used the binomial distribution to Hypergeometric (268, 125, 5) vs. Binomial (5, .466)
approximate probability of selecting amword from "
the Gettysburg Address, we would find 0301

P(X =1) = C(5, 1)(125/268)(143/268)

©0.1890. % 020

These probability calculations work out to be very
similar! This happens when the finite population we
are sampling from is large compared to our sample

0.154

P(X

0.104

size (e.g.N > 20 x n). This means we can continue = **7 |

use the binomial distribution to determine such ool || I
ey 0 1 2 3 4 5

probabilities and the expected number of successe X = number of e-words in sample

5(0.466)° 2.33 with SD(X)° 1.115 successe8nd when the sample size is large relative to the
probability of success, we can approximate the binomial with the normal distribution.

Study Conclusions

Only about 0.02% of random samples of 33 players from a population of 110 players with 17
successes would have 12 or more successes in the sample by random chance (random samp
alone This survey would give us very strong evidence that the proportion of players with at lea
concussion in this population was larger than D.bait there are many problems with this conclus
This was not a random sample from the population of all athletes at this school (voluntary resp
no follow-up) and is likely susceptible to sampling bias. Perhaps athletes who recently had a
concussia would be more motivated to voluntarily complete the surBegause of these issues wi
the sampling method, theyalue that we calculated iisally notall thatappropriate or meaningful
We should also consider that the 15% value cited by the YRBS came from one year of data vs
the previous two yeardleverthelessgetting accurate reports on concussion rates is a challengin
critical task in helping to prevent possibly debilitating injuries, especially in high contact high sc
and college sports.
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Practice Problem 1.15A

A 2004 student project asked 30 students from the 705/&est students at their school whether they
planned to vote for Bush or Kerity the upcoming electiorror half of the surveys, Kerry was listed

first and for half of the surveys Bush was listed first. (Why?) They found 22 planned to vote for Kerry.
Does this convince yotlhatmore than 2/3 of firsyear students at this school planned to vote for Kerry?

Practice Problem 1.15B
Recall the GSS survey in Practice Problem liddntify potential norsampling errors in such a study
What are some steps the GSS has taken/could take to avesaamfing errors?
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Investigation 1.16:Literary Digest

Literary Digestwas a weHrespected political magazine founded in 1890. Using sampling, they correctly
predicted the presidential outcomes from I9832. In 1936, thegonducted the most extensive (to

that date) public opinion poll in histaryhey mailed out questionnairgsostcardsjo over 10 million
people(about ongourth of voters), hand addressing more than a quarter million postcards per day
whose names and addresses they obtaineddidmrosters, city directorieand(mostly)vehicle

registration listsand telephone books.

SECRET BALLOT—No Signature—No Condition—

No Obligation—Just Mark Your Choice~Mail at Once
Mark

CANDIDATES FOR PRESIDENT OFFICIALLY NOMINATED

(Semes Arcaneed Alpdubetlenliy) ’ H ow You VYoted

Put o Cross [ in Squore Befor, ent
Name of Presvdenho efer 2 0
. b L-
p on cs ............. 1
ranihn D. Roosevelt I B |

(Camecrotic) Did Nol Vou

i Norman Thomes Under Lega) Age . 7}
Hienint) thecint) Other Reasons ... [}

To anist o tadulation pleass write name of your State hervl i mmimmiiin, - ammmm

Based on almost.4 million respoges (2,376,523})he Literary Digestpredicted that 54% of voters
would vote for Republican Alf Landadfhen governor of Kansas) the upcoming presidential election
and only 41% would vote for Democrat Franklin Roosevelt (the incumbent).

FROM HOLDOKAS AT THE FRANAMN O ACOSEVELY LBRARY

The Literary Digest

NEW YORK OCTOBER 31, 1936

Tolaicé oé the o{ay
LANDON, 1,293,669; ROOSEVELT, 972,897 i e o e

So far, we have b

Final Returns in The Digest's Poll of Ten Million Voters Wikiwe

\\ ell, the great battle of the ballots in the lican National Co mnullu purchased THE de m‘

1t said concerning the Presi-
1, is in the ‘lap of the gods.
Ve never make any claims before elec-
Poll of ten million voters, scattered Literary Dicest?” And all types and vari- . 56 HEEEE 0 o o efer vou 1o the

(a) Identify thevariable angopulation of interest, the sample, and the sampling frame in this study
Also define the parameter and statistic, in words and symbols, and indicate any values that you know.

Variable Type
Populationof interest Sample
Sampling frame

Parameter Statistic

(b) Why is 1293669/(1293669 + 972897) = 0.57 not equal to 0.54?
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Have you ever heard of Alf Landon? He lost. By a landslit@imbent Democrat Franklin Roosevelt
won the election, carryingd88% o f

t he

popul ar5%.vot e

t o

Landonos

(c) Give twoplausibleexplanations why theiterary Digestprediction was so much in errdn
particular, talk about the direction of the biaswhy was this sampling method vulnerable to producing
an overestimate of the parameter?

Still, a 24% response rate is much higher than current polls and this i theelargesi goll yet,
prediction?
sample sizes able to be more accir@ire reason suggested for the error in 1936 was thBliglest

shoul

dnot

this i

mprove

their

How ar

had consistently been having more Republican voters responding to their straw vote. Does the data
support this argument?

(d) Open theLitDigest1936.x$x file in Excel or Google Sheets. This contains the raw counts for the

three main candidates (including William Lemke, Union Party), as well as an overall total number of
straw votes cast in each state. For these 3 candidates, what percentage of tsieopoléngs said they

would vote for Republican Landon in the 1936 electidtiif Set up a column formula in row 52,

using columns C and AA.]

(e) Set up a formula for determining the number of respondents to the 1936 poll who said they voted in
1932for either the Republican, Demaocratic, or Socialist or Other candidiite: Jse columns BG, L-
O, and FW.] Whatproportion of these voted for the Republican candidate?

Sum:

(f) Now find the actual 932 election resultsvhat proportion of voters voted for the Republican

Proportion:

(Hoover) candidate (among the three major candidates)? Didténary Digestpoll have too many or

too few Republican voters? How could we account for this in our estimates of vote count?

Post Stratification

In the 1936 poll, about 51% of respondents said they voted Republican in 1932, but only about 40% of
the actual voters in 1932 voted Republican, a ratio of 0.78. I» ithg esample appeato
overrepresent the Republican voters. Similarly, persons who said they voted Democrat or Other in the
1932 election were werepresented in the 1936 poll (ratios: 1.197, 2.23 respectively). (Lohr and Brick,
2017, also estimated the ratio for the +warters and missing to be 1.1275 for Democrats and 0.871 for

Republicans.)

1932 vote Republican Democrat Socialist,Othern Non-voters Missing
Ratio (actual/claimed) | 0.7& 1.197 2.228 Dem: 1.1275 | Dem: 1.1275
Repub: 0.871 | Repub: 0.871



https://www.rossmanchance.com/iscam3/data/LitDigest1936.xlsx
https://en.wikipedia.org/wiki/1932_United_States_presidential_election
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This means we want to lower the number of Republican votes Digiestpoll by multiplying by 0.78,
to adjust for the overrepresentation in the sample, and increase the number of Democrat votes in the poll
by multiplying by 1.197 and so forth.

(g) Start with the Landon voters in tbégestpoll, using the breakdown by how they voted in 1932,
adjust the counts using the above rafldst: Set up a formula using these weights and the breakdown
of the planned Landon voters by the 1932 vote, columhgdfind a new count. Using 0.871 for non
voters and missing.]

(h) Repeat for Roosevelt (columngQ, 1.1275 for notvoters, missing)

(i) Between these two candidates, what is the adjusted percentage voting for Roosevelt? Is this larger or
smaller than the originaliterary Digestprediction?

Although this is still much lower than the actual vote share for Roosevelt between these two candidates
(62%), you can see how this process tries to account for the sampling bias in the original poll. There are
still a lot of assumptions, e.g., respondextsurately reported their 1932 vote, and-nespondents to

theLD survey had the same relationship between the 1932 and 1936 votes as the respondents. But if you
apply this technique to the individual states, 10 states change from Landon to Roosevelt, including
California and New York, and Roosevelt is predicted to 2@rstates (276 electoral votes), rather than

16 states (161 electoral votes).

Literary Digest

D sssssns |8
-
-

Adjusted

Actual .
0.8 0.9

o (seses
o (seses

~lsw

0.3 0.4 0.5
Proportion Roosevelt over Landon by State

So using this one other piece of information would have at least predicted the correct outcome, though
still way underestimating the margin of victory. More complicated weigtstahgmedgurther adjust

based on the size of the error in the 1BP8poll or use a regression model based on the previous two
elections. The.iterary Digestalso collected but did not publish data on postmarks of returned ballots
and could have adjusted for rural/urban differences or cdamngf demographics from the 1930 census.

()) Below are state by state results for some different possible adjusfiorethis 1936 poll. Which
correction method seems to help the most? How are you deciding?
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1 Actual state by state results

1 Using the relatioshipbetween predicted
and actual votes from 1928 ah@32to
predict the results for 1936

1 Weighting the 1936 poll responses by tl
reported 1932 party breakdowns

Actu.

o Corr
vo

Rati

1 Adding the LD error in the predicted .
Democrafroportion in 19320 the 1936 totbthzn . 4 :
LD prediction

a2

3 3 seds.tosss : g

LD

1 Original LD predictions

T T T T T
02 0.4 0.6 08 1.0

proportion Dem

Discussion:There were two main issues in thiéerary Digestpoll. One, the sampling frame did not
include all members of the population of interest mnplarticularfailed to include those that were

poorer (and at that time likely to be Democrats). Second, the voluntary response nature of the poll
implies the surveyors were more likely to hear from those unhappy with the statfasoguabent
candidatepr with more time on their hands to complete such surveys (e.g., retired folks), and even
those more willing to pay for a stamp. Both of these probably point to an overrepresentation of
Republicans. Bad sampling frames and voluntary response bias anespianost common sources of
sampling error. By the way, a fledgling pollster of the time, George Gallup, actually bet that he would
predict the percentages more accurately. Not only did he correctly prediggetresult with only

3,000 respondents, he also correctly predicted a Roosevelt victory! The issues \itibréng Digest

poll were evidenin earlierelections(overpredicting the popular vote for the winner in 1924 and 1928,
but the results were so osgledthebiaddi dndét matter), and even tho
results, they chose not to and |l et readers #dad
out that the largest issue was probably failing to accurately assess the uncerth#ityestitates.

ug
ra
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Practice Problem 1.16A

(a) In the mid1980s,Dr. Shere Hiteactress andriter, and subject of a 2023 documentanydertook a
survey of woma $attitudes toward relationships, love, and sex by distributing 100,000 questionnaires
in women $groups. Of the 4500 who returned the questionnaire, 96% said that they gave more
emotional support than they received from their husbands or boyfriendsB@rmNews/Washington
Postpoll surveyed a random sample of 767 women, finding that 44% claimed to give more emotional
support than they receivedlhi ch of the following is the fipar arn
Those who said they gave more emotional support

All American women

The 4500 women who responded

The proportion who said they received less emotional support

1 Other

(b) Which polbs results do you think are more representative of the population of all American women
Explain.

= =4 4 -

Practice Problem 1.16B

An article published in the June 6, 2006 issue of the jolrediatricsdescribes a survey on the topic of
college students intentionally injuring themselvessearchers invited 8300 undergraduate and graduate
students at Cornell University and Princeton University to participate in the sértetal of 2875

students responded, with 17% of them saying that they have purposefully injured therSsgipese

we are interested in the proportion of ga|firies in the population of all college students.

(a) Identify the observational units and variable in this stAtBo classify the variable as categorical

(also binary?) or quantitative.

(b) Identify the parameter and statistic. Also indicate appropriate symbols.

(c) Do you think it likely that this sample is representative of the population of all college students in the
world? What about all college students in the @.Bxplain.

(d) Describe a population to which you might be willing to generalize the results.

(e) For which of the following variables would you suspect this sample would be representative of the
population of all U.S. college students? Justify your answer.

Favorite TV show Height Parental education Eye color

Practice Problem 1.16C

History Mattersincludes a report on the vote totals. Examine the data provided on that webpage.

(a) I'f you check t he tGCanyadfiadthe dadtaentry err@igiGttDogny i t e n
numerical values look suspicious to you? Do any states behave undsually?

(b) Notice the State Unknown row. I f we donét k
those statesé Based on the valwues given in that
Roosevelt for individuals with unknown states actuallye®er

Practice Problem 1.16D

(a) Does your class constitute a random sample of students from your school? Explain why or why not.
(b) Suggest a variable for which your class showithe considered a representative sample of all

students at your school. Explain why not.

(c) Suggest a variable for which it might be reasonable to consider your class to be representative of all
students at your school. Justify your choice.


https://historymatters.gmu.edu/d/5168/
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Investigation 1.17 Cat Households

The American Veterinary Medical Association (AVMA) has conducted a Pet Demographics Survey

about every five years since the early 1980sphing2024, a total of 7,539 people completed an-opt

onl i ne s u esulsave béeh weighted fbased on certain demographic and other variables to
match their distribution in the U.S. population and household information reported by the U.S. Census
Bureay 0 t he AVMA reported that 32.1% of househol d
(a) Identify the observational units and variable of interest.

(b) 1s32.1% a parameter or a statitimdicate the symbol used to represes2 1

(c) Conduct a test of whether the sample data provide evidence that the population proportion who own
a pet cat differs fromi/3. State the hypotheses, and reportdfamdardizedtatistic and grvalue State
your test decision at thee= 0.05 level, and summarize your conclusion in the context of this study.

(d) Explain why the gvalue turns out to be so small, when the sample propafibouseholdsvith a
cat seems to be quite closeoteethird.

(e) Produce a®% confidence interval (Cl) for the population proportion who own a peintatpret
this interval.

(f) Is the confidence interval consistent with the test decsimutl/3? Explain.

(9) Do the sample data provigerystrong evidence that the population proportion who own a pet cat is
not onethird? Explain whether the-palue or the CI helps you to decide.

(h) Do the sample data provide strong evidence that the population proportion who own a pedrgat is
different from onehird? Explain whether theqpalue or the CI helps you to decide.

Discussion:Keep in mind the difference betwestatistical significanceandpractical significance

With large sample sizes, sample proportions will vary little from sample to sample, and so even small
differences (that may seem minor to most of us) will be statistically significant. Saying that a sample
result is unlikely to happen by chance (and tfueeeis statistically significant) is not the same as saying
the result is important or even notewor{pyactically significant)depending on the context involved.
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Investigation 1.18 Women Senators

Suppose that an alien lands on Earth, notices different amx@sg humansand sets out to estimate the
proportion of humanthat identify as womerfortunately, the alien had a good statistics course on its
home planet, so it knows to take a sample of human beings and produce a confidenceSnfgpuaé
that the alien happened upon the members d2@8 U.S. Senate as its sample of human beingsheso
alienfinds 26 women in its sample.

(a) Use this sample information to form a 95% confidence interval for the actual proportion of all
humans who are female.

(b) Is this confidence interval a reasonable estimate of the actual proportion of all humans who are
female?

(c) Explain why the confidence interval procedure fails to produce an accurate estimate of the
population parameter in this situation.

(d) It clearly does not make sense to use the confidence interval in (a) to estimate the proportion of
women on Eartlor even the U.Sbut does the interval make sense for estimating the proportion of
women in the 26 U.S. Senate? Explain your answer.

Discussion:
1 First, statistical tests and confidence intervals do not compensate for the problems of a biased

sampling procedure. If the sample is collected from the population in a biased manner, the ensuing

confidence interval will be a biased, and potentially mdileg estimate of the population parameter
of interest.

1 A second important point to remember is that confidence intervals and significance tssispise
statisticsto estimatgpopulation or procesparametersWhenthe data at hand constitute the entire
population of interedii.e., you have aensuy, then constructing a confidence interval from these
data is meaningless. In this case, you know precisely that the proportion ehwothe population
of the 2@6 U.S. Senators is 064exactly! no margirof-error!), so it is senseless to construct a
confidence interval from these data.
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Example 1.1: Predicting Elections from Faces?
Try these questions yourself before you use the soldobowing to check your answers.

Do voters make judgments ab@ytolitical candidate based on his/her facial appearance? Can you
correctly predict the outcome of an election, more often than not, simply by choosing the candidate
whose face is judged to be more compel@uiting? Researchers investigated this question in a study
published inSciencgTodorov, Mandisozh, Goren, and Hall, 20p5Participants were shown pictures

of two candidates and asked who has the more competent looking face. Researchers then predicted the
winner to be the candidate whose face was judged to look more competent by most of the participants.
For the 32 U.S. Searte races in 2004, this method predicted the winner correctly in 23 of them.

@ln what proportion of the races did the fAcomp

(b) Describe (in words) the nuillypothesigo be investigated with this study.

(c) Describe how you could (in principle) use a coin to produce a simulation analysis of whether these
data provide strong evidence that the Acompeten
winner more than half the time. Include enough détail someone else could implement the full

analysis and draw a reasonable conclusion.

(d) Use theDne Proportion Inferencapplet to conduct a simulation (using,d00sample} addressing

the question of whether the researchersoé result
conjecture that the ficompetent faced met hod wou
the time. Be sure to report (and icate on the dotplot), theyalue from the simulation.

(e) Write a paragraph, as if to the researchers, describing what your simulation analysis reveals about
whether the data provide strong evidence in support of their conjecture.

() These researchers also predicted the outcomes of 279 races for the U.S. House of Representatives in
2004. The fAcompetent faced method correctly pre
this pvalue will be larger or smaller than in)fdExplain your reasoning.


https://pubmed.ncbi.nlm.nih.gov/15947187/
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Analysis

@This method predicted O0MH®oftheiratceser correctl y in
(b) The nullhypothesis s t hat t he A c o mp betteethan fligpiagcaecain tonpeetlidt o d |
the winner so it would work in only 50% of all races in the long run.

(c) You would flip a fair coin 32 times, once for each of the election races. Keep track of the number of
heads, representing races for which the method correctly predicted the winner. Repeat simulating 32
flips a large number of times. Determine the prtipa of samplesn which 23 or mor&oin tosses

resulted in heads. If this proportion is very small, conclude that the competent face method really does
predict the winner correctly more than half the time.

(d) Here is a graph of the nalistribution of 10000 simulated results under the njipothesis

o 0.0104

=
.I”‘ H‘ll.
9 12 1

1200

600

5 18 21 24

&

23

—Number of heads—

Based on these X0 samplesthe approximate-palue is D4/10,000 =0.0104. (Your approximate
p-value will probably be different but close to this. ExactBinomial p-value equal®.01)

(e) This analysis reveals that it would be quite surprising to correctly predict 23 or more of 32 election

races i f the Acompetent faceodo method were no be
extreme result would only occur about 1% of tinee by random chance. So, the data provide fairly
strong evidence in support of the researchersbo

than half the time.

(f) The observed propor t0.68hThisisnosquite asestreneeqfarfran n o w
0.5) as the first study, but the sample size is much larger. For this reason, you probably expect the p
value to be even smaller. (Indeed, thegtue now dips below.001.)
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Example 1.2:Cola Discrimination
Try these questions yourself before you use the soldobowing to check your answers.

A teacher doubted whether his students could distinguish between the tastes of different brands of cola,
so he presented each of his 21 students with three Dwpscups contained one brand of cola, and the

third cup contained a different bratwhich cup contained which brand was randomly determined for

each studenEach student was asked to identify which cup contained the cola that was different from

the othertwol t t urned out that 12 of the students suc
(a) Does this result provide strong evidence that these students do better than guessing in discriminating
among the col&sAddress this question with an appropriate test of significance, including a statement of
the hypotheses and avplue calculation or estimation. Be sure to clarify which procedure you used to
determine the qwalue and why. Summarize your conclusion, analar the reasoning process by

which it follows

(b) Calculate a 95% confidence interval based on these sampl€lgatidy define the parameter that
this interval estimates, and interpret the interval.

(c) Would this teacher be convinced that his students do better than guessing if he66és the
significance leveét
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(d) Describe what Type | and Type Il errors mean in this situafiimich type of error might you have
made in (c)?

(e) Suppose the students want to redo the study with 100 studkentisl a normal approximation be
valid in this caseJustify your answer.

() Using the0.05 significance level and a sample size of 100 students, calculate the power of the test
when the underlying probability equdl®, and interpret your result

[Hint: Remember our twetep process: 1) Find the rejection region under the null hypothesis, now using
the normal distribution; 2) Determine the probability of being in the rejection region under an alternative
value of the parameter.]

(9) If theunderlyingprobability of identifying the odd sodaquals 2/3, will the power calculated in (f)
be larger or smaller in this case? Explain without performing any calculations.

(h) If the teacher usestaD1 significance levdlwith an alternative probability of 0.50)ill the power
calculated in (f) be larger or smaller in this case? Explain without performing any calculations.
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Analysis(a) We can defing to be the probability that these students correctly identify the odd soda.

(In other words, if this group of students were to repeat this process under identical conditions
indefinitely, p represents the loagrm fraction that they would identify correctlyihe null hypothesis

asserts that the students are just guessing, which means that their success probabithyris(blep

= 1/3). The alternative hypothesis is that students do better than guessing, which means that their succes:

probability is greater than o+third (Ha: p > 1/3).

Under the null hypothesis that the students are just guessing among the three(theaurber of
correct identificationshas a binomial distribution with parameters 21 andp = 1/3. The normal
distribution would probably not be valid here as we do not satisfy the condiisns= 21(1/3) =7 <

10. We could simulate observations from this Binomial process using the One Proportion Inference
applet, and see how often we observe 12 or more correct identifications just by chance:

AT
u.0Z

|‘ | 4
10 12 14 16

Praobability of success (11): |0.3333

1800

Sample size (n): 21

1200

Mumber of samples: 1000

As extreme as |E|

Proportion of samples: ‘
4

600

211 /10000 =0.0211

¥ Exact Binomial 0

o g

6 8

P(X=12)=0.0212 «—Number of successes—

Or we could calculate the exact Binomial probability, either with this applet or

JMP(Distribution Calculator)

| Distribution Characteristics 4 Binomial Distribution

Distribution Bl "

0.20
Parameters J_1
P{Success) [.3333 015 —

"
B Probability —

| Type of Calculation
Probability = 0.0212

(® Input quantiles and calculate probability 0.05
() Input probability and calculate quantiles

0
0 3 6 9 12 15 18

X

Notice the normal approximatiqosing R)does not provide a great estimate of thisajue
> iscamonepropztest( observed= 12, n=21, hyp=.3333, alternative ="greate r")
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One Proportlon Z test Normal {mean= 0.3333, SD=0.10)

Data: observed successes = 12, sample size [\
= 21, sample proportion = 0.5714 1

sity

Null hypothesis : pi = 0.3333 i |
Alternative hypothesis: pi > 0.3333

z- statistic: 2.31

p- value: 0.01031

00 0.2 04 08
=3 =2 z=1 z=0 z=1 z=2 z=3

<- sample proportions ->

Binomial (n=21, n =0.3333), Normal(mean=0.3333, SD=0.102

But the normal approximation does improve with the continuity

PX=12)

binomial: 0.02118
normal approx 0-01031 O 00%8 (]I:ugr'vwlve?ozfgsu<:<:?esasses(ngrn;‘lasor':\o?w)‘;7 067 076
normal approx with continuity: 0.01860

COITEC'[IOI’] %i =0.02118
>iscambinomnorm( k=12, n=21, prob= .3333, 25
direction  ="abov e") L | ‘

Thispval ue reveals that i1 f the students were just
chanceodo getting 12 or mor e .lootherword, if we depeatéedithisi ¢ at i
study over and oveand if students were just guessing each time, then a delisthis favorable

would occur in only about 2% of the studiBgcause this probability is quite small, we have fairly
strong evidence that these studentsd process in
colas (i.e., thap > 1/3). Because the sodas were randomly placed in the cups and (presumably) the
teacher kept other variables (e.g., temperature, age) constant, this study attempted to isolate the taste an
appearance of the sodas as the sole reasons for their selection.

(b) If we calculate the default binomial interval we find (e.g., in R):
>isc ambinomtest(12, 21, conf.level= 95)

95 % Confidence interval for pi: ( 0.34021 , 0.7818)

So we are 95% confident that the underlying probability of a correct identification for these students is
betweer0.340 and).782.

(c) Yes, the prvalue is less tha@.05, so with that significance level, the teacher would be convinced that
his students do better than guessindigtriminating among the coladotice also that 1/3 is not

captured in the 95% confidence interval.

(d) A Type | error would mean that these students are actually just guessing, loidngeesly

conclude that they do better than guessingype Il error would mean that the students are not just
guessing, but we do not consider the evidence strong enough to concludétth#tis small pvalue

we might have made a Type | error, but it would be impossible for us to have made a Type Il error.
(e) Now the normal approximation should be valid. If we asgumé/3, themp = 100(1/3)° 33.3 >

10 andn(1- p) = 100(2/3f 66.7 > 10(If p is larger than 1/3 as we suggested above, this
approximaion is even more valid.)
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(f) If we want to test it p = 1/3 vs. H: p > 1/3 for a sample size of |mean-0.3:
n = 100, then the rejectiaregionwill be the values ofjp that e
P cutoff) O0.05 whenp = 1/3 Because we are comfortable
using the normal approximation with this sample size, we can us
theTheoryBased Inferencapplet to find this cubff (enter the
hypothesized value, the direction of the alternative, the sample ¢
then change the count input until thegdue dips belovd.05).

This says ajkbf 0.420 or larger would lead us to reject this null 0.14 019 0.24 029 0.33 0.38 043 0.47 0.52
hypothesis thap = 0.333at the 5% level of significance. b=

z=-4 z=-3 z=-Z z=-1 z=0 z=1 z=2 z=3 z=4
Standardized statistic:z = 1.84
p-value = 0.0329

So now we need to find the probabilitgPu0.420 HoTt =
when the underlying process probability is actu@lty Ham[>][5 |
Whenp = 0.5, we have an approximately normal _Calculate |
distribution with mean equal 5 and standard hean=0.50

SD=0.050

deviation equal to & & Tp 1 70.05. Using theTBI
applet,we can enter 0.5 as the hypothesized probabili
and0.420 as the observed sample proportion with a >
alternative. This gives us approximatepower of

0.9452

Thus,the probability of rejecting i p = 1/3 whem =

100 andp is actually0.5 equal€.9452 Therefore, m 0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.65 0.70
about 986 of samples from a process wih 0.5 we L

will correctly reject thap =1/3. Standardized statistic: z = -1.60

p-value = @.9452

Showing these curves on the same graph:

Variable: [sample proportions |
Mean:[0.3333 | SD:[.047 |
Mean: | .5 | sD:[os |
[ Scale to Fit | Power is the proportiol
of the green area that
g::zil;;m:c\'filt;?eag;ﬁ?rz:;)i:ﬁ] to find the other two values. lies t(? the rlght of the
X z  Probability blueline.
|D‘12 ||‘1845 ||D0325 | 0.15 0.24 0.33 043 0.52 0.62 0.71

]

B
Of<]
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(9) If the u_nde_rlying process prot_)abili_ty i_s even larger P e e O
p = 2/3, this will shift the alternative distribution to the Armae sty orsuccese. e
. . . . . . . ample size: 100
right and even more of the distribution will lie in the e orsampies

Draw Samples

rejection regionOur power will increase as it will be .-
even easier for us to obtain a sample that will conVing specity inpus:

us that the hypothesized value of 1/3 is incorrect. O Proporion of sucesees B
Choose one: | Level of significance ~

Show alternative

a=|on Alternative (7 = 0.6667)
Count 1
Hypothesized: Proportion of samples ?
8 /1000 = 0.0080 -
Alternative: Proportion of samples: ©
1000/ 1000 =1 .
More options:
Two-sided ° 16 2% 32 40 4;14(5': 64 72 80
Exact Binomial Number of successes
Describe processes: Null (7 = 0.333)
Hypothesized probability of success: 2
Alternative probability of success:
H ' H Sample size: o
(h) If the level of significance is lowered from 7"
0.05 to 0.01, this will move the red line to the .
. . - Total =1000 o
right. We will need a larger sample proportior specty it
to convince us and this will slightly reduce U <o of successes s e

O Proportion of successes

Choase one: | Level of significance v

Number of successes

power (less than 0.90).

Show alternative

a= Alternative (1 = 0.5)
& 0.8650
Hypothesized: Proportion of samples:
7/1000 =0.0070 2

Alternative: Proportion of samples:
855 /1000 = 0.8550

o
@

More options:
o
[ Two-sided 18 24 30 36 42|48 54 60 66
S as

[J Exact Binomial Number of successes
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Example 1.3: Seat Belt Usage
Try these questions yourself before you use the soldbbowing to check your answers.

Everyyear since 1983 the Harris Poll has measured and reported the key lifestyle characteristics and
behaviors which are known to have a major impact on health, disease, injury and life expécttancy.
2011,the survey was conductéal the first timeusing both telephone interviewsdonline interviews

for those who have no landlines or who mainly use cell phones (cell phone only and cell phone mostly
adults).In thisfinationwidecross sectiomof 1,987 adults interviewedbetweerApril 11-18, 2011 91%

of adults claimed to always wear seat belts when they are in the front seat.of a car

(a) Identify the observational units and population of interest.

(b) Define the relevant population parameter in words.

(c) Use this sample data to construct a 95% confidence intervhlef@opulation parametasing two
different methods<Compare the results of your methods.

(dExpl ain what is meant by the phrase A95% conf

(e) Suggest a reason we might be skeptical that this confidence interval captures the proportion of adults
who use a seat belt while in the front seat of a car.

() Suggest some ways to guard againstsampling errors in this study. That is, how might you collect
the data to get a more accurate estimate of the proportion of driveastilnatyuse a sedielt.
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Analysis
(a) The observational unimreU.S. adults and the populaticonsists ofll U.S. adults (irR011).
(b) The parameter of interest is the proportion of all U.S. adults that (claim to) always wear a seat belt
when they are in the front seat of a car.
(c) We can use several methods because the population (all adults) is much larger th@8720 x
39,740
(X=0.91x1987° 1808

TBI applet(One proportion) confidence level[95 |

Wald interval (0.8973, 0.9225)

Valid becausd.808and179> 10. confidence level %

PlusFour (with 1810and B1) (0.8965, 0.9217)

JMP

Exact binomialJournal Filewith Summary Stajs Lower Limit 0.89646
Upper Limit 0.92214

Wald interval(Journal Filg Lower Limit 0.89733
Upper Limit 0.0225

. Lower Limit 0.8%9040
Plus Four(with 1810and181) Upper Limit 092172

The intervals are very similar to each other as we would expect with the large sample size, though the
binomial interval is a bit wider than the others.

These intervals tell us that we are 95% confident that bet@@@rand92% of all U.S. aduldrivers

(claim to) always wear their seat belt. We are willing to generalize this result to all adult Americans
because Harris conducted a nationwide poll, presumably using some random selecting techniques.

(d) If Harris Poll was to repeatedly take random samples98f7/dults and calculate a confidence
interval for each one, then over thousands and
the intervals to capture the actual value of the population proportion that (claim to) wear a seat belt.

(e) This is a bit of a loaded question, with a clear expectation for appropriate beRauvjge may

overestimate their usage, either to not admit to breaking the law or due to faulty méfaatyould be
somewhat skeptical of such sedfported responses.

() The researchers could observe drivers rather than only asking drivers. In fact, a 2001 study of 612
drivers coming to a convenience store in El Paso, Texas found 61.5% of the drivers actually wearing a
seat beltBut when asked whether they always wear their seat belt, 75% of these same drivers said yes
Researchers also worry about the tone used in asking questions and making sure every interviewer uses
exactly the same language and demeanor when conducting a phoheqolNeys with many

questions, researchers will also rotate the order of questions to different respdRelgmadents can

al so be asked about related behaviors or past e
plan to voteo).
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CHAPTERSUMMARY

In this chapter, you have focused on making inferences based on a representative sample from a random
process that can be repeated indefinitely under identical conditions or from a finite population, for a
singlebinary variable. You have learned how to model the chance variation in the binary outcomes that
arise from such a sampling process.

1 You utilizedsimulationas a powerful tool for assessing the behavior of the outcomes and
estimating the likelihood of different results for the sample proportion. In particular, you saw you
could estimate thp-valueof a test to measure how unlikely we are to get a sample proportion at
least as extreme as what was observed under certain conjetttarad!(hypothesis) about the
process or population from which the sample was drawn.

1 Then you used theinomial distributionto calculate onsided and twesided pvalues exactly

1 As a third alternative for estimatingyalues and confidence intervals, you considered the
normal approximation to the binomial distribution (tbentral Limit Theorenfior a sample
proportion). In this case, we also fourdcore valuesté¢st statistics Theseareinformative in
accompanying {value calculations to provide another assessment of how unusual an observation
is. We often flag an observation as surprising or unusual [-$eoré value exceeds 2.

In each case, when thevplue is small, we have evidence that the observed result did not happen solely
due to the random chance inherent in the sampling progéss ¢ at i st i cal | yfhesi gni f i
smaller the pvalue, the stronger the evidence against the null hypothesis

Still, we must keep in mind that we are merely measuring the strength of evideeamay be making

a mistake whenever we decide whether or not to reject a null hypothesisdecide the observed

result did not hapgn by chance and so reject the null hypothesis, there is still a small probability that the
null hypothesis is true and that the observed result did occur by chance (the probability of committing a
Type | erro). If we decide the result did happen by chance, there is still a probability that something
other than random chance was involvedyge Il errol). It is important to consider the probabilities of
these errors when completing your assessment of a. stugigrticular, the sample size of the study can
influence the probability of a Type Il error and the related idgewfer, which is the probability of

correctly rejecting a null hypothesis when it is false.

You began your study abnfidence intervalas specifying an intervalf plausible values for the

process probability based on what you observed in the sahty@se were the hypothesized parameter
values that generated tvetded pvalues above the level of significareeln other words, they were the
parameter values for which your sample result would not be surpNgimgn the sample size is large

(large enough for the normal approximation to be valid), we saw that these confidence intervals have a
very convenient formstatistic margin-of-error wheremargin-of-error = critical value x standard

error of statistic.The critical value is the number of standard errors you want to use corresponding to a
specified confidence leveKeep in mind that thievel of confidencprovides a measure of how reliable

the procedure will be in the lorrgn (which can vary by procedure and sample conditions).

Finally, you saw that this reasoning process holds equally well when thersgumgtom a finite

population, where theandomnes& our model comes from the sefion of the observational units, not

fromt he observational Unnnihichsase, use af randondsanapling alows gsdaome s .
believe that our sample is representative of (has similar characteristics as) the larger pojiguation.

still be on the look out for possible ngampling errors (e.g., wording of a questiob)sk of simple
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random samples also allows us to estimate the saiyglEmple variation in our statisti€echnically

we should use the hypergeometric distribution to model the behavior of the statistiche
population is large compared to the size of the sample (e.g., more than 20 times large®,dherstill
use thebinomialdistributiony and if the sample size is also large we camnesmatbased methods to
determine pvalues and confidence intervals (as well as power and sample size calculations). The

interpretation of thepalue is essentially the same but now applies to the randomness inherent in the
sampling process. Also keeprimind that the confidence interval aims to capture the proportion of the

population having the characteristic of intef@gtich is equivalent to the probability of selecting one
individual from the population with that characteristic when the population is large).

SUMMARY OF WHADY HAVE LEARNED IN THIS CHAPTER

T
T

= =

= =4 =4

= =4

= =4

The reasoning process of statistical inference

The termgparameterto describe a numerical characteristic of a population or procestadisticto

describe a numerical characteristic of a sample

The symbob to represent the probability of success for a process or the population proportion and

[E-to represent a sample proportion of successes
The fundamental notion of sampling variability and how to simulate empirical sanfplithy

di stributions fAiby handd (e.g., using cards)

How to estimate and interpret avplue

How to usetechnology to calculate binomial probabilities, as well as exaelyes and confidence

intervals (see Example 1.1)

When and howto apply the Central Limit Theorem for a sample proportion to approximate the
binomial distribution (for the values afandp) with a normal distribution (and how to determine

the mean and standaddviation of this distribution)
How to use théechnologyto estimate gvalues and confidence intervals using the normal
approximatbn to the binomial distribution

The formal structure of a test of significance about a process/population parameter (define the

a

parameter, state null and alternative hypotheses, determine which probability model to use, calculate

the pvalue as specified by the alternative hypothesi®utite assumption that the null hypothesis is

true, decide to reject or fail to reject the null hypothesis for the stated level of significance, and state

the conclusion in context)
How to calculate and interpretscores
What factors affect the size of thevplue

Type | and Type |l errors, Power: what they mean, how their probabilities are determined, and how

they are affected by sample size and each other
o Either through Binomial or Normal calculations (see Example 1.2)

The idea of a confidence interval as the set of plausible values of the parameter that could have

reasonably led to the sample result that was observed

How to interpret the Aconfidence | evelo
What factors affect the width, midpoint, and coverage(iatsv often the interval procedure
captures the parameter in the long)raha confidence interval procedure

The logic and tradeffs behind different confidence interval procedures

The distinction between statistical and practical significance and how we assess each

of

an
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1 Biased sampling methods systematically eesiimate or undegstimate the parameter; the
sampling distribution of a statistic from an unbiased sampling method will center at the value of the
parameter of interest

1 Random sampling eliminates sampling bias and allows us to use results from pler tearapresent

the population
1 Ways to try to avoid nosampling errorén a sample survey (see Investigatiohs; Example 1.3

TECHNOLOGY SUMMARY
1 You used applets to explore sampling distributions
AThe fAOne Proportion Inferencedo appl et
distribution This applet provides both empirical and exact binomial probability calculati
This is similar to wlisatPiyeocue scoa na pdpol ewi t
AThe 0 Biowetiodo applet allowed you to compe
hypothesis to the distribution under an alternative hypothesis and consider the probab
of Type | and Type Il errors and how they are controlled.
AThe ASiGohhitdegce I ntervalso applet al
the Wald,Plus FourAdjusted WaldBlaker,and Score intervals
1 You used applets to perform normal probability calculations

AThe ANormal Probability Calculatoro ap
under a normal curve
AT h &hedryBased Inference appl et all owed you to ca

process probability and to find a tveaded confidence interval using the normal
approximation to the binomial.
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Chapter 1 Appendig- Stratified Random Sampling

Another way to reduce variability without taking larger samples is to take even more care in our
sampling. For example,siratified sampling methosplits the population into homogenous groups first,
and then samples a preset proportion from each subgroup. In the Gettysburg Address example, if we
suspect nouns tend to be longer than-noans but worry that with only 16% nouns in the population
we cauld easily end up with a sample without nouns, we can force the sample to contain 3 nouns and 17
non-nouns. This method will again be unbiased and if we stratify on a useful variable, we should find
even less random sampling variability. Below we seeigdase that in stratified random samples of
size 20, there is a little bit less variability in the distribution of sample means (though not much here).

Simple random samplestf = 20) Stratified samples (3 nouns, 17 nomouns)
- Mean=4.281
2 | 50 =0.453

Mumn samples=1000

o | Mean=4.289
SD=0.443

Mum samples=1001

18

Count
100
Count
B0

2.7 3.8 4.5 5.4

Sample means

2.7 3.8 4.5 5.4 6.3

Sample means
2.9The histogram on the left is a populatiorabhost 300 birth weight§n thousands of grams)here
about 90% were full termThe histogram in the middle showee average birth weights f&0,000
random samples of 10firthsfrom this population. The histogram on the right is 10,000 stratified
random samples (every sample0 full term babies and 10 premature babiéhich is unbiased?
Which has the least variability?

Population data: Sampled Statistics: Sampled Statistics:
Mean = 3.237 Mean = 3.237 Mean = 3.232
Pop SD = 0.615 SD = 0.062 SD = 0.052

Pop size = 297798 Num samples = 10000 Num samples = 10000

100000
2000

o
(=)
o
~N

Count
50000
Count
1000
Count
1000

o o
2 0 2 4 6 8 10 2.90 3 3.10 3.20 3.30 3.40 3.50 3.60 3 310 3.20 3.30 3.40 3.50
~bw1000— —Sample means— «—Sample means—
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Quick Reference to IMP Commands

Chapter 1 Summary

Procedure Desired

Menu

Tallying outcomes

Analyze > Tabulate

Create a Bar Graph using raw or summarized d{

Analyze > Tabulate > Show Chart
or Graph > Graph Builder or Analyze > Distribution

Calculate Binomial probabilities and quantiles

Distribution Calculator (ISCAM Journal file)

Carry out an exact binomial test

Analyze > Distribution, Test Probabilitiesie-sided)
Journal file: Confidence Interval for One Proportion
(Summary Stats)

Calculate Normal probabilities and quantiles

Distribution CalculatoflSCAM Journal file)

One proportionz procedures

Journal file: Hypothesis Test for One Proportion
Journal file: Confidence Interval for One Proportion

Calculate Hypergeometric probabilities

Distribution CalculatolSCAM Journal file)

Choice of Procedures fgknalyzing One Proportion

Study design

One binary variable, constant probability of success, independence

Parameter

p = probability of success

p = population proportion

Null Hypothesis

Ho: p = po

procedures if

Simulation Randomsamplefrom binomial process | Randomsamplefrom a finite population
Exact Binomial distribution §, po) Hypergeometricl, M, n)
distribution E (N EMH=M/N
SD@s “p * T S _
JMP Analyze > DistributignTest Formula > Discrete Probability >
probabilities(one-sided pvalues) Hypergeometric Distribution
Can usez At least 10 successes andfallures Populationsize> 20n; At least 10

successes and ffilures

Standardized

statistic ¢ 7
JMP ISCAM Journal File > Hypothesis Test for One Proportion (raw or summary)
Confidence 1 Exact Binomial confidence interval (all plausible values‘favith two-sided p
interval value larger than 0.05 (95% confidence))
1 Wald:nH z* @
! AdjustedWaldnn & np n7e
wheren= (X + 0.5*?)/(n+ z*?) and N =n+ z*2
(For 95% confidence, add two successes and two faijlures
JMP ISCAM Journal File > Confidence Interval for One Proportion
TBI Applet One proportionscenario
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CHAPTER 2: ANALYZING QUANTITATIVE DATA

This chapter parallels the previous one in many ways. The difference here is that these investigations
will involve aquantitativevariable rather than @ategoricalone. This requires us to learn different toolg
for graphing and summarizing our data, as well as for statistical inference. In the end, you will find that
the basic concepts and principles that you learned in Chapter 1 still apply.

Section 1: Descriptive Statistics

Investigation 2.1: Birthweightsi Normal model Assessing model fit
Investigation 2.2: How long can yatiandit? i Skewed data
Investigation 2.3: Cancer pamphlétépplication

Section 2: Inference for Mean

Investigation 2.4: Th&than Alleni Sampling distributions foof”

Investigation 2.5What is a kalthybody emperaturei Onesamplet-procedures
Probabil ity DDstrilnuion: Studentos
Investigation 2.6Healthy lmdy temperaturegcont.)i Prediction intervals

Section 3: Inference fdDther Statisticgoptional)

Investigation 2.7: Water oxygen levélSign test

Investigation 2.8: Turbidity t-procedures with transformed data
Investigation 2.9: Heroin treatment timieBootstrapping

Example 2.1: Pushing QnOnesamplet-procedures
Example 2.2: Distracted Driving?Sign test

Chapter 2 Summary

Investigating Statistical Concepts, Applications, and Methods
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SECTION 1: DESCRIPTIVE STATISTICS

In this section, we will begin our exploration of numerical and graphical summaries when the variable is
guantitative. You will learn a new set of tools, but keep in mind that the overall goal is to informatively
summarize the data and to let the data tell their story.

Investigation 2.1:Birth W eights

T he C\té &tatistics OnlindData Portahllows you to download birth records for all births in the
U.S. in a particular year.
1 Open this website and follow the Downloadable Data Files linBiiwh. How large is the zip
file for the U.S. data in 202
T Open t he Us e rddHow many botles wérerecor@e@ fr the U.S. in£202
T According to this documentation file, how ma
information is in the first 8 positioR3Vhat information is in the next 4 positidhidow would
you determine the birth month?

Discussion If you were to download this file, it could takeninute You would then need to unzip the

file, which is then 5GBThis can be problematic to work with, especially if you were most interested in
just a few of the variableft can also be cumbersome to deal with all of the rows, especially if you just
want to see general patteriMost packages can now work with datafiles this large, but we are still

pushing the limit a bit. JIMP and R ta&keoupleminutes to read in the data, and each row is still a single
string (not separated into columns or tal®)e approach is to preprocess the data lagtiitre loading

into the software packagg si ng a program | i ke Aawko you can r
(e.g., just the birth weights) or in R usad.fwf Then a comma or tab delimited file would be much

easier for the software to handguidefor recreating the 2@datafile.

The file USirthsJan202.txt contains information othe 297,798births in Januarg024, including birth
weight(in grams) whether the baby was full term (gestation over 36 weéhks), minuteapgar score
(an immediateane asur e of t handthe amoam df Weght baened|by the)mother during
pregnancy (in Ibs)The goal of this investigation is to buildreodelof how birth weights can be
expected to behave in the futuhe particular, we will ask questions such aan@ve use that model to
make predictions about certain kinds of birth weiglte®@ reliable will our estimates be?

(a) Are these data likely to be representative of birth weights f&;&88,438J.S. births in 202?
Explain.

(b) Is the variabléirthweightquantitative or categorical?
Our next steps to look at the data! As in Chaptemile will want to consider which graphical and
numerical summaries reveal the most information about gteldition

Accessing quantitative date&Bee the Technology Detour after Investigation 1.1 for instructions or
how to load data intgour softwareYou may be able to copy and paste from the webflgt not if


http://www.cdc.gov/nchs/data_access/Vitalstatsonline.htm
https://www.rossmanchance.com/iscam4/in/CDCBirths.html
http://www.rossmanchance.com/iscam4/data/USbirthsJan2024.txt
http://en.wikipedia.org/wiki/Apgar_score

O Chance/Rossman, 2026 ISCAM IV Investigation 2L

too large) or download the file to your computer and open as tab delinitesdember to search the
help menus for more information if you have more complicated data files in the future

JMP NotesRemember to paste in the column names (e.g., hold down the shift key) when using
Al so make sure you do Rkd thisdata set, wepecamniméend yoa save ¢hg
and usé-ile > Openand use the putiown menu to specify the .txt format.

Check that you hav297,798rows of dataNow use technology to createlatplotof the birthweights.

Technology Detour, Dotplots

In IMP
1 SdectGraph > Graph Builder
1 Drag thebirthweightvariable from the list on the left to the . P A
label.

1 Select the far left graph type that is only dots.
1 Use the pulldown menu to change tldédter style toPositive
Grid.

A dotplot shows each numerical value individuglynd is best with smaller datases&)me packages
may actually fAbind t h.éthedathseténsludesimany distinctdrapeateds et i
values, this can make it more difficult to see

(c) Describe what you see.

DiscussionnThe observations at 9 9®9Guidenr icddeboake d mrt d hleesl
data states that the largest birth weight is 8165 grams and for other variables it lists 669999 as
values for fAinot statedod or unknown.
504-507 - DBWT Birth Weight — Detail in Grams (Edited) 0227-8165 Number of grams
9999 Not stated birth weight
You could convert these observations to the missing valugrdgsr in your software (e.djjn JMP
and NaN in Ror you can create a new data set that does not include thosgsubsstting the data).

Technology Detour, Subsetting the @ta
In IMP
1 Use theRowsmenu to seledRow Selection> Select Com
Where ddate equals -||9999
1 Specify you want to select the rows whbneh
weightequals 9999
1 PresOK.
i Then selecRows > Hideand Exclude



https://ftp.cdc.gov/pub/Health_Statistics/NCHS/Dataset_Documentation/DVS/natality/UserGuide2023.pdf
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(d) Recreate the dotplot with the subsetted data and describe what you see.

It may still be difficult to see much in the dotplot with such a large data set, especially if there are many
distinct (nonrepeated) value®ne sol ution is to Abino the obser:
Minitab) will do that automatically even with a dotpléinother approach is to use a different type of

graph, ehistogramthat groups the data into intervals of equal width (e.g.,-2000, 2008 0 0 0, ¢é)

and therconstructa bar for each interval with the height of the bar representing the number or

proportion of observations in that intervisllotice these bars will be touching, unlike in a bar graph, to
represent the continuous rather than categorical nature of the data.

Technology Detour, Histograms

In IMP
1 ChooseAnalyze > Distribution Cast Selected Columns into R
1 Dragbirth weightto theY, Columnsbox (or | =

click on it and press the button) i

71 Click OK.
1 Use the hot spot and choddistogram Options > Vertical (to unselect)
1 Right click on one of the values and sel&dtl Axis Label and enter the variable description
1 See File > Preferences to change some of the default settings

(e) Create a histogram for the subsetted @aitéths2)and @mpare the information revealed by the
dotplots and the histograms. Do you feel one display is more effective at displaying information about
birth weights than the other? Explain.

Discussion:In describing thelistribution of quantitative data, there are three main features:
1 ShapeWhat is the pattern to the distribution? Is it symmetric or skewed? Is it unimodal or is there
more than one main peak/ cluster? Are there an
the overall pattern? | f seewhether yowcarsekplaig ahy theytare e s e
there.

Symmetric Skewed to the Righ Skewed to the Left



http://www.rossmanchance.com/iscam3/glossary.html#histogram
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1 Center Where is the distribution centered or clust@iéthat are typical values?

1 \Variability: How spread out is the distribution? How far do the observations tend to fall from the
middle of the distribution? What is the overall range (iinaxin) of the distribution?

It is also very important to note any observations that do not follow the overall pattern (igo ut | i er

as they may reveal errors in the data or other important features to pay attention to.

(f) How would you characterize the shape, center, and variability of these birthwéRgrnsember to
put your comments in context, e.n@04wasé®he di st ri

(g) Youmay have noticed a few more lower weight babies than we might have expected (if weaassume
Arcddoomo bi ol ogi cal fairlphsymnaetidcaadell-shapeilcCanyoul sliggebtan
explanation for thexcess of lower birth weighteen in this distribution?

(h) Now, further subset the births2 data based on whether or not the pregnancy lasted at least 37 weeks
(i.e., OEG== 2). [R Hints Edit the previous command, using births2 (two places)ed=@G f or an
equality comparisonfiow many observations do you end up with?

(i) After this step do we have a more symmetric distrib@\dtat is a downside to subsetting the
dataset in this way?

Letds use this as our final dataset and use tec
the distribution, namelgnes thatlescrile the centefe.g., mean, mediamariability (e.g., standard

deviation), and skewnesBhe fiskewness statistic i rest od vw i |, so positive values indicate

a distribution that is skewed right, negative values indicate a distribution that is skewed left, and values
near zero indicate a symmetric distribution.

Technology Detoug Numerical Summaries

In IMP
I See théAnalyze > Distribution output from creating the histograamd/orAnalyze > Tabulate.

() Determineand interpret the meastandard deviatigrand skewnessf these data.

(k) How wouldthe mean and standard deviation valke@spare if we had not removed the 989@
low birthweightvalues?


http://www.rossmanchance.com/iscam3/glossary.html#skewnessStat
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Fitting a Model

Recall from Chapter 1 the normal probability distribution has some very nice properties and allows us to
predict the behavior of our variableor example, we might want to assume birth weights follow a

normal distribution and estimate how often a baby will blewfbirth weight(under 2500 grams

according to thénternational Statistical Classification of Diseases!"tévision World Health

Organization, 201)1based on these data.

() Do thesébirth weightdata appear to behave like a normal distrib(tidow are you deciding?

Many software programs will allow you to overlay a theoretical normal distribution to seedibiv
matches your data, using the mean and standard deviation from the observed data.

(m) Add an overlay o normalmodel on thelistributionof birthweight data and comment on how well
the modelfits the data(First create the histogram as above.)
1 InJMP
Use the hospotand selecContinuous Fit > Normal.
Discuss any deviations from the pattern of a normal distribution.

Another method for comparing your data to a theoretical normal distribution iswihe#eer certain
properties of a normal distribution hold trie Chapter 1, you learned that 95% of observations in a
normal distribution should fall within two standard deviations of the mean.

(n) Calculatethe percentage of the birthweights that fall within 2 standard deviations of the mean by
creating éBoolean(true/false) variable:

9 InJMP
Calculate (by hand) the mear2SD limits(e.g., 245 and 458).
I n the data window, doubl e click on an en

Right click on the column name and seleotmula

FromFunctions (grouped)selectConditional. Enter conditions for

birth weight < 4258 & birth weight > 2415 to equal 1, O otherwise.

Then useéAnalyze > Distribution on this column and report the mean, the proportion of.ones

(o) How well does this percentagetch to what would be predicted if the data were behaving like a
normal distribution?

Anot her way to assess the df it probabflity@ot(gkaqoahtieb i | i t
plot). Probability plots work roughly like this: The computer determines how many observations are in

the data set, and then reports ztseores it would expect for then/percentilegalso callecquantileg

for the probability modelThe plot compares thegescores to the observed dafahezscoresi| | ne up
with the observed datthen theprobability plotsupports that the data are behaving tit@ candidate
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distribution.The theory is that inether or not thebservationgollow a line can be easier to judge than
whether a histogram follows a curve.

(p) Use technology to create a normal probability plot forstitesettedbirth weight data
T InJMP
In the Distributions window, Use the hot spot to seldmtmal Quantile Plot.
Do the observations deviateuch froma line? If so how? Hints: What does this suggest abdatwthe
birth weight data values differ from what we would predict for a normal distribution (e.g., smallest
values are smaller than expected or larger than exp@dseithjs consistent with what you saw in the
histogram?]

Discussion:Some software packages reportaatue with the normal probability plothe null
hypothesis here is that the ddtafollow a normal distribution, so if you fail to reject this null
hypothesis you can say that the data do not provide strong evidence that they do not arise from a
normally distributed populatioriBut keep in mind that large samplees will drive the pralue down,
regardless of the actual shape of the populatiimere are several different typessajnificancetests

for normality, but in thigext, we will focus on the visual judgement of whether the probability plot
appears to follow a straight line

Suppose we were willing to assume that in general birth weights are approximatedyiyndistributed
with mean3339 grams and standard deviatid&2 grams We can use thismodelto make predictions,
like how often a baby will be dbw birth weight defined as 2500 grams or less.

(q) Use technology (e.gNormal Probability Calculataapple) to calculatethenormal distribution
probability that a randomly selected baby will be of low birth weight. Include alalmdled sketch with
the shaded arez interest

(r) Now examine the births3 dat/hat percentage of the birth weights in this data set atarest
2500 gramsPHint: Create a Boolean variabld?pw does this compare to the predictiondj?(Does
this surprise you? Explain.


https://www.rossmanchance.com/applets/2021/normcalc/NormCalc.html
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Discussion We can often use a theoretical model to predict how data will behave. However, it is often
unclear whether the model we are using is appropriate. Sometimes we have to consider the context (e.g.,
biological characteristic) and presume a particular modelcadMealso use existing data to create a

model, but we need to consider what population the data are representative of and how stable we think
the data generating process is (e.g., not changing over time). In this case, a normal distribution predicts
3.5% of babies will be of low birth weight (compared to 3.2% in the data file) and that about 5% of birth
weights will be beyond two standard deviations from the mean (compared to 4.8% in the dataset). The
model appears to be quite accurate (once we remove the non full term babies and missing values) and
useful for other predictions.

Practice Problem 2.1A

The data irMLB_FCI_22.txt compiled byTeam Marketing Repagrincludes various costs for attending

a Major League Baseball game in the 2022 seasoniiHdreCost Inde' is defined as the price of a

family of four to attend a game, assuming 4 adult avepaige tickets, parking for one car, and the
cheapest (at that park) price for two draft beers, four soft drinks, four hot dogs, and two caps.
Note:Make sure the columns parse correctly (e.g., Data > Text to Columns in Excel?) and remove the
last row before you start analyzing the data.

(a) Create and include a dotplot and a histogram of the FCI values. Which graph do yol/ingfer?

(b) Create and include a normal probability plot of the FCI values. What do you conclude from this
graph? Explain your reasoning.

(c) Create and include a dotplot of the FCIPctChange values which represent the percentage change in
the FCI values from the previous yealso report and summarize what you learn from the median.

(d) The distribution of the FCIPctChange values shows a low visual outlier. Identify this team by name.
What is special about this team?

(e) Examine and includestemplotf the cap pricesaVe see one team with an unusualue ldentify

this team by name and suggest an explanation for its unusual caphpinteWe are not talking about

the largest or smallest value this time!]

Practice Problem 2.1B

The AnthemTimes208&.txt file has data on the length of the performance of the national anthem
preceding the National Football Leagueds6b6Super
(Super Bowl60). Note: There are two columns for times (the first is from a colleague of mine watching
and timing each one, the second one is fspartsbettingdime UsingsbdTime

(a) Create and include a wddlbeled dotplot of the performance lengths. Includéaative titled

(b) Give a brief descriptionn context of t he di stri bution, as if to
(c) Create and include a modified boxplot of the performance lerdéify anyoutliersshown in the
boxplotby name

(d) Report the mean, median, and standard deviation. Include measurement units.

(e) Giveone numbeto predict the performance length in the next Super Balsb include some

indication of how accurate you think your prediction will be. (Cite any external information/additional
analysis that you use.)



https://www.rossmanchance.com/chance/stat301W24/data/MLB_FCI_22.txt
https://mailchi.mp/teammarketing/2022-mlb-fan-cost-index
https://www.rossmanchance.com/iscam4/tech/stemplot.html
https://www.rossmanchance.com/iscam4/data/AnthemTimes2026.txt
https://www.sportsbettingdime.com/guides/resources/super-bowl-national-anthem-lengths-over-under-betting-results/
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Practice Problem 2@

(a) Use statistical software to generate a random sample of 100 observations from a normal dis
with mean 2 and standard deviation 5.

In IMP. In new worksheet;hoose Columns > New Column. Under Initialize Data set the Number
rows to 100. Under Column Properties, select Formiiian select Random > Random Normal and
specify (2,5).

Create a normal probability plot of the generated.daathe data follow a straight line?

(b) Repeat (a) for data that is skewed to the right.

INJIMPSel ect Random > Random Chi Square and en
How does the behavior of the probability plot chéhgew would you interpret this plot without
looking at the histogram?
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Investigation 2.2: HowLong Can You Stand It?

Diekmann, Krassnig, and Lorenk996 conducted a field study to explore whether driver

characteristics are related to an aggressive response (Thanks to Jeff Sklar for pointing us to this article)
The study was conducted at a busy intersection in Munich, West Germany, on two afternoons (Sunday
and Monday) in 1986The experimenterss i n a Vol kswagen Jetta (the
accelerate after the traffic light turned green, and timed how long befadewbeof theblocked car

reacted (either by honking or flashing headlights). The response time (in seconds) is our variable of
interessSome values were Acensoredo in that the res
honked. This can happen if there is a time | i mi
observed within that time period.

(a) How long do you think you would wait before you honked?

(b) The data can be foundnking.txt Use technology to createhistogram and describe the
behavior of the datd shape, center, spread, outliers (suggest an explanaflé®@?) overlay a normal
probability modelDo these data behave like a normal distribiidmot, how do they deviate from
normality? Does the shape make sense in this con#&lst? examine a normal probability plot and
discuss how deviations from the line correspond tatimnormakhape you are observingdipt: Were
the observed response tinfmsntilesplaced on the vertical or the horizontal axis?]

(c) Determine and compatke mean and mediamait times. Which is large? Why is it larger?
Recall that the mean is the numerical average and the median has 50% of the observations on each side.

Definition: A numerical summary (statistic) is said torksistanivhen it is not strongly influenced
by a change in one or two extreme data values
When data are skewed to the riggft, the mean will be pulled in the direction of fbager tail

When data are skewed, we might often prefer to
rather than the medrecause the meas pulled in the direction of the longer tdih addition, you might
not want to cite the standard deviation as a measure of spraattemwedlistribution

Definition: Interquartile range (IQR3 upper quartilei lower quartile

The lower quartile is a value such that roughly-tmeth of all the observations fall below it; the
upper quartile is a value such that roughly-math of all the observations fall above it. The IQR
then measures the width of the interval containigrhiddle 50% of the observations.

(d) Use technology to compute the interquartile rgirjet: Run the descriptive statisticemmandand
report the lower and ugp quartiles and then subtradtyite a onesentence interpretation of this value.
Would you considethe IQRa resistant measure of spread? Explain.


https://pubmed.ncbi.nlm.nih.gov/9043205/
http://www.rossmanchance.com/iscam2/data/honking.txt
http://www.rossmanchance.com/iscam3/glossary.html#resistant
http://www.rossmanchance.com/iscam3/glossary.html#interquartile

O Chance/Rossman, 2026 ISCAM IV Investigation 2.2

When the data are skewed, the median and interquartile range are often considered better numerical
summaries of the center and variability of the distributian the mean and standard deviatidinen
working with the median and interqtiée range, we often report thiee number summarwhich

consists of the minimum, lower quartile, median, upper quartile, and maximum values.

Definition: Another graph is based on the fimember summary, calledmxplot(invented by John
Tukey in 1970)The box extends from the lower quartile to the upper quartile with a vertical line
inside the bo»at the location ofhe medianWhiskers then typicallgxtendto the min and max
values.

(e) Createa boxplotby handfor these dataNhich display do you prefer, the boxplot or the histogtam
Why?

Although boxplots are a nice visual of the fimember summary, they can sometimes miss interesting
featuredn a data setin particular, shape can be more difficult to judge in a boxplad they usually
dondédt provide information about the size of a d

Another application of the intequartile range is as a way to meadure faran observation is from the
bulk of the distribution.

Definition: A value is arputlier according to thé.51QR criterionif the value is larger than the upp,
quartile + 1.5 x box length or smaller than the lower quartilés x box length.

Note: Thebox length= upper quartilé lower quartile is theinterquartile range

A modified boxplotwill display such outliers separately and then extend the whiskers to the mo
extreme noroutlier observation.

(f) Use the following Technology Detour to create fidmiof i e d 0 b ox pl wetheréamy t hes
outliersaccording to these critefla

Technology Detour Modified Boxplots

In Descriptive Statisticapplet
1 Paste in data. Check tAeld Boxplot and then th&howoutlier boxes.

In IMP
9 In the Distributions window, use the hot spot to selatlier Boxplot.

Modelling nonnormal data

These data are not well modelled by a normal distribution. So can we still make preditheresare a
couple of strategie®©ne would be to consider whetheregcalingor transformationof the data might
create a more normoking distribution, allowing us to use the methods from InvestigatiarirRttis


http://www.rossmanchance.com/iscam3/glossary.html#FNS
http://www.rossmanchance.com/iscam3/glossary.html#boxplot
http://www.rossmanchance.com/iscam3/glossary.html#outlier
http://www.rossmanchance.com/iscam3/glossary.html#interquartile
http://www.rossmanchance.com/iscam3/glossary.html#modifiedboxplot
http://www.rossmanchance.com/applets/Dotplot.html
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case, we need a transformation that will downsize the large values more than the smalloglues
transformations are often very helpful in this regard.

Definition : A data transformatioapplies a mathematical function to each vatues-expresshe data
on an alternative scalPata transformations can also make the data more closely modeled with
normal distribution, which could then satisfy the conditiohthe Central Limit Theorem

(g) Create a new variable whichlog(responsetime)You can use either natural log or log base 10

but so we all do the same t hi ng,inno# sofivarevhen e
you say fAl og. 0)
T InJMP

Create a new column and edit the formula. Type or use your mouse tolsatesttendental >
Log to creatd_og( respon setime ). PresOK.
Create a histogram of these data and a normal probabilityQaeslog(responsetimegpproximately
follow a normal distribution? What are the mean and standard deviation of this distribution?

(h) Use a nomal distribution with mean 1.28-sec and standard deviatifrb3 In-seconds for the
logged response timesd predict how often someone willtowithin the first 2 secondsH[nt: What
are you going to use for tludservatiorof interest?]

(i) How does this prediction in (h) compare to the observed percentage honking within the first 2
seconds in the data set?

Another approach is to fit a different matheroatimodel to the original data:
()) Use technology to overlay axponentiaprobability model (often used to model wait times) to the:
data and/or create a probability plot using the exponential distribution as the reference distribution
T InJMP
In the Distribution window, use the hot spot to se{@ahtinuous Fit > Exponential
Describethe behavior of the exponential distributi@oes it appear to be a reasonable fit for these
dat&? Describe any deviations.

(k) Use technology to calculate the probability of a wait time under 2 seconds using the exponential
distribution with mean 4.25 sec
T InJMP


http://www.rossmanchance.com/iscam3/glossary.html#transform
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Using the Distribution Calculatpselect theExponential distribution.Specify a scale
parameter o1/4.25 ChooseX<=Qaand enter 2 for Qa (we
strict vs. nonstrict inequalities here)

How does it compare to your estimate in (h) and the result in (i)?

(') Repeat (j) and (k) with a Al ognormal o di
1 InJMP
Scroll down theDistribution list and choose thieognormal distribution withlocation=
1.2 andscale= 0.5238
Note: This is equivalent to fitting the normal distribution on thettagsformed data!

Discussion:There are of course, many other probability models we could look into. One limitation of

the exponential distribution that it assumes the same value for the mean and the standard deviation
clearly not the case for these data. There are other more flexible distributions (e.g., Gamma and Weibull)
that use two parameters to characterize the distribution rather than only one.

(m) To what population are you willing to generalize these results? Exptm: Think ebout how the
data were collected and what you learned about sagnmethods in Chapter 1.]

(n) If you were to continue to explore this research area/ data set, what would you be interested in
investigating next?

Study Conclusions

In this study, we found that the amount of time a blocked driver waits before responding follow,
skewed righdistributionwith a mean of 4.25 seconds and a median of 3.24 seconds, with a few
drivers waiting more than 10 seconds. Although the dataset is small, we might consider using
data to build a mathematical modet these skewed dateither using a transformation or a
probability model other than the normal distributitmhelp predict future resul{e.g., a wait time of
lessthan2second§yhese researchers were actually i
blocked car was related to how long it took before people hoitkede y f ound t hat
median response times decreased monotonically with the status of car, except when the block
was very small .o Similar results had been
States (1968) which varielle status of the blocking car. However, neither study was replicated
Swiss study (Jann, Suhner, & Marioni, 1995), perhaps due to cudifiesibnces.
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Practice Problem 2.2A

A groupof Cal Poly students (Sasscer, Mease, Tanenbaum, and Hansen, 2009) conducted the following
study: volunteers were to say fAigo, 0 and t.hen to
The researchie asked the participantsiiot count in their heads and recorded how much time had

actually passed'he data are iB0second.txt.

(a) Examine graphical and numerical summaries of theseRiadaribe the shape of the distribution.

How do the mean and median compdsethe skewness statistic positive or negathx&fat does this

tell you about whether people tend to over or underestimate the length of 30 seconds?

(b) Does a normal model seem appropriate here?

(c) Does a log transformation succeed in creating a normal distriBiiguiain how you might have

predicted this answer based on the first graph you lookedatt (a).

(d) To what population would you be willing to generalize these data?

Practice Problem 2.2B
Below are distribution fits for the honkirtata with a Weibull distributioand aGamma distribution

Weibull Gamma
20 T 204 [ ]
’15— fi 15
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seconds

Which do you think indicates a better fit for these data? Explain ;cow you are deciding.


http://www.rossmanchance.com/iscam3/data/30seconds.txt
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Investigation 2.3: Readability of Cancer Pamphlets

Researchers in Philadelphia investigated whether pamphlets containing information for cancer patients
are written at a level that the cancer patients can comprehend. They applied tests to measure the readin
levels of 63 cancer patients and also the raéjalevels of 30 cancer pamphlets (based on such factors

as sentence length and number of polysyllabic words). These numbers correspond to grade levels, bu
cancer patient reading levels below grade 3 and above grade 12 were not determined exactly.

The following tables indicate the number of patients at each reading level and the number of pamphlets at

each readability level:

(a) How many of these patients had'agdade reading level?

(b) Explain why the form of the data does not allow you to calculate the mean ries@iragf these
cancer patients.

(c) Determinghe median reading level for these patiefikéint: Consider the counts, amemember
there are 63 patients.]

(d) Determine the median readability level of these pamphlets.

(e) How do these medians compare? Are the values fairly close?

Patientds r/ <3| 3 4 5 6 7 8 9 10 | 11 | 12 | >12
Count 6 4 4 3 3 2 6 5 4 7 2 17
Pamphl etdos rei6 7 1 8 9 110] 11| 12| 13| 14| 15| 16
Count 3 3 8 4 1 1 4 2 1 2 1

(f) Does the closeness of these medians indicate the pamphlets are well matched ® thé patd

levels? Explain.Hint: You may want to perform some additional explorations ofetlolesa] How
would you respond to these researchers?

read.:
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Discussion:Keep in mind when examining quantitative data, that you should start by constructing some
simple graphs to explore the datafact, you should use technology to explore a couple of different
graphs (e.g., change the bin width in a histogram) to help reveal hidden patterns and unusual
observations.

Study Conclusions

When these researchers came to the statistical consultant, they wanvade for comparing the
mean reading level of the patients to the mean reading level of the pamphlets. You will learn a
such atestin Chapterdowever, the statistical consul't
calculated, but that a simple look at the data revealed a substantial percentage of the patients
reading level below that of the simplestpamphileh i s fAdescri ptiveo an:
than | ooking for a more c¢omplvalesaankconfidenca f e r
intervals.

Practice Problem 2.3

(a) If city officials wanedto estimate total tax revenue for a city (how much money people will pay in
based on their incomes), would you rather know the mean income or the median income? Explain.

(b) If you want to estimate the typical housing cost for a new city, wobklmore helpful to knowihe

mean housing cost or the median housing cost? Explain.

(c) In the Cancer Pamphlet study, explain why a comparison of the centers of the distributions does not
match the research question of interest.



O Chance/Rossman, 2026 ISCAM IV Investigation 2.4

SECTION 2: INFERENCE FOR POPULATION MEAN

In the previous section, you transitioned from categorical data to quantitative data. We started by
looking at graphs and numerical characteristics of the distribution, and we found that looking at the
variability of the distribution was often quite an important feature. With proportions, the sample
proportion tells us everything about the shape, center, and variability of the sample distribution. But with
guantitative data we will need to consider all three of these characteristics, as well as possible outliers
and other unusual observations (e.g., clustering). But often, like in Chapter 1, we want to make
inferences beyond our sample data to a larger population or process. For example, in Investigation 2.5,
you will explore whether the average healthy body temperature appears to now differ from 98.6 based
on results from a large sample of individuals. To do this, we need to explore whether sample statistics
(like the mean or median) follow a predictable pattern. The reasoning will be very similar to what you
saw with sample proportions but we will need to consider a new probability model to take into account
that we will also be estimating the variability in our quantitative variable.

Investigation 2.4 The Ethan Allen

On October 2, 2005, the tour bdzthan Allencapsized on Lake George in upstate New York. All 47
passengers on board were thrown into the lake, and 20 of them dréMthedgh there were some

claims that a large wave had hit the boat, an investigation by New York State Police (2006) concluded
that the boat had been overloadétiikipedid

(a) The variable of interest in this studyw®ight of a passengefor a sample of 47 passengers, make a
conjecture as to thieehavior of thalistribution (shape, center, variability) of this variable. Include a
well-labeled sketch of your conjecture below (ergpresent- 47 dots or sketch an outline of the
general pattern). Include a guess of the values of the samplesfaedrthe sample standard deviation
[Hint: Think about the size of a typical deviation from the mean, as well as the Em@&#gIRule.]

(b) Data from the Centers for Disease Control and Prevention indicate that weights of American adults
in 2005 had a mean of 167 pounds and a standard deviation of 35.gduncienvey that these are
population values, we will use Greek letters to represent their valee$67 and, = 35.) Use this
information to sketch a possible distribution of the weights of the population of adult Americans


https://en.wikipedia.org/wiki/Ethan_Allen_boating_accident
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Engineers estimatetié maximum weight capacity of passengers that the Ethan Allen could
accommodate to be 7500 pounkishe tour boat company consistently accepted 47 passengers, what
we want to know is the probability that the combined weight of the 47 passengers would exceed this
capacity.

(c) What are the observational units and variable for this research question? Is this variable quantitative
or categorical?Hint: Notice that the probability of interest does not pertain to individual passengers.]

(d) Instead of focusing on thetal weight of the 47 passengers, we can instead work witavlieage
weight of the 47 passenge@omplete the following to indicate how these are equivalent:

Total weight of passengers 7500 Ibs  whemverage weight of 47 passengers .

So, to see how often the boat was sent out with too much weight, we need to know about the distribution
of theaverage weight of 47 passengésm different boats (sampleg)hink about a distribution of

sample mean weights from different random samples of 47 passaegertediyselected from the

population of adult Americans

(e) Where do you think the distribution of sample means will be centered?

() Do you think the distribution of sample means would have more variability, less variability, or the
same variability athe distribution ofveights of individual peop®Explain your answer

(9) Do you think the probability of having tla@erageweight exceed 159.574 pounds is larger or
smaller than the probability ¢fie weight ofanyonepassenger exceeding 159.574 pounds?

P(average weight 159.574) LARGER SMALLER EQUAL  P(weight> 159.574)

To investigate this probability, we will generate random Paste population data ¢
samples from a hypothetica

ID 1

Open theWeightPopulationgxt data file and pretend each 1 IEDE ~
column is a different population of 20,000 adult tourists, ei |2 180
with a population mean weight) of 167 Ibs and a 3 100
; e 4 157
population standard deviati¢p) of 35 Ibs c 17c
1 Copy the data to the clipboard and then operstirapling |s 169
from Finite Populatiompplet Pres<Clear, click inside 7 168

the Paste populationdata box, and paste the data from 9 1;; v

the clipboard. Preddse Data
(h) Describe the shape, mean &nd standard deviation Use Data | Clear | Tc

Fopulation size:20000



http://www.rossmanchance.com/iscam3/data/WeightPopulations.txt
http://www.rossmanchance.com/applets/OneSample.html?showBoth=1
http://www.rossmanchance.com/applets/OneSample.html?showBoth=1
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() of pop1(shownin the histogranunder Population Da}a show Sampling Options:
You can also check tHghow skewnesgox. Number of Samples: [1

Sample Size: |47

Draw Samples | Reset |

T Check theShow Sampling Optionsbox. Keep the

Number of Samplesat 1 and specify thBample Sizeo

be 47 and press tlizraw Samplesbutton.
The weights for this random sample of 47 passengers from this popualegdiaplayed in blue and in
theMost Recent Samptgaph.

(i) Describe the shape, centand variability of this distributiarHow does this sample distribution
compare to the population distribution?

Most RecenSample distribution:

Shape: Mean Standard deviatian
Comparisor{sample vs. population)

Notice that the mean of this sampée (§ hasalsobeen added to the graph in the lower rigdninpled
Satistics graph.

() PresDraw Samplesagain[Option Check the AVerti calidyduabtamut 0 b
the same sample of 47 weights? Did you obtain the same sampl@ Deaither of the two sample
means generated thus far equal the population mean?

(k) Continue to presBraw Samples8 more times (for 10 samples total), and notice the variability in
the resulting sample means from sample to sarfgpkepattern beginning to emerge in Saenpled
Satistics distributiongrapt?

(1) Now set theNumber of Samplesto 990 (for 1000 total) and pred3raw Samples Describe the
shape, center, and variability of the distribution of the sample means (lowerightXo these
featurescompare to the population distributidwhich one of these features has changed the vsost
the populationand how has it changefi?ints. Note the change in scaling. You can check the
Population scalebox to rescale back to the original population scaling and add the location of the
population mean.]
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Distribution of sample meanaKafi s amp | i ng di stri buti ono):
Shape: Mean: Standard deviation:

Comparisor{samplemeans vs. population)

(m) How can we use your simulated distribution of sample means to decide whether it is surprising that
a boat with 47 passengers would exceed the (average) weight limit by ¢tzantiam sampling error)
alone?

(n) To investigate the qg&on posed in (M specify thesample mean of interest (159.574Yhe Count
Samples box, use the pullown menu to specify whether you want to count santpteater ThanLess
Than or Beyond(both directions)PressCount. What conclusions can you draw from thisswe?

Non-normal Population

To carry out the preceding simulation analysis, we assumed that the population distribution had a normal
shapeBut what if the population of adult weights has a different-mommal distribution? Will that

change our findings?

(o) Now choosethe data from the secomdlumn(pop2) with theChoose variable pull-down menwn
the left side Describe the shape of this population and what it means for the variable to have this shape
in this context. How do the valuesmfinds compare to theopl(rounding a bit}

Shape: Mean: Standard deviation:

Comparisorto previous populatn:

(p) Generate D00 random samples of 47 individuals from this populatsoduce a wellabeled
sketch of the distribution of sample means below and note the values for the mean and standard
deviationof the sampling distributiarHow does this distoution compare to théistributionin (1)?

Sketch: Mean:
SD:
Comparison:


http://www.rossmanchance.com/iscam2/data/WeightPop2.txt
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(q) Use the applet to approximate the probability of obtaining a sample mean weight of at leagt 159.57
Ibs for a random sample of 47 passengers from populatidas this probability changed considerably
with the change in the shape of the distribution of the population of weights?

(r) Repeat this analysis using the other population distribupiop3) in the data file and summarize
your observations for the three populations in the table below.

Distribution of sample means Shape(Skew) Mean Standard deviation
Normal (m= 167,d= 35)
Skewed right (m= 167,d = 35)
Uniform (m= 167,d = 35)

Changing thesampleSize
(s) Prediction:Now consider changing the sample size from 47 to 188 (four times lavigd@ a
prediction for how the shape, mean, and SD of the distribution of sample means would change (if at all).

(t) Make this change of sample size from 47 to 188, and generate 1000 random samples (from the
uniformly distributed population, pop3d)id the shape of the sample means change very "Wiblat
about the mean of the sample mé&anvhat about the SD of the sample mé&ardew were your
predictions in (¥?

Discussion:You should see thaas with the Gettysburg Address investigatibe shapeof the
population is not having much effect on the distribution of the sample mledast, you can show that
the mean of the distribution of sample mefiom random samplds always equal to the mean of the
population (any discrepancies you find are from not simulating enough random samples) and that,
assuming the population is large compared to the size of the sample, the standard deviation of the

distribution of sample meas is equal t(la/I:. This standard deviation formula applies when the population

size is large (more than 20 times the size of the sample) or infinite (so the randomly selected
observations can be considered independent).

(u) Explain why the formula for the standard deviation of the sample rﬁe)amekes intuitive sense
(both the, component and thg€ component).


http://www.rossmanchance.com/iscam2/data/WeightPop3.txt
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Key Result: If all possible samples of sireare selected from a large populatioraainfinite
randomprocess with meah and standard deviatign then thesampling distribution of these
sample meansvill have the following characteristics:

1 The mean will be equal to.

1 The standard deviation will be equalﬁte(we cancall this SDK) or,, ).

i1 Central Limit Theorem : The shape will be normal if the population distribution is nororal,
approximately normal if the sample size is large regardless of the shape of the population
distribution.
The convention is to consider the sample size large enongh30. However this rule really
depends on the shape of the population. The moreymmetric the population distribution
the larger the sample size necessary before the distribution of sample means is reason
modeled by a normal distributioA better approach would Be o @ i "®Q if you know
the population skewness.
The population is considered large if it is more than 20 times the size of the sample.

Discussion:In general, thshapeof the distribution of sample means doesdepend on thehape of

the population distribution, unless you have small sample sgf.the population distribution itself

follows a normal distribution, then we will always be willing to model the distribution of sample means
with a normal distributioorHowever , we typically dondét know the
why we need to collect data), but we can make a judgment based on the nature of the variable (e.g.,
biological characteristics, repeated measurements) or based on the informatieyed to us by the

shape of the distribution of tleampledata(e.g., normal probability plot)

In this example, a sample size of 47 appears large enough to result in a normal distribution for the
distribution of sample means. However, you may have noticed a bit of a right skew when the population
wasskewedand in such a situation you would want a larger sample size before you were willing to
model the distribution of sample means with a normal distribution.

Keep in mind that the results about the mean and standard deviation always hold for random samples:
sample means cluster around the population mean and are less variable than individual obsé#rvations!
the population sizeisnotlarggena A f i ni t e popul ation correction

(v) Use the theoretical results for the mean and standard dewé&tosample meato standardize the
value 0f159.57 Ibs. Hint: Start with a weHabeled sketch.] How might you interpret this value?

(w) Use the result from the Central Limit Theorem and technology {eeNormal Probability
Calculatorapplet) to estimate the probability of a sample mean weight exceeding 159.57 Ibs for a
random sample of 47 passengers from a population with me&k67 Ibs and standard deviation

» = 35 Ibs [Hint: Shade the area of interest in your sketclv)rj How does this estimated probability
compare to what you found with repeated sampling from the hypothetical populations?



http://www.rossmanchance.com/applets/NormCalc.html
http://www.rossmanchance.com/applets/NormCalc.html

O Chance/Rossman, 2026 ISCAM IV Investigation 2.4

(x) Identify one concern you might have with this analysinf: What other assumptioapartfrom the
shape of the population, was made in these simulations that may not be true in this study? Do you think
this is a reasonable assumption for this stjidy

Study Conclusions

Assuming the CDC values for the mean and s
|l bs and 0 = 35 |Ibs, we believe that the di
normal distribution (based both on the not extremely skiemature of the variable and the modera
large sample size of 47, which is larger than 3@grefore, the Central Limit Theorem allows us tc
predict that the distribution oK is approximately normal with mean 167 Ibs and standard devia
35Me7a 5. 105 | bs. Frassaming the GDC datafisgeprasartative of the populal
of Ethan Allen travelersye can estimate the probability of obtaining a sample mean of 1/53.617
higher to be 0.9264herefore, it is not at all surprising that a boat carrying 47 American adults
capsized. I n fact, the surprising part mig

Practice Problem 2.4A

(a) Use the Sampling from Finite Population applet or the Central Limit Theorem to estimate the
probability that the sample mean2firandomly selected passengers exceeds 159.57Ibs, assuming a
normal population with mean 167lbs and standard deviation.35Ibs

(b) Is the probability you found in (a) larger or smaller than the probability you found for 47 pas8engers
Explain why your answer makes intuitive sense.

(c) Repeat (a) assuming a uniformly distributed population of weights. How do these two probabilities
compare?Hlint: Think about whether it is more appropriate to use the SamiptingFinite Population
applet or the CLT to answer this question.]

(d) Explain why the calculation in (a) does not estimate the probability of the Ethan Allen sinking with
20 passengers.

Practice Problem 2.4B

Use the Sapling from Finite Population applet or the Central Limit Theorem to estimate the probability
that the sample mean of 47 randomly selected passengers would exceed 159.57Ibs, assuming that
random samples are repeatedly selected from a population of 80dd@fuals with mean 167 Ibs and
standard deviation 35 IbState any assumptions you need to make and support your answer statistically.

Practice Problen2.4C

In this investigation, we found that theerageof the sampl@verages near the populatioaverage
Explain what each use of the term Aaverageo mea
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Investigation 2.5 What is a Healthy Body Temperature?

In the previous investigation, we assumed random sampling from a finite population to predict the
distribution of sample means and help us evaluate whether a particular value is an unlikely value for the
sample mean by chance alone. However, this method is not realistic in practice as we had to make up
a population to sample from and we had to make some assumptions about that population (e.g.,
shape). Luckily, the Central Limit Theorem also predicts how that distribution would behave for most
population shapes. But the CLT does require us to know certain characteristics about the population.

What is a healthy body temperatu@@rman physician Carl Wunderlich analyzed a million

temperatures from 25,000 patients and in 1869 publisheth#hiabrmal humarbody temperature is

98.6° F. But several more recent studies have foundrthatberto be too highleading to speculation

that Dr. Wunderlich was wrong, or that human body temperature has changed ovkr dirsteidy

published byMackowiak, Wasserman, & Levir{@ournal of the American Medical Associatid992),

body temperatures (oral temperatures using a digital thermometer) were recorded for healthy men and
women, aged 180 years, who were volunteers in Shigella vaccine trials at the University of Maryland
Center for Vaccine Development, BaltimoFer these adults, the mean body temperature was found to
be 98.249% with a standard deviation of 0.783

(a) Explain (in words, in context) what is meant by the following symbols as applied to thisrstofly:

s,‘,,.If you know a value, report.iDtherwise, define the symbiol words.
n= X = S=
)Write a null hypothesis and an @adxibneusimgat i ve hy

appropriate symbols.
Ho: Ha:
(c) Supposehe axiom is correct armany different random samples of 13 adults are taken from a large

normally distributed population with mean 986What does the Central Limit Theorem tell you about
the theoretical distribution of sample meaiadicate any necessary information that is missing.)

If we assume the null hypothesis is true, then we have a value to use for the populatidhaweser,
we dondét have a value to use for the popul ati on
parameter o because we ned,butitignetthe galameter of ioterdste a b | €

(d) Suggest a method for estimating the population standard deviation from the sample data.


https://jamanetwork.com/journals/jama/article-abstract/400116
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Definition: Thestandard erroof the sample mean, denoted®¥ (), is an estimate of the standard
deviation ofcf{the sample to sample variability in sample means from repeated random sample
calculated by substituting the sample standard deviafionthe population standard deviatipn

SECy =—

D

(e) Calculate the value of the standard error of the sample mean body temperature for thvbatundy
=13

(f) Determine how many standard errtresample mean (98.249) falls from the hypothesized value of
98.6(the standardized statistic)

(g) Based on this calculation, would you consider the value of the sample mean (98.249) to be
surprising, if the population mean were really equal to 98.6? Explain how you are deciding.

Previously, we compared our standardized statistissdres) to the normal distributiamd said
(absolute)alues larger than twaere consideredrarB ut we d o n 0 z-scorednerd blecausd a v e
we had to estimate the standard deviation of the sampledan s cr eat es even mor €
our standardized statistic and more random variaksdnstill true that two standard errors is unusal

Let 6s explore the method you just used to stand

(h) Open thesampling from a Finite Populati@pplet and paste the hypothetical population body
temperature data frothe BodyTempPopxt file. Does this appear to be a normally distributed
populatior? What are the values of tim@pulationmean and thpopulationstandard deviation?

(i) Use the applet to select 10,000 samplek3atdults from this hypothetical populatidBonfirm that
the behavior of the distribution of sample mearmissistent uth the Central Limit TheoremHjnt:
Discussshape, center, and variabiliggmpare the CLT predictions to the simulation redults.

But what abouthe statistic suggested in (pes this standardized statidbehavenicely and is this
distribution again well modeled by a normal distribution?

() In the applet, change tistatistic option (above the graph t-statistic, the name for the

standardized sample mean using the standard error of the sample mean. Describe the shape of the
distribution of thesé-statistics from your 10,000 random samples.


http://www.rossmanchance.com/iscam3/glossary.html#standarderror
http://www.rossmanchance.com/applets/OneSample.html?showBoth=1
http://www.rossmanchance.com/iscam3/data/BodyTempPop.txt
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(k) Check the box t@verlay Normal Distribution ; does this appear to be a reasonabPafihat p
value does this normal approximation prodi¢dint: Enter your answer to)(as the observed result for
thet-statistic and count beyond.]

() Does thdaheorybased prvalue from thenormal distribution accurately prediobw often we would
simulatea standardized statistic at least as extr@meither directionps the observed value -01.73?
Does it over predict or underpredi¢tint: How does the behavior of the distribution of the
standardized statistics most differ from a normal model?]

Discussion:If we zoom in on the tails of the distribution, we see that mbtleeosimulated distribution
lies in those tailshan the normal distribution would predict.
I 2

T

; N

R | “-.___
4 -2 v 4

To model the sampling distribution of the standardized stati3tie (/(/I/€), we need a density curve
with heavier tailsthan the standard normal distributidfilliam S. Gosset, a chemist turned statistician,
showed in 1908, while working for the Guinness Breweries in Dublin, tfitgirabability curve (see
next pageprovides abettermodel for the sampling distribution of this standardized statistic when the
population of observations follows a normal distribution

(m) Check theDverlay t-distribution box. What is the main visual difference in thdistribution
model compared to the normal distribution model? Doeg-tistributionappear to be a better model
for the simulated sampling distribution? Is the thelmaged pvalue using thé-distribution closer to the
empirical pvalue than the theotyased pvalue using the normal distribution?

(n) The actual body temperature study involved a sampie=df30 adultsUse the applet to generate a
sampling distribution of-statistics for this sample siZEoggle between the normal ahdrobability
distributions Do you see much difference between thé&ftitat is the actual value of tiodserved-
statisticwith this sample siZ2Where does fall in this distributior? What do you conclude about the
null hypothesis?
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Discussion:The consequence of thegplorationis thatwhen we are estimating both the population
mean and the population standard deviatremwill compare our standardized statistic for the sample
mean to the-distribution instead afo the normal distributiomo approximag p-values and confidence
intervals Although with larger sample sizes, the distinction will be quite minor.

Probability Detourc { (i dzR $dfsirilugion
Thet probability density curve is described by the following function:

f(x)~ 1 where-a <x<a .

Jn i+ x2/n)(n+D/2
An impressive function indee@ut you should notice that this function only depends on the
parameten, referred to as th@egrees of freedom

This symmetric distribution hdseavier tailsthan the standard normal distributidde get a different
t-distributionfor each value othedegrees of freedom\s the degrees of freedom increase,tthe
distributionapproaches the standard normal distribution.

naormal probability curve

t-values

standardized values

Theoretically, this approximation requires {irdinite) population to follow a normal distribution.
However, statisticians have found this approximation to also be reasonable for other population
distributions whenever the sample size is large. As we saw with the Central Limit Theorem, how large
thesamplesizreeds to be depends on how skewed the poj
usually know the population skewness. We can use the sample skewness statistic as a ballpark, but this
is actually a biased estimator of the population skewness. Oneaappsdo use thisrmula

¢ O4+19 |skewnesst27 xskewness
to determine how large the sample size needs to be. We will simplify this with the table shown below

Probability Detour¢ Degrees of Freedom

Recall the formula for the sample standard deviai@nvestigation A), compares each observed ¢
valuew to the sample meaif But dfis calculated by averaging those same data values. So if | ki
ni 1 of those data values and | knofithen that last observation is forced to be a particular valug
we say the calculatonhas 1 degrees of freedom, andnitt.hat
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One-samplet-test for m To test a null hypothesis about a population ntéamm=m , when we
dondt know the population standard devi at i
deviation to calculate th&tandard error S&j and compare the standardized statistic

o
i TVE
to at-distributionwith ni 1 degrees of freedom.

Technicalconditions: We will consider this procedure valid as long as
91 Data arise from a random sample from (laege)population or random process of interest
1 The population is approximately nornaalthe sample size is large.g.,
Sample skewness 0.5 1 2 3
Sample size needed 20 50 150 300

But what about confidence intervals?
Let 6s e x pl oeguivalemtragjustmenrorks fdr eurconfidence interval proceduas well

(o) Turn to theSimulating Confidence Intervaégpplet. Change thtatistic to Means, but keep the
Distribution set toNormal andthe Method ag with sigma Set the population mean to 98.6, the
population standard deviation @733, and the sample size to. Gznerate 1000 random samples from
this population and examine the running total for the percentage of 95% confidence iftgrvals

P& @ FViE that successfully capture the actual value of the population mésthis95% confidenfi z
with sigmaod procedure behavi RPrgssSars Inwhat sitdtions dam ?
an intervalfail to capture ?

(pBut more real i st,iandavil usgsin caledatird) oun confidekce interv@d

P80 ¢ 7VE . Predict what will change about the resulting confidence intervals from different random
samples f we use each sampl e .$Hina Thohlkaof tddomdie propeaties ob n
confidence interval

(q) Change théMethod now toz with s. What percentage of these 1000 confidence intervals succeed in

capturing the population mean of 98I6 this close to 95%l? not, is it larger or smaller?

() Repeatd) with a sample size of=5.

Ho

n


http://www.rossmanchance.com/applets/ConfSim.html
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Discussion:T hi s  &0gprocedute produces a coverage rate (for successfully capturing the value of
the popul ation mean) that is |l ess than 95%, bec
additional uncertaity resulting from sample to sample when we need to use ¥ahds. The fix will

be to multiply the standard error by a critical value larger than 1.96 to compensate for the additional
uncertainty introduced by estimatisgwith s. Thet-distributionwill come to our rescudVhicht-

distributiondo we use? Thatill depend on our sample sizgijth smaller samples we need heavier tails

and with larger samples we need a distribution more like the normal probability model. The heaviness of
the tails wildl be det er mi ndsbibuion t he fAdegrees of

(s) Change théethod to t. How do the intervals visibly change? Is the coverage rate indeed closer to
95%7?

This leads to a confidence interval formula with the same general famihesprevioushapter
[ a i G0 0 "Qicd "WoUGERERaQ Y@ "0 o & o "Qivheredhe critical value now comes from the
thi 1 distribution(degrees of freedomi 1) instead ofrom the standard normal distribution
One-samplet-interval for m When we have a symmetric sample or a large sample size, an
approximate confidence interval foris given by:

Ay \Z l
we O -
e

Keep in mind that the critical valu® tells us how many standard errors we need to extend from the
sample meafin each direction) basaxh how confident we want to b@ur goal is to develop a 100 x

C% confidence interval method that will capture the population parai€@m~C)% of the time in the

long run

Technology Detouc, Findingt*

t Probability Calculatomapplet:
1 Specify the degrees of freedom
9 Check the box next to the less than symbol and then-eni@rg., 0.025 for 95% confidence
in the probability box and press Return. Thaalue box should fill in.
In IMPusing the Distribution Calculator
1 Use theDistribution menu to seledt
1 Specify the degrees of freedom
1 Choosdnput probability and calculate quantiles
1 SpecifyCentral Probability and enter the confidence level (e.g., .95).

(t) Find thet* value corresponding to a 95% confidence level and a sample size ®f

| P

(u) How does this critical value compare to the corresponztinglue for 95% confidence?


http://www.rossmanchance.com/applets/2021/tcalc/tCalc.htm
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(v) Repeatt]) for the sample size of= 13 How do thet-critical values comparr these different
sample sizea|s this what you expecte&xplain.

(w) Repeat (v) for the sample sizerof 13Q How does this value compare to the eattieand z*
values?

(x) Usethecritical valuefrom (w) to calculate a 95% confidence interval for the mean body temperature
of a healthy adulbased on our samplaff 98.249s=0.733 n= 130. Is this interval consistent with
your conclusion about the null hypasisin (n)? Explain.

Technology Detour, One Samplé-procedures

In TheoryBased Inferencapplet
1 SelectOne meanfrom the Scenario putiown menu Scenario: [One mean
1 You can check Paste data to copy and paste in the raw data,

type in the sample size, mean, and standard devi&ress

n: 130

mean, X: |98.249

Calculate.

f Check the box foTest of significanceand enter the sample sd, s:|.733
hypothesized value ohand set the direction of the alternative ¥ Test of significance
PressCalculate. Hop = [o85

i Check the box fo€onfidence interval, enter the confidence Hs: pl”W
level and pres€alculate CI.

In IMP you can use raw data or summary data (see second option)

1 Inthe Data window, choog&nalyze > Distribution

1 Specify the variable in thé, Columns box

1 The 95% confidence interval will be shown in Biemmary Statisticsbox. If you want to change
the confidence levelse the dgriable hot spot and selgcbnfidence interval

1 To perform the test of significance, ubevariable hot spot, seletest Mean Then enter the
hypothesized value of and pres©K.

OR

1 Open thdSCAM Journal file> Hypothesis Test for One Mean
0 Choose Raw Data (and pick the column) or Summary Statistics (and then specify the sé

size, sample mean, and sample standard deviation)

o0 Be sure to choose thidest Test Typeand specify the alternative hypothesis

1 InthelSCAM Journal file> Confidence Interval for One Mean
o0 Choose the interval type and specify confidence level



https://www.rossmanchance.com/applets/2021/tbia/TBIA.html
http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
http://www.rossmanchance.com/iscam3/data/ISCAM_Journal.jrn
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(y) Use technology toerify your by-hand calculationand simmarize the conclusions you would draw
from this study (both from the-yalue and the confidence interval, including the population you are
willing to generalize ta)Also include interpretations, in context, of youvglue and your confidence
level.

Study Conclusionshe sample data provide very strong evidence that the mean body tempe

of healthy adults is not 98.6 degrees ( 5.46, twosided pvalue < 0.001). This indicates there is l¢
than a0.1% chance of obtainingsample mean as far from 98.6 as 98.249 in a random safi3@
healthy adultérom a population with mean body temperature of 9B.&8\ 95% confidence interval
for the population mean body temperature is (98.122, 98.376), so we can be 95% confident th
population mean body temperature among healthy adults is between 98.122 andRd.Big6
interval is entirely less than 98.6, consistent with our having found very strong evidence to reje
as a plausible value for the population mé&le are 95% confident, meaning if we were to repeat
procedure on thousands of random samples, in therlongoughly 95% of the resulting intervals
would successfully capture the population mean. We believe these procedures are valid becat
sampe size of 130 should be large enough unless there is severe skewness in the population.
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Practice Problem 2A

Explore the last statements in the above results box tisorfidence intervals:

(a) Continue with th&imulating Confidence Intervaégpplet Explore the coverage rate of the
procedure with random samples from an Exponential (skewed) populatios f§m = 100 andn =
200 Assess and summarize the performance otthiscedure in each case.

(b) Repeat (a) for a Uniform population distribution with endpaartsd0andb = 85.

Practice Problem 28

Stanford researchers (e.g., Protsiv et28120 claim that average normal humbady temperature is

closer t097.5degrees FahrenhéMcGinty, Wall Street Journal2020. Part of theStanfordstudy was

to use digital oral instruments take temperature readings from 150,280 individaa3~2017

(578,222 measurement3hey found a mean of 98.08 and a standard deviation of 0.502

(a) Provide a onesentence interpretation of the standard deviation.

(b) Identifysom@di s our ces of wvariati ono Whiohoif ndihwisedu alr eb @i
i ndividual s0 and which are Awithin individual so
(c) Identify a source of variation in temperature measurements not captured by the standard deviation.
(d) Give two reasons whytalistribution is likely to be an appropriate model for these data.

(e) Usingthe mean and SD values provided, do these data provide convincing evidence that the average
healthy body temperature is below 988 Comment on both apalue and a 95% confidence interval.

(f) Based on these data, what would you considgatsticallyhigh body temperature for an individual?

(g) From this analysis can we conclude that Wun
another explanation?

PracticeProblem 2.%°

(a) As in question (i), se the applet to select 10,000 samplek3atdults fromthe hypothetical

populationof 10,000body temperatureBased on the generated distribution of sample means, is the
observe mean of 98.249 (or more extreme in either direction) a surprising outcome for this population?
(b) Check thd=ixed radio button and use tt&hift center slider on the lefhand side to (slowlyaise

the population mean. Stop when you find a value of the population mean that you first consider
surprising. Hint: Click on the slider handle and use the arrow keys on your keybbdind.pise the

slider tolowert he popul ati on mean. What is the small est
on this sample mean? In other words, report your interval of plausible values.

(c) Repeat (b) using the sample siz&ef130.



http://www.rossmanchance.com/applets/ConfSim.html
https://med.stanford.edu/news/all-news/2020/01/human-body-temperature-has-decreased-in-united-states.html
https://www.wsj.com/articles/98-6-degrees-fahrenheit-isnt-the-average-any-more-11579257001
http://www.rossmanchance.com/iscam3/data/BodyTempPop.txt
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Investigation 2.6 Healthy Body Temperatures (cont.)

Reconsider the research question of Investigation 2.5 wiaresample #testfound convincing

evidence with a sample mean body temperatucefo®8.249°F and a sample standard deviatiom-of
0.733°F against the hypothesis that 98.6 in the population of healthy adults. In fact, we were 95%
confident that actually alls between 98.122 and 98.376 degrees (so not all that far from 98.6) based on
an estimated standard error'giCuf = 0.064

(a) So if you recorded a body temperature of $8.&/ould you be convinced you were stdk/hat
temperature values would you be concerned about?

(b) According to the Empirical Rule, & = 98.6°F andA = 0.733°F,
between what two values should approximately 95% of healthy
temperatures fall?

(c) Is your answer to (b) similar to the confidence intéhgadplain the difference in how the endpoints
of the confidence interval are constructed and how we interpret the confidence interval.

Prediction Intervals

It is very important to keep in mind that the confidence interval reported above only makes statements
about the populati